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This is an introductory book on the subject of structural stability. Its aim is 
to provide a detailed treatment of the buckling characteristics of various 
structural elements and to present the different analytical methods used in 
the solution of stability problems, í 
The first chapter deals with the buckling of columns, It begins with the 
linear elastic theory and goes on to treat initial imperfections, large defor- 
mations, and inelastic behavior, The chapter concludes by relating theoretical 
results to actual engineering materials. In Chapter 2 various approximate 
methods used to solve buckling problems are considered. Numerical tech- 
b niques that can be used in conjunction with high speed electronic computers 
as well as traditional methods, are included. The remaining chapters deal 
with the byckling of beams, frames, plates, and shells, These chapters serve 
a dual purpose. They present the buckling characteristics of various struc- 
tural elements in a manner similar to the treatment of columns in Chapter I. 
They also demonstrate how the various approximate methods ihtroduced in 
Chapter 2 can be applied to different Structural systems. Although the book 
i is primarily concerned with analysis, an attempt is made to relate theoretical 
' conclusions to current design practices. 
} An effort has been made to limit the book to fundamentals and to treat 
these in considerable detail, Therefore, it is felt that the text can easily be 
i followed by persons not already familiar with the subject of structural 
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stability, including both upper level undergraduate or graduate students and 
practicing structural engineers. If the book is used as a textbook, it will be 
evident that most chapters contain more examples of applications of the 
theory than can be covered in class, It may be desirable to assign some of 
these examples, in addition to the-problems at the ends of the chapters, as 
home assignments by the students. 

The basis of the book is a course on the buckling of structures, taught 
by Dr. George Winter at Cornell University, which the author was privileged 
to take when he studied under Dr. Winter. The author wishes to express his 
appreciation and gratitude to Dr. Winter for inspiring him to wfite the book 
and for the help given by Dr. Winter in preparing the book. 

Acknowledgment is made also to Dr. Robert Archer and other colleagues 
and students at the University of Massachusetts for their help and useful 

“suggestions and to Dr, Merit P. White for providing the kind of atmosphere 
conducive to scholarly work. 
Finally, the author thanks Mrs. Michaline linicky for the fine job she 
did in typing the manuscript. 
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Amherst, Massachusetts 


PRINCIPLES OF 
STRUCTURAL 
STABILITY 


THEORY 


warm regards: Haider. sa & gmail.com 


1 
BUCKLING OE 
COLUMNS 


Haider.SA@Gmail.com 


1.1 INTRODUCTION 


which the member is supported, and the properties of the material 
out of 
— nen at 
main concern in this bock. W 
If buckling does not take place because a certain strength of the material 


1 
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is exceeded, then why, one may ask, does a compression member suddenly 
buckle? Although it is not possible to answer this question directly, one can 
make certain observations about the buckling phenomenoi and thus explain 
at least partially what is taking place. One such observation, which elucidates 
in an excellent manner the phenomenon of buckling, is given in the following 
paragraph quoted from Structure in Architecture by Salvadori and Heller 
(Ref. 1.1): “A slender column shortens when compressed by a weight applied 
to its top, and, in so doing, lowers the weight's position. The tendency of all 
weights to lower their position is a basic law of nature. It is another basic law 
of nature that, whenever there is a choice between different paths, a physical 
phenomenon will follow the easiest path. Confronted with the choice of 
bending out or shortening, the column finds it casier to shorten for relatively 
small loads and to bend out for relatively large loads. In other words, when 
the load reaches its buckling value the column finds it easier to lower the load 
by bending than by shortening.” 

The buckling load thus appears to be the limiting load under which axial 
compression in an unbent configuration is possible. It will be assumed here 
and proved later that the transition from the straight to the bent configuration 
at the buckling load occurs because the straight configuration ceases to be 
stable. In Article 1.2 the idea that the buckling load marks the limit of stability 
of the unbent configuration will be developed into a procedure for evaluating 
the buckling load. 


1.2 METHOD OF NEUTRAL EQUILIBRIUM 


The concept of stability is frequently explained by considering the equilibrium 
of a rigid ball in various positions, as depicted in Fig. 1-1 (Refs. 1.2 and 1.3). 


VIO Pex 


Although the ball is in equilibrium in each position shown, a close examina- 
tion reveals the existence of important differences among the three situations. 
If the ball in part (a) is displaced slightly from its original position of equilib- 
rium, it will return to that position subsequent to the removal of the disturb- 
ing force. A body that behaves in this manner is said to be in a state of stable 
equilibrium, By comparison, the ball in part (b), if it is displaced slightly from 
its position of rest, does not return, but instead continués to move farther 


Fig. 1-1 Stability of equilibrium 
(Adapted from Ref, 1.2). 


Art 1.3 
Critical Load of the Euler Column 3 


disturbance has moved it. This behavior 
The ball in Fig. 1-2 is in equilibrium 


Fig. 1.2 Stability surface, 
region between A and B the 
and cit is unstable. At Point B, the transiti 
ball is in a state of neutral equilibrium. In Article 1.1 i 


equilibrium is stable, und in the region between B 


Unstable at that load. The behavior of the column i mae 
of the ball in Fig. 1-2. The straight Goaien is thus very similar to that 


small loads, but it is unstable at large loads. If i 


thon of tha oot 2. then the load at 
5 pahgurati of the column ceases to be stable is the load 
at whi ; A z 

0 ich = equilibrium is possible. This load is usually referred to as the 


To determine the critica 
which the member can be in equilibrium both i 


1.3 CRITICAL LOAD OF THE EULER COLUMN 


Even as simple a structural element as an axiall i 
i l y loaded member behaves į 
fairly complex manner, It is therefore desirable to begin the study of 3 
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with a very idealized case, the Euler column.* The axially loaded member 
shown in Fig. l-3a is assumed to have a constant cross-sectional area and to 


lr 


| 2 
l 
E * „ 


Fig. 1-3 Euler column. 


be made of a homogeneous material, In addition, four assumptions are 
made: 


l. The ends of the member are simply supported. The lower end is at- 
tached to an immovable hinge, and the upper end is supported so that 
it can rotate freely and move vertically but not horizontally. 

2. The member is perfectly straight, and the load is applied along its 
centroidal axis. 

3. The material obeys Hooke's law. 

4. The deformations of the member are small enough so that the term 
(WF is negligible compared to unity in the expression for the curvature 
V'AI + Cy")? Hence the curvature can be approximated by y”.t 


In accordance with the criterion of neutral equilibrium established in 
Article 1,2, the critical load is that load for which equilibrium in the slightly 


*The Euler column takes its name from the man who, in the year 1744, Presented the 
first accurate stability analysis of a column, Although it is Customary today to refer to a 
simply supported column as an Euler column, Euler in fact analyzed a member fixed at one 
end and free at the other in his famous treatise, which can be found in Ref, 1.4, 

tThe attention of the reader is drawn to the fact that the symbols y” and y’ are used to 
denote the second and first derivatives of y with respect to x. 


Art. 1.3 Critical Load of the Euler Column 5 


bent configuration shown in Fig. 1-3b is possible, If the coordinate axes are 


taken as shown in the figure, the internal resisting moment at any section, a 
distance x from the origin, is 


M. 3 Ely" 
Equating this expression to the externally applied bending moment, Py, gives 
Ely" + Py=0 (1.1) 


Equation (1.1) is a linear differential equation with constant coefficients, 
As such, its solution is readily obtained. However, before considering this 
solution, let us digress somewhat and see what form Eq. (1.1) takes if the 
foregoing simplifying assumptions are not made. If the assumptions of elastic 
behavior and small deflections are not made, the modulus E in Eq. (1.1) 
becomes a variable, and curvature y” is replaced by y /I + (b. The 
equation then has neither constant coefficients nor is it linear; as a result its 
solution is difficult to obtain. If the assumptions of concentric loading and 
hinged supports are not made, there are additional terms on the right-hand’ 
side of the equation, This makes the equation nonhomogeneous, but does not 
make the task of obtaining a solution difficult. 

The solution of Eq. (1.1) will now be obtained, Introducing the notation 


* x a (1.23 
Eq. (1.1) becomes 
y’+ky=0 (1.3) 


The solution of homogeneous linear differential equations with constant co- 
efficients is always of the form y = e. Substitution of this expression into 
Eq. (1.3) leads to m = +ik. Hence the general solution of Eq. (1.3) is 
* = C" 4 Cie 
Making use of the relation 
e. = cos kx + isin kx 
und the fact that both the real and imaginary parts of n complex function that 


satisfies Eq. (1.3) must also satisfy the equation, the general solution can be 
rewritten in the form 


y A sin kx + B cos kx (1.4) 
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To evaluate the arbitrary constants A and B, we make use of the boundary 
conditions 


y=0 atx=0 (1.5) 
y=0 atx=/ 
The first of these conditions when substituted into Eq. (1.4) leads to 
B=0 
Consequently, 
y= A sin kx (1.6) 


From the second condition one obtains 
A sin kl = 0 
This relation can be satisfied in one of two ways; cither 
A=0 


or sin ki = 0 


If A = 0, k and consequently P can have any value. This result is known as 
the trivial solution, because it confirms what is already known, that a column 
is in equilibrium under any axial load P as long as the member remains per- 
fectly straight. If sin A/ = 0, then 


kl = nr 


wheren = 1,2,3... Substitution of this expression into Eqs, (1.2) and (1.6) 
leads to 


P = ÈR EI (1.7) 
and y= Asin” (1.8) 


At the loads given by Eq. (1.7) the column can be in equilibrium in a slightly 

bent form. The shape of the deformation is given by Eq. (1.8). However, its 

amplitude is indeterminate, since A can have any value when sin kl = 0, 
The value of P, obtained by setting equal to 1, is 


mE! 
P= 1i (1.9) 


Art. 1.4 Linear Column Theory—An Eigenvalue Problem 7 


This load is known as the Euler load. It is the smallest load at which a state of 
neutral equilibrium is possible. Hence it is also the smallest load at which the 
column ceases to be in stable equilibrium, 


The behavior of the Euler column, represented graphically in Fig. 1-4, 


Fig. 1-4 Behavior of Euler column, A 

can be summed up as follows. Up to the Euler load the column must remain 
Straight. At the Euler load there exists a bifurcation of equilibrium; that is, 
the column can remain Straight or it can assume a deformed shape of indeter- 
minate amplitude, This behavior signifies that a state of neutral equilibrium 
exists at the Euler load and that the Euler load, therefore, marks the transition 
from stable to unstable equilibrium, 

Equation (1.7) indicates that for values ofn greater than I, thete exist other 
loads larger than the Euler load at which neutral equilibrium is possible. 
Without going into any detail at this point in the book, these larger loads will 
be assumed to be valid mathematical solutions to Eq. (1.1), but devoid of 
Significance as far as the physical phenomenon of stability is concerned. 

The Euler load obtained in the foregoing analysis is sometimes referred to 
as the critical load and sometimes as the buckling load. Regarding these two 
terms, it has been suggested by Hoff (Ref. 1.5) that they not be used inter- 
changeably. He advocates that the load under which an actual imperfect 
column suddenly bows out laterally be referred to as the buckling load and 
that the term critical load be reserved for the load at which neutral equilib- 
rium is possible for a perfect member according to a linear analysis. In other 
words, buckling is something that can be observed when a real column is 
loaded during a test, whereas the term critical load refers to the solution of an 
idealized theoretical analysis. The Euler load obtained in this article should 
thus be referred to as the critical load of the column. 


1.4 LINEAR COLUMN THEORY— 
AN EIGENVALUE PROBLEM 


The small-deflection column theory presented in Article 1.3 is based on a 
linear differential equation and is, therefore, known as the linear column 


warm regards: Haider.sa@ gmail.com 


8 Buckling of Columns Ch. 7 


theory. By comparison, the large-deflection theory of columns to be studied 
later is based on a nonlinear differential equation and is referred to as a 
nonlinear column theory. Although the small-deflection column theory can 
be considered linear when contrasted with lurge-defection theories, it is not 
linear in the same sense of the word as simple beam bending theory. In the 
latter, equilibrium is based on undeformed geometry and deflections are 
proportional to the applied loads, which is certainly not true for the Euler 
column. 

Thus linear column theory is evidently different from both simple- 
flexure and large-deformation column theory. As a matter of fact, it does 
belong to an entirely different class of problems known as eigenvalue prob- 
lems. These problems are characterized by the fact that nonzero solutions 
for the dependent variable exist only for certain discrete values of some 
parameter, The values of the parameter, for which nonzero solutions exist, 
are known as eigenvalues, and the solutions as eigenvectors. Only the shape 
and not the amplitude of the eigenvector can be determined in an eigenvalue 
problem. In a stability problem such as the axially loaded column, the loads 
nm x*El/l* at which nonzero deflections are possible are the eigenvalues, and 
the deflected shapes that can exist at these loads are the eigenvectors. The 
smallest eigenvalue is the critical load and the corresponding eigenvector is 
the buckling mode shape. 


1.5 BOUNDARY CONDITIONS 


The first step toward generalizing the results obtained in Article 1,3 is to con- 
sider boundary conditions other than hinged-hinged supports. 


Case J. Both ends fixed 

If a column is built in at both extremities, it can neither translate laterally 
nor rotate at these points. As a result, bending moments, Ma, are induced at 
each end of the member, as shown in Fig. l- Sa, when the column is deflected 


slightly. Equating the external moment to the internal moment, at a section a 
distance x from the origin (Fig. 1-5b), one obtains 


Ely" + Py = M, 


or y" + = (1.10) 
where k? = P/E. 
The solution to Eq. (1.10) consists of a complementary and a particular 


part. The former is the solution of the homogeneous equation. It is given by 
Eq. (1.4). The particular solution is any solution to the entire equation, such 


— o 
— 
— — ͥ́ — a 

— — 

oo 

NN — 
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Fig. 1-5 Fixed-fixed column. 


Equivolent 
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as y = M,/EIk*. Thus the entire solution is 
y= Asin kx + B cos kx + He «= GAD 


where A and B are arbitrary constants to be evaluated using the boundary 
conditions 


y=0, y=0 atx = 
y=0 atx = 


The first two conditions ate satisfied if 
A=0 and B= -M 


Hence y = Me(1 — cos kx) 


The last condition leads to the transcendental equation 
cos ki = 1.0 


The smallest nonzero root to this equation is 


kl = 2x 
from which 
Po -1E (1.12) 
and y = M9(1 — cos 74) (1.13) 


Equation (1.12) indicates that the critical load of a column with fixed ends is 
four times as large as the critical load of a hinged~hinged column. 

Using Eq. (1.13), it can be shown that inflection points, that is, points of 
zero moment, exist at x = //4 and x = . The central portion of the 
member, between the quarter points, is thus equivalent to a hinged-hinged 
column of length / (Fig. 1-5c), whose critical load is 


P= REI 


7A a2 (t.14) 


The critical load of the pseudo hinged-hinged column that exists between 
the inflection points of the fixed-fixed column is thus equal to the critical load 
of the fixed-fixed column. It will be demonstrated in the succeeding pages that 


Art. 1.5 Boundary Conditions 11 


the critical load of any column can be 
column. The length of this 
length of the member. 


obtained from an equivalent Euler 
equivalent Euler column is called the effective 


Case 2. One end fixed and one end free 


The column shown in Fig. !-6a is built in at the base and free to translate 
and rotate at its upper end. A small lateral deflection gives rise to a displace- 
ment 6 at the upper end of the member and a moment Pô at the base. 
Equating the internal moment to the externa 
X from the base (Fig. 1-6b), leads to 


I moment, at a section a distance 


2L Equivolent euler 
column 


Fig. 1-6 Fixed · ſree column. 


Ely" + Py = Pô 
or * + kèy = KS (1.15) 


where k? = PJEI. The solution to Eq. (1.15) is 

y = A sin kx + B cos kx -+ ô (1.16) 
The boundary conditions at the base of the member are 

y=0 and y'=0 atx=0 
They are satisfied if 
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B=-6, A=0 

Hence y = (1 — cos kx) 

The boundary condition at the upper end of the member 


y=6 atx / 
is satisfied if 
cos æK U 


The smallest nontrivial root of this equation is 


a 
which leads to 
mel 
and y = a(t = cos 7 (1.18) 


Equation (1.17) indicates that the critical load of a column fixed at one 
end and free at the other is one fourth the Euler load. 

From Eq. (1.18) it can be shown that the deflection curve of the fixed-free 
column consists of one quarter of a sinewave or one half the deflection curve 
of a hinged-hinged column (Fig. I- G). The effective length of the equivalent 
Euler column is therefore equal to 2/, and the critical load of a fixed-free 
column can be expressed in the form 


Pim Bn (1.19) 
Case 3. One end fixed and one end hinged 


The column shown in Fig. 1-7 is hinged at the base and built in atits upper 
end to a support that is constrained to move along the axis of the member. A 
small lateral deflection gives rise to a moment M, at the fixed end, and shear 
forces of magnitude 314% at each end of the member. Equating the internal 
and external moment, at a section a distance x from the base, leads to 


or * Ry = Hs + (1.20) 


. 
— 


Go O — 'ä'ibr— 


— 


| 
I 
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Fig. 1-7 Fixed-hinged column, 


where k? = P/E/, The solution to Eq. (1.20) is 


y= Asin kx + Boos kx + Mo X$ (1.21) 
The boundary conditions 
y=0 atx=0 
and * O atx=/ 
are satisfied if 
- E 1 
B=0 and 4 P ek 
. Ae __sinkx 
Hence * (+ cos 


The boundary condition 
y=0 atx=/ 


leads to the transcendental equation 


tan kl = kl 
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Ch. 1 
The smallest nonzero root of this equation is 
kl = 4.49 
which leads to 
7. = OREL (1.22) 
and y= Ml + 1.02 sin (4.493) | (1.23) 


Equation (1.22) gives the critical load of a column hinged at one end and 
fixed at the other. The corresponding deflection curve has an inflection point 


al x = 0,7/. Hence the effective length is 0.7/, and the critical load can be given 
in the form 


Py m Roel (1.24) 


Case 4; Elastically restrained end 


In most actual structures the ends of columns are neither hinged nor fixed, 
Instead the columns are usually rigidly connected to other members, which 
permits a limited amount of rotation to occur at the ends of the columns. 
Supports of this type are referred to as elastic restraints. They are so named 
because the restraint that exists at the end of the column depends on the 
elastic properties of the members into which the column frames. 

Let us consider a column that is hinged at the base and clastically 
restrained by d beam at its upper end, as shown in Fig. 1-8a. The beam is 
assumed to be fixed to a rigid support at its far end. For simplicity, the length 
and stiffness of the beam are taken as equal to the length and stiffness respec- 
tively. of the column. 

In order to linearize the problem, it is assumed that there is no bending in 
the horizontal member prior to buckling. However, when the critical load is 
reached, the bending deformation of the column will induce bending in the 
beam. Due to its stiffness, the beam resists being bent by the column and 
exerts a restraining moment M, as shown in Fig. l- Sb, on the column. In 
calculating the critical load the forces produced by the bending deformations 
as well as the deformations themselves are assumed to be infinitesimal. The 
shear forces Q acting on the beam are therefore negligible compared to P, 
and it is reasonable to assume that the axial force in the column remains 
equal to P during buckling. 

Taking the coordinate axes as shown in the figure, moment equilibrium 
for a segment of the column gives 


—— — 


Fig. 1-8 Elastically restrained column, 


d? 


or d? M x 
* 7 tk “ZT 


where k? E/. The solution of Eq. (1.25) is 


= As Mx 
* sin kx +- B cos kx 4 PT (1.26) 


The boundary condition at the lower end of the member 


y=0 atx=0 
is satisfied if 


B=0 
and the condition at the upper end 


y=0 atx 21 


requires that 
a l 
P sin kl 
Hence —_ M(x _ sinkx 
k P (7 sin ) 
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Since the column is rigidly connected to the beam, the rotation of the column 
at its upper end must be equal to the rotation of the left-hand end of the 
beam, For the column, the slope at x = / is 


aD 


The rotation @ of the left-hand end of the beam is obtained from the slope- 
deflection equation. Thus 


2E 
M = “T 28) 
from which 
= Mi 1.28 
0 E/ (1.28) 
Equating the expressions in (1.27) and (1.28) gives 
Ml Aft. 4 
ET KEI (a tan z) 
kl — 1.29 
8 2 tan zI) 6 
The negative sign in front of the right-hand side of the equation is needed 
because the slope as given by (1.27) is negative, whereas @ is positive. 


Equation (1.29) is the stability condition for the column being studied. It 
is convenient to rewrite the equation in the form 


or 


4 
The smallest root satisfying this expression is 4 3.83 from which 


j AE 1E (1.30) 


If the upper end of the column were hinged, the critical load would be * Eli. 
and if the upper end were fixed, it would be 20.2 E/ H. It is not surprising that 
the critical load for the elastically restrained end, given by Eq. (1.30), should 
fall between the two limiting cases of hinged and completely fixed ends. 
Completely rigid, hinged or free and conditions are rarely found in actual 
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engineering structures, However, as demonstrated, the solutions correspond- 
ing to these idealized end conditions are useful because they provide upper 


and lower bounds between which the critical loads of most actual columns 
fall. 


1.6 EFFECTIVE-LENGTH CONCEPT 
AND DESIGN CURVE 


Figure 1-9 depicts the deflection curve and the effective length for several of 


| 
| 


ES A a 


12 E w“EI 
tot (2L)? 


Fig. 1-9 Effective length of for various boundary conditions. 


— ee —2w 


the boundary conditions considered in Article 1.5. For each case, it is shown 
that the Euler formula can be used to obtain the critical load of the member, 
provided the correct effective length is used. The effective-length concept is 
equally valid for any other set of boundary conditions not included in the 
figure, Thus 
E/ 
B, = TS: (1.31) 


gives the critical load for any column, regardless of the boundary conditions, 


provided 2 is the effective length of the member, that is, the length of the 
equivalent Euler column. 


For design purposes, it is convenient to have a graphical representation of 
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; only for the member being analyzed, was used. However, as shown by 
Eq. (1.31). Making use of the relation Timoshenko and Gere (Ref. 1.2), a single fourth-order equation applicable to 
I = Ar? 


any column regardless of the boundary conditions can also be employed. This 
! equation will be introduced now, and its solution obtained for two specific 

in which A is the cross-sectional area und r the radius of gyration, Eq. (1-31) | sets of end restraints. s 
— eee in the form For the general cass of a column with unspecified boundary conditions, 


there exists a moment and a shear at cach end of the member (Fig. I- Ila). By 
WE (1.32) 
~~ OF 


i iti slenderness ratio, 
to obtain a curve of critical stress versus 0 
ag eh se done for steel (E = 30 x 105 psi), and eee i 
is shown plotted in Fig. 1-10, The curve in Fig. 1-10 is kno 
* 


50 * w? 
i y4P 
z 40 120 ; j * 
a 1 paa 
; Ta” 
8 0 10 i 
2 14 
a 
š 20 10 1 — Q 
$ no 
* 10 10 lp 
(b) 
t 5 a 785 200 250 Fig. 1-11 Column with unspecified boundary conditions. 
Slenderness ratio t choosing appropriate values for these moments and shears, any desired set of 
Fig. 1-10 Column curve for structural steel, boundary conditions can be satisfied. Equating the external moment to the 
—.—— eee internal moment, at a section a distance x from the origin (Fig. 1-11b) leads to 
; ta eri ro R 55 
design curve. 2 ves 3 5 load of any column, of a given Ely" + Py = —Qx + M, (1.33) 
3 aer ee. he boundary conditions, from a single design curve. — Differentiati W : 
material, regardless of t ifferentiating twice with respect to x, one obtains 
Ely” +4- Py" = 
17 HIGHER-ORDER DIFFERENTIAL EQUATION 


(1.34) 
FOR COLUMNS 


and introducing the notation 


i ; ; . 

Artich buckli ere obtained for columns with various ee 
x nda thi ete We eee differential equation, valid 5 
boundary 2 
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the equation becomes 
Y+ ky” =0 (1.35) 


This fourth-order differential equation is applicable to any set of boundary 
conditions. Its general solution is 


y =C, sinkx + C, coskx + Cyx+C, (1.36) 


The arbitrary constants in the solution are determined from the boundary 
conditions of the specific case under investigation. 


Case 1. Hinged-hinged 


For the hinged-hinged column (Fig. 1-12) the deflection and bending 
moment are zero at both ends of the member. Hence 


x 


| 
|r 


` 


Fig. 1-12 Hinged-hinged column. 


y=0, * O atx=0 


1.37 
y=0, * O atx=/ (1.37) 
Substitution of the two conditions at x = 0 into Eq. (1.36) leads to 


C: ＋ C. =0, C =0 
Hence C. =0, C. 2 0 


From the remaining two conditions one obtains 


C. sin 41 + C, = o, —C,k* sin kl = 0 
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Since k? is not identically equal to zero, these relations are satisfied either 
if C. =C, =0 or if sin kl =C, = 0. The first alternative leads to the 
trivial solution of equilibrium at all loads, provided the member remains 
straight, From the second conditions, one obtains 


kl = nn, n= 1. 2, 3. 
which for n = leads to the critical load 


Pa = 11 (1.38) 


Case 2. Fixed-free 
For the fixed-free column (Fig. 1-13), the deflection and slope are zero at 


x 


Fig. 1-13 Fixed-free column. 


the base. At the free end, the moment vanishes and the shear is equal to the 
component Py’ of the applied load. Thus 


y=0, y'=0, atx O 
* O,  y'’+k*y =O, at x= / 


The conditions at the fixed end lead to 
C,+C,=0, XC. +C,=0 
and from the conditions at the free end one obtains 


C. sinkl +C,coski=0, C,=0 
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Combining these results gives 
C. ™ C, pn 0, Cy — —C,, C, cos kl =O 


As in the previous example, there are two solutions, the trivial one, obtained 
by Ictting C. = 0, and the nontrivial solution, cos kl = 0. The latter leads to 


ki = Gn Ue, 2 


from which, for n = 1, 


R E/ 
Pa = Ir (1.39) 


For both of these cases, the results obtained using the fourth-order equa- 
tion are the same as those obtained previously by means of the second-order 
equations. The disadvantage of using second-order equations is that cach 
different set of boundary conditions considered requires the setting up of a 
new equation, This is obviously not necessary when using the fourth-order 
equation, since the latter is equally applicable to all boundary conditions. 
However, there are instances, such as the case of the fixed-fixed column, 
where the evaluation of the four arbitrary constants needed in the fourth- 
order equation solution is considerably more involved than the determination 
of the two constants required in the second-order equation solution, 


1.8 LARGE-DEFORMATION THEORY 
FOR COLUMNS 


In the preceding articles the behavior of columns was studied using a lincar 
. differential equation. The linear equation was obtained by employing an 
approximate expression, d*y/dx*, for the curvature of the member. Since this 
approximation is valid only when the deformations are small, the results 
obtained from the linear equation are limited to small deflections. In this 
article the limitation of small deflections will be removed by using an exact 
expression for the curvature. 

Consider the simply supported column shown in Fig. 1-14. Aside from the 
assumption of small deflections, which is no longer being made, all the other 
idealizations made for the Euler column are still valid. The member is initially 
assumed to be perfectly straight and loaded along its centroidal axis, and the 
material is assumed to obey Hooke’s law. 

If the x-y coordinate axes are taken as shown in the figure and the column 
is in equilibrium in a bent configuration, then the external moment, Py, at 
any section, is equal to the internal resisting moment E/ R. Thus 
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Fig. 1-14 Large deflections of a 
column (Adapted from Ref. 1,6). 


El 
— , (1.40) 
in which I/R is the curvature. i 


The solution of the equation is facilitated if the curvature is expressed as 


the rate of change of the slope. Letting the slope at any point be given by @ 


and the di igi ; 
2 istance along the curve from the origin to the point by s, the curva- 


1 49 
X ds 
Substitution of this expression in Eq. (1.40) leads to 


40 : 
Eig + Py=0 . (1.41) 


Equation (1.41) can be used to stud i 

t y the behavior of columns at large as well 
asat small deformations. Because d6/ds is used in place of d*y/dx?, Eq. ( 145 
5 and its solution is a good deal more difficult to obtain than that 
of Eq. (1.1), the linear equation of the small-deformation theory. The analysis 


presented here fi : A ; 
TPE erc follows the general outline of the solution given by Wang in 


Introducing the notation k? -, Eq. (1,41) takes the form 


dð 
e (1.42) 
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If the equation is differentiated with respect to s, and dy/ds is replaced by sin 
8, one obtains 


PO + sind 0 (1.43) 


Multiplying the first term by Nah di) ds and the second term by the equivalent 
expression 240 and integrating both terms gives 


(c) 4e f a0 n 40 (1.44) 
Since a(z) (x) as = a2) 
and sin @ d@ = cos 8) 


Eq. (1.44) can be written in the form 


f 4%) — 2 f d(cos 0) = 0 (1.45) 


Carrying out the integration leads to 
(BY — x cos@ =c (1.46) 


The constant of integration, C, is evaluated from the condition that @ = « 
and d6/ds = 0 at the origin. Hence 


C= —2k cosa 
and Eq. (1.46) becomes 
(27 = 2k*(cos 0 cos «) 
Taking the square root of both terms gives 


42 = +./2k./cos = cosa 


sic 2 7 
* Om 7th eat ae me 


The negative sign denotes that h decreases as 5 increases. 
If ds is integrated from 0 to L, one obtains the total length of the column. 
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Thus 
L - dé 
t= |=)" payee ini 


The minus sign in front of the equation has been eliminated by reversing the 
limits of integration. 
Making use of the identities 


cos@ = 1 — 2sin? ($). cosa=1—2sin (2) (1.49) 


in Eq. (1.48) leads to 


1 . dð 
ia 2k f = sni c — sin? (873) (1.50) 
To simplify this integral, let 
p=sin $ (1.51) 
and introduce a new variable ¢ defined by 
psin = sin 4 (1.52) 
The integral in Eq. (1.50) can be expressed in terms of ¢ if one obtains d@ as 
a function of ¢ and determines the limits on ø corresponding to the given 
limits on @. Taking the differential of both sides of Eq. (1.52), gives 


2p cos 
wea 


cos-$ =f am sin? > 
2p cos 
0 = , 0 


Rewriting Eq. (1.52) in the form 


and using the identity 


one obtains 


sin $ sing = sin . 


„ 
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it is evident that as ĝ varies from —a to a, sin ¢ varies from l to land $ 
varies from —(x/2) to x/2. In view of Eq. (1.53), and noting that 


„ein' F — sin? 5 = p cos 6 


(1.54) 
Eq. (1.50) can be rewritten in the form 
2 2 
Le T N UE (1.55) 
or L 2K (1.56) 
in which 
2 
K . aes (1.57) 


This integral is known as the complete elliptic integral of the first kind, Its 
value can be obtained from a table of integrals, which tabulates X for various 
values of p. 

Equation (1.56) can also be written in the form 


42 
TPE 
„ Ax 
ai 2-2 (1.58) 


in which P., = E.. 
If the deflection of the member is very small, & and consequently p are 


very small, and the term p? sin? ¢, in the denominator of K, is negligible. The 
value of X then approaches x/2, and from Eq. (1.58) 


a RE / 


The nonlinear theory thus leads to the same critical load as the linear theory. 
This is to be expected, since both theories are accurate for small deformations. 
It is now desirable to determine how the load varies as the deflection of 
the member becomes large. Using Eq. (1.56), a curve of load versus a can be 
plotted, or the more commonly employed relation between load and mid- 
height deflection, 5, can be obtained as follows. 
Noting that dy = sin @ ds and making use of Eq. (1.47) gives 


sin G dð 


* k/cos 6 — cos @ 
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The midheight deflection ò is obtained by integrating dy from 0 to 6. Hence 
sin 6 dê 


0 . 
s= J. | atte 
The limits for the integral on the right-hand side of the equation were 


obtained by noting that @ varies from æ to 0 as Y varies from 0 to ò. Using the 
relations in (1.49) gives 


l * 
K. 
Except for the term sin @, this integral is similar to the one in Eq. (1.50). As 


before, a change in variable from @ to ¢ is therefore made, and in view of Eqs. 
(1.51), (1.52), (1.53), and (1.54), one obtains 


* Ti sin (2p cos $ d 
j, MEDL T 


sin 0 d0 
sin — sin 


(1.59) 
It can also be shown that 
sin ĝ = 2p sin G — p* sin? $ 
Substitution of this relation in Eq. (1.59) leads to 
2 afd 
t= 1 —22 
z „ n 
from which 
é 2 
IA: (1.60) 


Lid 


Using Eqs. (1.58) and (1,60), it is possible to compute for various values of a 
the corresponding values of PIP., and 5/L. The results of such calculations 
are summarized in Table 1-1 and plotted graphically in Fig. 1-15. 

As indicated previously, large-deflection theory leads to the same critical 
load as linear theory. In addition, large-deformation theory predicts a very 
slight increase in load with increasing deflection during the carly stages of 
bending and a more pronounced increase in load after considerable deforma- 
tion has occurred. When the lateral deflection is one tenth the span, a very 
sizeable deflection, the load is only 17% greater than P, and at d/L = 0.2, 
P/P., = 1.06. It is evident from these results that the prediction of bending 


at constant load made by the linear theory is valid for a considerable range of 
deformations. 
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P/P,, 
5 


0 Qi 8 2 0, Q4 Fig. 1-55 Column load-deſlection 
87 curve for large deflections. 


Table 1-1 Load-deflection data for large-deflection column theory 
(Adapted from Ref. 1.6) 


a o 20° 40° 60 

X x/2 1.583 1.620 1,686 
Pp 0 0.174 0.342 0.500 
PP cy 1 1.015 1.063 1.152 
71 0 0.110 0.211 0.296 


eee 


For most actual columns, as bending increases, the combined axial and 
bending stress will exceed the Proportional limit of the material long before 
the deviation of the linear from the nonlinear theory becomes significant. 
Consequently, within the range of elastic behavior, the results obtained from 


the large-deformation analysis in no way invalidate any of the results obtained 
from the linear analysis. 


1.9 BEHAVIOR OF IMPERFECT COLUMNS 


In the derivation of the Euler load, the member is assumed to be perfectly 
straight and the loading is assumed to be concentric at every cross section. 
These idealizations are made to simplify the problem. However, perfect 
members do not exist in actual engineering structures. Both minor imperfec- 
tions of shape and small eccentricities of loading are present in all real 
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columns. It is therefore desirable to investigate the behavior of an imperfect 
column and compare it with the behavior predicted by the Euler theory. 


1.10 -INITIALLY BENT COLUMNS 


In this article the behavior of an imperfect column is studied by considering a 
member whose centroidal axis is initially bent. It is assumed that the material 
obeys Hooke's law and that the deformations are small, Hence, of the ideal- 


izations made in the Euler theory, only the one that assumes the member to 
be initially straight has been omitted. 


Consider the hinged column in Fig. 1-16, whose centroidal axis is initially 
| x 
|r 
Origino! shope 


Deflected shope 


Fig. 1-16 Initially bent column, fe fe 


bent. Let the initial deformation of the member be given by y and the 
additional deformation due to bending by y, The solution of the problem can 
be simplified,” without impairing the generality of the results, if the initial 
deformation is assumed to be of the form 


Yo = a sin f (1.61) 


Since bending strains are caused by the change in curvature, y”, and not by 
the total curvature, y} + y”, the internal resisting moment at any section is 


M, — ees Ely” 
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Equating this moment to the extermally applied bending moment, P(y + Vo), 
gives 


Ely” + Plye t+ y) = 0 (1.62) 


By substituting Eq. (1.61) for y, and making use of the notation 4 «= PJER 
one obtains 


7 1 NN 
y" + k?y = —ka sin T (1.63) 
The solution of Eq. (1.63) consists of a complementary function and a 
particular function. Thus 
=. ty, 


The complementary function is the general solution of the homogeneous 
equation obtained by setting the left-hand side of Eq. (1.63) equal to zero. It 
has already been shown that this is 


Je = A sin kx + cos kx (1.64) 
The particular function is any solution of the entire nonhomogencous equa- 


tion. When the right-hand side of the equation consists of a sine or cosine 
term, the particular function is of the form 


y, = Csin™ + Doos™* (1.65) 


Substituting Eq. (1.65) into Eq. (1.63) and combining terms gives 


e- + We] nt + [ofe Fr) lems =0 


This equation can be satisfied for all values of x only if both the coefficients 
of the sine and cosine terms are made to vanish. Hence 


and either D = 0 or k? = N=. 

If one lets k? e, the solution for y becomes limited to P = x E//I?. 
This is not the case to be investigated, and D must therefore vanish, Hence 
. 

Introducing the notation 


. —— — —6 ́ R | o 
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where Py = x? £//[*, the expression for C can be rewri’ten in the form 


C= — 3 
(ay—1 ~ T= 
Consequently, 
7. = oS sin (1.66) 
and tz . z a . AX 
y= Asinkx 4 B cos kx tygon (1.67) 


The arbitrary constants in (1.67) are evaluated from the boundary conditions, 
The condition 


y=0 atx=0 
leads to 


B=0 
and from the condition 


y=0 atx=/ 
one obtains 


0 = A sin kl 


Thus either A or sin 41 must vanish. Letting sin k/ = 0 again limits the 
solution for y to P = Pp. As before, this is undesirable, and consequently 


A=0 


Substitution of A= 0 and B=0 into Eg. (1.67) leads to the bending 
deflection 


„An (1.68) 
The total deflection from the vertical is obtained by adding this expression to 
the initial deflection. Thus 


vr = Vo +y=(I E) in . 


or yr= Nn f (1.69) 
The total deflection at midheight is 
b= 2 


[a7 TF (1.70) 
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Figure 1-17 gives a graphical representation of Eq. (1.70). The variation 


s Fig. 1-17 Load-deflection curves of 
initially bent columns. 


Midheight deflection 8 


of the midheight deflection with the load ratio P/P, is shown plotted for two 
different values of initial imperfection, Based on these curves, the behavior of 
the imperfect column can be summed up as follows. Unlike the perfect 
column, which remains Straight up to the Euler load, the initially deformed 
member begins to bend as soon as the load is applied, The deflection increases 
slowly at first and then more and more rapidly as the ratio of the applied load 
to the Euler load increases. The larger the initial imperfection, the larger 
the total deflection at any load. However, as the applied load approaches the 


of the initial imperfection. The carrying capacity of an imperfect column is 
thus always smaller than the Euler load, regardless of how small the initial 
imperfection is. If the initial distortion is sizeable, the column experiences 
fairly large deformations at loads considerably below the Euler load. A 
carefully constructed column that is fairly straight to begin with does how- 
ever not deflect appreciably until the applied load is quite close to the Euler 
load. Although the failure mechanism of columns has not yet been discussed, 
one can surmise that large deflections produce inelastic strains, which in turn 
lead to collapse. Members with large initial imperfections can thus be 
expected to fail at loads considerably below the Euler load, while relatively 
straight columns will support axial loads only slightly less than P. 


1.11 ECCENTRICALLY LOADED COLUMNS 
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Fig. 1-18 Eccentrically loaded col- P| | 
umn, 


the internal resisting moment — Ely, at any section, to the corresponding 
applied moment P(e + y) gives 


Ely" + Ple 4- y) = 0 (1.71) 
Letting k? = P/ET, one obtains 
y" + Ky = —kile . (1.72) 
The general solution of this equation is 
y = Asin kx + Booskx e (1.73) 


The arbitrary constants are evaluated from the boundary conditions, Thus 
the condition 


y=0 atx=0 
leads to 


B=e 
and from the condition 
l y=0 atx=/ 
one obtains 


A= el — cok 
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Substitution of these results in Eq. (1.73) gives 
y = e(cos kx + S05! sin kx — 1) (1.74) 


An expression for the midhcight deflection y = & is obtained by letting 
x = 1/2. Thus 


Ee ay 
Introducing the identities 
cos ki = 1 — 2 sin? AL 
and sin kl = 2 sin 5! cos L 


Eq. (1.75) can be reduced to 


i a e[ sec ($ JZ) * J (1.76) 


here Py = WEll’. — 
x Figure 1-19 gives a graphical representation of Eq. (1.76). The variation 


s 


Fig. 1-19 Load-defiection curves of 
eccentrically loaded columns. 


Midheight deflection & 


i is shown plotted for two values of the eccentricity e. Compari- 
25 of 3 with ees of initially curved columns, given in Fig. 1-17, 
indicates that the behavior of an eccentrically loaded column is essentially the 
same as that of an initially bent column. In both cases, bending begins as soon 
as the load is applied. The deflection increases slowly at first and then more 
and more rapidly as P approaches Pg. At r= Ps the deflection ee 
without bound. Columns with large eccentricities deflect considerably a 
loads well below the Euler load, whereas columns with very small eccentric- 
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ities of loading do not bend appreciably until the load is fairly close to the 
Euler load. It will later be shown that excessive bending causes a column to 
collapse. A column with relatively small eccentricities of loading can therefore 
be expected to support loads only slightly less than the Euler load. On the 


other hand, a member with large eccentricities will collapse at loads con- 
siderably below P,. 


1.12 SUMMARY OF IMPERFECT COLUMN 
BEHAVIOR 


It has been shown that a slightly imperfect column begins to bend as soon as 
the load is applied, that the bending remains relatively insignificant until the 
load approaches the Euler Load, and that the bending then increases very 
rapidly. Several important conclusions can be reached from these observa- 
tions. First and foremost, the Euler theory, which is based on the fictitious 


` concept of a perfect member, provides a satisfactory design criterion for real 


imperfect columns, provided the imperfections are relatively minor. The Euler 
load is thus a good approximation of the maximum load that a real imperfect 
column can support without bending excessively. Second, the foregoing results 
form the basis of a useful method of stability analysis. Up to now, the critical 
load has been determined exclusively by finding the load at which a perfect 
system can be in equilibrium in a slightly bent configuration, that is, the load 
at which neutral equilibrium is possible. Now, a second criterion for finding 
the critical load can be stated as follows: 

The critical load is the load at which the deformations of a slightly 
imperfect system increase without bound. To apply this criterion, one gives 
the structural member or system to be investigated a small initial deformation 
and then determines the load at which this deformation becomes unbounded, 

A third conclusion drawn from the foregoing analyses is that the behavior 
of an imperfect system can be simulated cither by giving the system some 
initial crookedness or by applying the load cccentrically. The essential dif- 
ference between a perfect and an imperfect compression member is that the 
former must be disturbed to produce bending, whereas bending stresses are 
Present in the latter as a direct consequence of the applied load. It is therefore 
not surprising that either eccentricity of loading or initial crookedness, both 
of which cause bending, can be used with equal success to simulate the 
behavior of an imperfect system. 


1.13 INELASTIC BUCKLING OF COLUMNS 


In cach of the investigations presented heretofore, the assumption has been 
made that the material behaves according to Hooke's law. For this assump- 
tion to be valid, the stresses in the member must remain below the propor- 
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Fig. 1-20 Column curve. 


tional limit of the material. Figure 1-20 shows the Euler curve and a horizontal 
line representing the proportional limit of the material. It is evident from the 
figure that, for slender columns, the applied load reaches the Euler load before 
the axial stress exceeds the proportional limit. The linear elastic analysis is 
therefore valid for slender columns, and the Euler load represents the correct 
buckling load of such members. One the other hand, the axial stress in a 
short column will exceed the proportional limit of the material before the 
applied load reaches the Euler load. Consequently, the results of the elastic 
analysis are not valid for short columns, and the buckling load of short 
columns must be determined by taking inelastic behavior into account. 
Before considering the theory of inelastic column behavior, let us briefly 
review its historical development. The Euler formula was first derived by 
Leonhard Euler in 1744 (Ref. 1.4). It was, at the time, mistakenly assumed 
that the formula applied to short as well as slender columns. When test 
results during the nineteenth century indicated that the formula was uncon- 
servative for short columns, Euler's work was believed to be completely 
erroneous and was discarded for a lengthy period of time. Finally, in 1889 two 
men, Considére (Ref. 1.7) and Engesser (Ref. 1.8), reached the conclusion 
that the Euler load as presented by Euler was valid, but only for slender 
columns. They also realized that Euler's formula could be applied to short 
columns if the constant modulus £ is replaced by an effective modulus that 
depends on the magnitude of stress at buckling. Engesser believed the tangent 
modulus to be the correct effective modulus for inelastic column buckling. 
Considére did not reach any specific conclusions regarding the value of the 
effective modulus. He did, however, suggest that as a column begins to bend 
_ at the critical load there is a possibility that stresses on the concave side 
increase in accordance with the tangent modulus and that stresses on the 
convex side decrease in accordance with Young's modulus. This line of 
reasoning is the basis of the double modulus theory, according to which the 
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effective modulus is a function of both the tangent modblus and the elastic 
modulus. As soon as Engesser became aware of Considère's theory, he 
acknowledged its validity and went on to derive the first correct value of the 
effective modulus based on the double modulus theory (Ref. 1.9). However, 
it was not until von Kármán in 1910 (Ref. 1.10) independently rederived the 
double modulus theory that it gained widespread acceptance. 

For roughly the next 30 years, the double modulus theory, or reduced 
modulus theory as it is sometimes called, was accepted as the correct theory 
for inelastic buckling. Then, in 1947, Shanley reexamined the mechanism of 
inelastic column behavior and concluded that the tangent modulus and not 
the double modulus is after all the correct effective modulus (Ref. 1.1 1). The 
double modulus theory is based on the assumption that the axial load remains 
constant as the column passes from a Straight to a slightly bent configuration 
at the critical load. Only if this assumption is made does bending necessarily 
cause a decrease in strain on the convex side of the member while strains on 
the concave side are increasing. Shanley points out that it is possible for the 
axial load to increase instead of remaining constant as the column begins to 
bend, and that no strain reversal need therefore tuke place at any point in the 
cross section. If there is no strain reversal, the tangent modulus governs the 
behavior of all fibers in the member at buckling. 

The tangent modulus theory leads to a lower buckling load than the 
double modulus theory and agrees better with test results than the latter. It 
has therefore been accepted by most engineers as the correct theory of 
inelastic buckling. Nevertheless, discussions regarding the merit of each of the 
theories continue. 

The succeeding articles are devoted to a detailed study of inelastic buck- 
ling. First, the critical load of an initially perfect member is determined, 
using-infinitesimal deformation theory. Then, initial imperfections and finite 
deformations are introduced in order to determine whether or not the 
maximum carrying capacity of an inelastic column coincides with the critical 
load, as is the case for elastic columns. Finally, the theoretical findings are 
used to develop design criteria for real engineering materials. 


1.14 DOUBLE MODULUS THEORY 


In this article the critical load of a column whose axial stress exceeds the 
Proportional limit prior to buckling is obtained by means of the double 
modulus theory, The analysis involves the following assumptions: 

1. The column is initially perfectly straight and concentrically loaded. 

2. Both ends of the member are hinged. 


3. The deformations are small enough for the curvature to be approxi- 
mated by y”, 
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4. The same relation exists between bending stresses and bending strains 

as exists between stress and strain in simple tension and compression. 

5. Plane sections before bending remain plane after bending; hence 

longitudinal strains vary linearly as their distance from the neutral 
surface. 

The critical load is obtained by means of the concept of neutral equilib- 
rium. Accordingly, the critical load is defined as the axial load at which 
equilibrium is possible both in the original undeformed position and in an 
adjacent slightly bent configuration. This definition implies that the axial 
load remains constant as the member moves from the straight to the deformed 

sition. 

s Consider the column shown in Fig. 1-21a, The final deformed configura- 
tion of the member is reached by applying an axial force to the initially 


Strain - « Deformotions 
(c) le) 


Fig. 1-21 Reduced modulus theory (Adapted from Ref. 1.12). 
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Straight column, letting the force increase until it reaches the critical load, 
and then letting the member bend slightly while the axial force remains con- 
stant. In other words, the behavior of the column follows curve 0-1-2 in Fig. 
1-21b. The axial stress, G, = FA. that is present when bending begins is 
assumed to be ubove the proportional limit of the material (Fig. 1-21c). 
During bending, there occurs a small increase in the stress on the concave 
side of the column and a slight decrease in the stress on the convex side of the 
member, The final stress distribution on a typical cross section of the dent 
column is shown in Fig. J- 21d. At any point in the cross section, the total 
stress consists of a uniform axial Stress, Cer, und a variable bending stress. 
The deformation corresponding to this bending stress distribution is shown in 
Fig. I-2le. 

The elastic modulus E always governs the relation of stress to strain when 
a fiber unloads. Hence the decrease in Stress, g, on the convex side of the 
column, which occurs as the member bends, is related to the corresponding 
decrease in strain, €,, by the relation 


a, = Ee, (1.77) 


On the concave side, bending causes an increase in the total Stress, and the 
instantaneous relation of the bending stress g, to the corresponding strain 
€: is therefore governed by the tangent modulus. Since deformations beyond 
the critical load are assumed to be infinitesimally small, bending stresses are 
very small compared to o., and the tangent modulus Æ, corresponding to 
Ge can be assumed to apply over the entire part of the cross section where 


the stress is increasing. Hence 
g; = Ee: (i 78) 


where Æ, is the slope of the stress-strain curve at O =G Noting that the 


curvature is given by d¢/ds (Fig. 1-2le), the bending strains €, and e, located 
at distances z, and z, from the neutral axis are 


2 -1% (1.79) 
* — 95 (1.80) 


Stresses and strains are positive when compressive and z is positive when 
measured to the right of the neutral axis. Approximating the curvature by 
, Eqs. (1.79) and (1.80) become 
61 = zy" (1.81) 
e 7)" (1.82) 
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Equilibrium between the external load and the stresses on any section will 


i now be considered. It has been assumed that the axial load remains constant 


during bending. The resultant of the tensile and compressi 
bending must therefore vanish. Thus pressive stresses duc to 


f . I. e. da (1.83) 
In view of Eqs. (1.77), (1.78), (1.81), and (1.82), Eq. (1.83) becomes 


Ey” i 21 dA + E, y" . 21 1 0 (1.84) 


Introducing the notation 


Q = f zdi, Q= 8 tı 44 (1.85) 


for the moments of the area on cither side of the ne is RES 
tral 
Eq. (1.84) can be written in the form n pre about this-anie, 


EQ, + EQ: =0 (1.86) 


Equation (1.86) is used to determine the location of the neutral axis, Since 
E. E. Q, + Q: #0, and the neutral axis does not coincide with the 
centroidal axis for inelastic bending. 


A second condition of equilibrium is that the bendin 
z st 
the externally applied moment Py. Thus g stresses balance 


foz dA + foz dA + Py=0 (1.87) 
Making use of Eqs. (1.77), (1.78), (1.81), and (1.82), one obtains 
„ i 214 + E, 10 z} dA) +Py=0 (1.88) 


The two integrals inside the parentheses are equal to the moments of inertia 


of the areas on either side of the neutral axis about this axis. Representing 


these quantities by 
1 J. UU and h= [" sida (1.89) 
Eq. (1.88) takes the form ; 


E. EY Py =0 (1.90) 
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Finally, by introducing the notation 
E = Ft Bl (1.91) 


E, ly" + Py =0 (1.92) 


Equation (1.92) is the differential equation for the bending of a column 
stressed into the inelastic range of the material. Comparison of this equation 
with Eq. (1.1) for the elastic column indicates that the two are identical except 
that E has been replaced by E, the reduced modulus. It is evident from Eq. 
(1.91) that the value of E, depends on the stress-strain characteristics of the 
material and on the shape of the cross section, and that Æ, is always smaller 
than E. : 
Along a given column, E, is constant; that is, it is not a function of the 
independent variable x. Equation (1.92) is therefore a linear equation with 
constant coefficients, and its solution is identical to that of Eq. (1.1) for the 
elastic column, except that the elastic modulus E is replaced by the reduced 
modulus E, The critical load of an initially straight column whose axial 
stress exceeds the proportional limit prior to buckling is therefore equal to 


one obtains 


2 
P, = l (1.93) 


The load given by Eq. (1.93) is commonly referred to as the reduced modulus 
load. Since E, < E, the reduced modulus load, P,, is always smaller than the 
Euler load. N 

For design purposes, Eq. (1.93) is usually rewritten in the form 


(0% = 0755 (1.94) 


where (¢,),, is the critical stress corresponding to the reduced modulus load. 
To obtain the critical stress for a given member, it is necessary to evaluate 
E,, This is accomplished as follows. For a rectangular section, Eq. (1.86) 
reduces to : 


Eğ = Rei 
where c, and c, are the distances from the neutral axis to the extreme fibers in 
tension and compression, respectively. Noting that /, the total depth of the 
cross section, is given by 
: 1 ci c: 
one obtains 
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r “JEFTE 
Using these relations, the expression for the reduced modulus given by Eq. 
(1.91) can be simplified to 


4 
= 9 
* (TE + JEP aii 


In a similar manner, the reduced modulus of an idealized / section, that is. 


two flanges of equal area connected by a web of negligible thickness, is found 
to be 


2EE, 
E. FE K (1.96) 


Since E, depends on the tangent modulus at the critical stress, Eq. (1.94) 
connot be used directly to solve for (o,) Instead, the variation of E, with 
(% is obtained from the stress-strain curve of the material and a column 
design curve, similar to the curve in Fig. 1-10, is constructed. The critical 
Stress corresponding to any value of //r can then be obtained directly from the 
design curve. 


1.15 TANGENT MODULUS THEORY 


The tangent modulus theory of inelastic column buckling will now be con- 
sidered. In determining the critical load by this theory, the five assumptions 
made in the double modulus theory, listed on page 37, are retained. However, 
onc assumption made previously, that the axial load remains constant as the 
column passes from the straight to a slightly bent position of equilibrium, no 
longer applies. Instead, the tangent modulus theory assumes that the axial 

load increases during the transition from the straight to the slightly bent 
position. It also assumes that the increase in the average axial stress is greater 
than the decrease in stress due to bending at the extreme fiber on the convex 
side of the member. Hence no strain reversal takes place on the convex side. 
The compressive stress increases at all points, and the tangent modulus gov- 
erns the relation of stress to strain for the entire cross section. 

The difference between the tangent modulus theory and double modulus 
theory can be summarized as follows: The double modulus theory assumes 
that the axial load remains constant as the column moves from the straight 
to a slightly bent position, at the critical load. Hence the compressive stress 
increases according to E, on the concave side of the member and decreases 
according to E on the convex side. In the tangent modulus theory, the axial 
load is assumed to increase during the transition to the bent form. There is no 
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Strain reversal anywhere in the member, and the increase i i 

by E, at all points in the cross section. 88 
In the problems considered heret 


ofore, the critical load was defined as the 


} straight configuration ceases to be stable. 
However, in the present case the axial load is assumed to reed the 


member bends subsequent to reaching the critical load. Hence the i 
K member 
now stable at loads above the critical load, and the old definition of ee 


critical load is no longer valid. A definition of the critical load, m i 

+ More suitable 
to the problem at hand, is the lowest load at which a bi i ili 
brium can take place, that is, * 


the smallest load at which the deformation 

pattern of the member suddenly changes, The iti isfyi i 
definition will now be determined, = n 

Consider a column that is initially straight and remains straigh i 

5 ia t until the 
axial load P equals the critical load, The column then moves from the straight 
position to a slightly bent configuration, and the axial load increases from P 
to P + AP (Fig. 1-22). It is assumed that AP is large enough, relative to the 
bending moment at any section, so that the stress at all points in the member 


load at which equilibrium in the 
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Fig. 1-22 Tangent modulus theory. 
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increases as bending takes place. Since deformations beyond the critical load 
are assumed to be infinitesimally small, the increase in stress Ag that occurs 
during bending is very small compared to the critical stress , and E, 
corresponding to o can be assumed to govern the increase in stress at all 
points in the membėr. 

Since the same modulus governs bending deformations at all points in the 
member, the neutral axis coincides with the centroidal axis, and bending 
Stresses vary linearly across the section as in elastic behavior. The only dif- 
ference between this case and elastic bending is that increases in stress are 
related to increases in strain by E, instead of E. For the bent form shown in 
Fig. 1-22, the internal bending moment at any section is 


Mig, = —E, Iy" 


Taking into account that AP is negligible compared to P, the external moment 
is Py. Hence moment equilibrium at any section leads to 


E ly" + Py=0 (1.97) 


Equation (1.97) is identical to Eq. (1.1), the differential equation of elastic 
buckling, except that E is replaced by E,. The critical load obtained from the 
solution of Eq. (1.97) is therefore 


Pa = El (1.98) 


This expression is generally referred to as the tangent modulus load. Com- 
parison between Eq. (1.98) and Eqs. (1.91) and (1.93) indicates that the 
tangent modulus load is always smaller than the reduced modulus load and 
that the former, unlike the latter, is independent of the cross-sectional shape. 


1.16 SHANLEY’S THEORY OF INELASTIC 
COLUMN BEHAVIOR 


The analysis presented in this article concerns itself with the behavior of 
inelastic columns beyond the critical load. To carry out such an investigation, 
- it is necessary to consider finite deformations. As long as an analysis of 
‘inelastic columns is limited to infinitesimally small bending deformations, 
the tangent modulus can be assumed to be constant over the entire part of the 
member where the compressive stress is increasing. This idealization was made 
in both the reduced modulus and the tangent modulus theory presented 
previously. However, for finite bending deformations, the actual complex 
variation of the tangent modulus in the plane of any cross section as well as 
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along any longitudinal fiber must be considered. Since it is impossible to 
express this variation analytically, the differential equation of inelastic column 
buckling for finite deformations can only be solved by numerical procedures. 

By using a simple column model, Shanley (Ref. 1.11) has shown that the 
numerical complexities that arise from considering the variation of the tangent 
modulus can be avoided and an approximate closed-form solution is obtain- 
able, As shown in Fig. 1-23, the model consists of two infinitely rigid legs 
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Fig. 1-23 Shanley model (Adapted from Ref. 1.11). 


connected to each other at the center bf the column by a deformable cell. The 
cell is made up of two axial elements u distance h apart. Each element has an 
area A/2 and a length h and behaves according to the bilinear stress-strain 
curve in Fig. 1-23, Concentration of all the deformable material, in two ele- 
ments, at the center of the model obviates the need for considering the com- 


plex variation of material properties both along the length and throughout 
the cross section exhibited by a real column. 
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The model is assumed to remain straight until the critical load is reached. 
It is then deflected laterally a finite distance d. The resulting axial strains of 
the cell elements are e, and e. These strains are due to bending and any 
change that occurs in the axial load during bending. They do not include the 
axial strain present before bending begins. If the lateral deflection d remains 
fairly small, it is related to the slope of the legs, a, by 


al 
d = 2 (1.99) 
Since a= ates 
Eq. (1.99) can be rewritten in the form 
d= le, +e) (1.100) 


Since the model is in equilibrium in the deflected configuration, the 
external moment at midheight is equal to the internal moment at that point. 
The external moment is 


M, = Pd = “te, en (1.101) 
Corresponding to the strains e, and e,, there are axial loads P, and P, in the 
cell elements. Like the strains, these loads are not the total loads. They 
represent only the change in load that takes place in cach clement as the 
column passes from the straight to the bent form. If the effective modulii in 

the two elements are designated by E, and Ez, then 
P,= 1E. . Py = 5 E. (1.102) 

and the internal moment at the cell is equal to 
h _ hA 

M. =(P, + Px = g Ee + Eze) (1.103) 


Equating external and internal moment gives 


A. +e) He, + Exes) 


PaT 
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It is assumed that the loads, P, and P,, 
indicated in Fig. 1-23, 
At this point, it is useful to obtain an expression for the ¢ 
ent modulus 
load of the model. The tangent modulus theory assumes tig there is no 


strain reversal at any point in the cross section at the instant that bendi 
i d 
begins. Hence E. = £, = E,, and Eq. (1.104) leads to * 


P= EAh (1.105) 


To study the behavior of the model at finite deformati i 
: lions, a relat 
between the applied load and the lateral deflection will now be obtained. itis 


assumed that the applied load P increases as the col 
reaching the critical load. Hence column bends subsequent to 


are taken as positive if in the direction 


E, = E, (1.106) 
and E, is either equal to E or E depending on whether or n i 
ot strain reversal 
t i : 
EE an the convex side of the model after bending has started. Using 
t= A (1.107) 
and substitutin z Eqs. (1.106) and (1.107) into Eq. (1,104), one obtains 
= AE, e, + te e i 
ra Mitty duo 
From Eq. (1.100) i 
e e 4 
and = 4 — e. 


Substitution of these relationships into Eq. (1.108) jeads to 
7 weft ＋ be. 
or P= Pi + gy(t — Ves | (1.109) 


To express e, in terms of d, and thus put Eq. (1.109) into a more useful 
form, a second expression for P will now be obtained. It has already been 
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assumed that the applied load P increases as the column bends. If it is now 
also assumed that bending starts at the tangent modulus load P,, then 


P= P,+AP (1.110) 


The increase in load AP that occurs during bending is given by 


AP =- 6 


Employing Eqs. (I. 106), (1.107), and (1.100), it can be shown that 


ap N =e be. (1.112) 
Hence Por + SF -e der] 
or P=P[t +4 -40 +e] (1.113) 
Equating the expressions for P given by Eqs. (1.109) and (1.113) leads to 
4d 
= a (1.114) 
ONES 


Finally, substitution of this expression into Eq. (1.109) gives the desired 
load-deflection relation: 


1 

pae('+ Eee 0 (1.115) 
27 tei 

Using this relation between the applied load P and the lateral deflection d, the 

postbuckling behavior of the model can be studied. 

As assumed, the model begins to bend at the tangent modulus load: that 
is, P = P, when d = 0. As d increases, the variation of P with d depends on 
the value of t = £,/E,. This ratio is either equal to unity or E/E,, depending 
on whether or not strain reversal takes place on the convex side of the model, 
If there is no strain reversal, r = 1, and P remains constant at P, as the model 
bends. However, bending at constant load produces strain reversal. The 
assumption of no strain reversal thus leads to inconsistent results and must be 
discarded. Assuming that strain reversal does take place, t = EE, and Eq. 
(1.115) indicates that P increases with increasing deflection. 

It will now be shown that P increases and approaches P,, the reduced 
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modulus load, as the deflection d becomes large compared to h. The reduced 
modulus theory assumes that bending takes place at constant load, Hence 
P, — Py, and Eye, = Ee, from which 


e = aiala A 
In view of Eq. (1.100) 


5 
I 


Substitution of this relation into Eq. (1.109) leads to 


P, 80 wie 1) (1.116) 


the reduced modulus load. The load Supported by the model [Eq. (l. 115) 
thus approaches the reduced modulus load [Eq. (1.116)) as the deflection 
becomes very large, 

The behavior of the model obtained from Eq. (1.115) is summarized by the 
Solid curve in Fig. 1-24, Bending begins at the tangent modulus Joad and 


Shanley model, Deflection d 


Progresses with increasing axial load, As the lateral deflection becomes 
large, the axial load approaches the reduced modulus load, 

The most important difference between an actual column and the model 
is that Æ, decreases with increasing compressive strain in an actual column, 
whereas it was assumed to remain constant in the model. A better approxima- 
tion of the postbuckling curve than that given by the solid line in Fig. 1-24 is 
obtained if the decrease in E, is taken into account. As shown by the dashed 
curve in the figure, the model then has a maximum load whose value lies 
somewhere between P, and P. 
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Although the model represents an extreme simplification of the actual 
column, it does lead to the following valid conclusions regarding inelastic 
column buckling. 


1. An initially straight column will begin to bend as soon as the tangent 
modulus load is exceeded. 

2. Subsequent to the onset of bending, the axial load increases and 
reaches a maximum value that lies somewhere between the tangent 
modulus load and the reduced modulus load. 

3. Although there is no strain reversal at the instant-that bending begins, 
strain reversal does occur as soon as the bending deformations are 
finite. 


Of these three findings, probably the most significant is that the maximum 
load of the column lies somewhere between the tangent modulus load and the 
reduced modulus load. 

A more precise study than that conducted by Shanley involving real 
columns made of real materials indicates that P,,,, is usually closer to P, than 
to P, and that the ratio P,/P,,, = 1,02 to 1.10 (Ref. 1.13). It can thus be 
concluded that the tangent modulus load is very close to the maximum load 
that an inclastic column can support. 


1.17 ECCENTRICALLY LOADED 
INELASTIC COLUMNS 


In this article the behavior of an eccentrically loaded column, stressed beyond 
the proportional limit, will be considered. As pointed out previously, the 
relation of stress to strain in a column being bent inelastically varies in a 
complex manner from point to point in the member. It is therefore not 
possible to obtain an exact closed-form solution to the problem of inelastic 
bending of an eccentrically loaded column. Instead, the problem must be 
solved by means of a numerical procedure. Such a method has been devised 
by von Kármán (Ref. 1.12). However, it involves laborious calculations, and 
its use is therefore justified only if a very accurate solution is required. In 
most instances, an approximate solution suffices, and this can be obtained 
without unduly lengthy calculations if one or more simplifying assumptions 
are made. An approximate analysis of this type is presented here.* It is based 
on two assumptions; 


1. The column axis deflects in a half-sinewave. 


*This method of analyzing an eccentrically loaded inclastic column was suggested io the 
author by Warner Lansing of the Grumman Aircraft Engineering Corporation. 
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negligible area, the linear approximati 


stress distribution, on coincides with the exact 


i is loaded eccentrically, as sh in Ei 
— at any Section consist of an average axial shies 5 be i -25a, 
geignet stress, a, As indicated in Fig. 1-25b, the extreme fiber stress yan 
er, ep 1 e ee a Stresses a linear stress distribution, 
‘os gure, is assumed in pla i 
2 variation, shown by a dashed line. The dees ce of the actual 
ment are shown in Fig. | ons of a typical 


-25c, Usi 101 2 ips . 
strated that the curvature I/r is ae ee W easily demon- 


in which €, and €, are the extreme fi 


a, and o, and /; the de th of th 
by y”, one obtai: 8 . ii 


ber strains correspondin resses 
r 8 to the st 
ross section. If the curvature is replaced 


„ é — 
* $ (1.117) 


It is convenient to desi ate 
t 
iseme Sderot i gn he slope of the 


(sec Fig. 1-25d). Hence 


Í straight line joining the 
he stress-strain curve as the chordal 3 


A 
Ecu 1 (1.118) 


Substitution of this relation into Eq. (1.117) leads to 


* =g 


p- (1.119) 
Making use of the expressions 

c, = — — 27 

and p Mh (1.120) 


warm regards: Haider. sa @ gmail.com 


p a Ch.1 Art. 1,17 Eccentrically Loaded Inelastic Columns 53 


Eq. (1.119) can be rewritten in the form 


y'= 20% (1.121) 


in which the bending moment M, at any section, is equal to P(e + y). 
Equation (1,121) is the inelastic bending equation that results from 
assuming a linear stress variation between the extreme fiber Stresses of the 
member. It is similar to the elastic moment-curvature relation except that the 
constant modulus, E, in the latter has been replaced by a variable chordal 
modulus, Ecu. 
Assuming that the deformed shape of the column is given by 


= sin = (1.122) 
in which 6 is the deflection at midheight, Eq. (1.121) becomes 


nx 


A sin * 507 (1.123) 
Substitution of x V and M = P(e + 6) into Eq. (1.123) gives 


P 


= = £ (1.124) 


Stress g 
2 


and because 7 = A;?, 


Equation (1.124) gives the midheight deflection 5 as a function of the 
average Compression stress c. However, a solution for & can be obtained 
only if E corresponding to a given value of g, is known. 

The maximum stress at midheight is given by 


a, = 4 4 Peta 


or 8 0. ( 4 22 0 4 . (1.125) 
Substitution for 5/e from Eq. (1.124) into this expression leads to 
e) Deformation l ec 1 
poi Fig. 1-25 Eccentrically loaded inelastic column. 0, = a| 71 I2 | (1.126) 
? R 
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Equation (1.126) allows one to obtain En corresponding to a given value of 
Go, and thus makes possible the evaluation of 6 in Eq. (1.124). Due to the 
presence of 07, it is not possible to solve Eq. (1.126) directly. Instead, the 
equation must be solved by iteration. One assumes a value for Ecy, solves for 
G, in Eq. (1.126), and then using this result one obtains a new estimate of 
Ecu from Eq. (1.118). It is assumed that the cross section of the member is 
doubly symmetric and that the minimum stress n, in Eq. (1.118), is given by 


G, = Go (% — a5) (1.127) 


The use of Eqs. (1.124) and (1.126) in combination with Eq. (1.118) makes 
it possible to obtain the load-deflection curve of an eccentrically loaded 
column. The complex nature of inelastic bending becomes apparent when 
one considers the amount of numerical work required to obtain a solution, in 
spite of the fact that two very sweeping assumptions have been made. 

Using the above procedure, the behavior of eccentrically loaded columns 
will now be examined. Consider a column whose cross section consists of two 
flanges connected by a web of negligible area (Fig. 1-26a). Each flange has an 
area A = 20 in.* and the flanges are 10 in. apart. The slenderness ratio of the 
column is 30.4 and the member is constructed of an aluminum alloy having 
the stress-strain characteristics depicted in Fig. 1-26b. Load-deflection curves 
will be obtained for eccentricities of 1,0, 0.5, and 0.1 in. To illustrate the 
procedure used to construct the curves, a set of sample calculations is given. 

Let it be required to obtain the deflection, 5, corresponding to g, = 38 
ksi and e = 1.0 in. The first step in the calculations is the determination of a 
set of values for g, and Een that satisfies Eq. (1.126). Substitution of o = 38, 
ec/r* = 0.2, and l/r = 30.4 into Eq. (1.126) reduces it to the form 


O; = 38 + 7.61 — 3360 7ES) (1.128) 


As a first approximation, assume a, = 48 ksi and g, = 28 ksi. 
From Fig. 1-26b, €, = 0.00473 and e, = 0.00267. 

Using Eq. (1.118) gives Ecu = 9.7 x 10? ksi. 

From Eq. (1.128) one obtains g, = 50.0 ksi. 


As a second approximation, assume g, = 50.0 ksi anda, = 26.0 ksi, 
From Fig. 1-26b, €, = 0.00500 and e, = 0.00247. 

Using Eq. (1.118) gives Een = 9.5 x 10° ksi. 

From Eq. (1.128) one obtains g, = 50.2 ksi. 


As a third approximation, assume g, = 50,2 ksi and g, = 25.8 ksi. 
From Fig. 1-26b, €, = 0.00502 and €, = 0.00245. 

Using Eq. (1.118) gives Ku = 9.45 x 10? ksi. 

From Eq. (1.128) one obtains g, = 50.2 ksi. 


Art. 1.17 
Eccentricaily Loaded Inelastic Columns 
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= 
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! 
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i 81 Oin 
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(b) 
Fig. 1-26 Eccentrically loaded column—example, 


Thus o. = 50.2 ksi and 
Correct value of =. 


I 


Ecu = 9.45 X 10? ksi satisfy Eq, (1.128), and the 


5 An COfresponding to o, = 38 ksi is 9 ‘ 
Having obtained à 70 51 is 9.45 x 10? ksi. 
Eq. (1.124). Thus Ecu, it is now possible to Solve for the deflection ò using 
: 545 0.61 in 
336! 


Procedure, similar to the one 


he Preceding Paragraph, it is found that G, = 59.7 ksi and Ecu = 
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5.5 * 10° ksi is the second solution to Eq. (1.128). The deflection corre- 
sponding to Ecu = 5.5 x 10? ksi is 


Proceeding in a similar manner, sufficient data have been obtained to plot 
the load-deflection curves presented in Fig. 1-27. Curves giving the relation- 


Stress og (ksi) 


Deflection 8 (in) 
Fig. 1-27 Failure of eccentrically loaded columns, 


ship between the average stress a, und the midheight deflection ò are given 
for three different eccentricities of loading. The data used to plot these curves 
are listed in Table 1-2, 

For each curve shown in the figure, the load increases with increasing 
deflection until a maximum load is reached. Beyond that, the load drops as 
the deflection continues to grow. Configurations on the ascending branch of 
the curve are stable, because an increase in load is required to produce an 
increase in deflection. By comparison, the descending branch of the curve 
represents unstable configurations, since increases in deflection involve 
decreases in load. The maximum point on the curve thus represents a 
transition from stable to unstable equilibrium. When the load corresponding 
to this point is reached, the column collapses. 
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Table 1-2 Load-deflection data for eccentrically loaded 
columns—inelastic theory 


—_—————— — 


2. o iu. e = 0.5 in. e= 0.1 in. 
90 (ksi) 5 (un.) eo 6 90 ő 
———————— — 

20 0.21 20 0.11 20 0.02 
25 0.28 25 0.14 30 0.03 
30 0.35 30 0.18 40 0.05 
32 0.38 35 0.25 45 0.09 
34 0.44 40 0,29 48 0.16 
36 0.49 42 0.36 50 0.26 
38 0.57 44 0.42 50 0.32 
40 0.72 45 0.55 48 0.77 
40 1.22 45 0.64 45 1.08 
38 171 44 1.01 

36 2.20 42 LAI 


— — . — 


The load-deflection curves in Fig. 1-27 are for a column whose slenderness 
ratio is 30.4. The tangent modulus load of this column is 52.5 ksi (Fig. 1-29), 
It is evident from Fig. 1-27 that the maximum load which the column can 
support approaches the tangent modulus load as the eccentricity approaches 
zero. This result substantiates the conclusion reached in Article 1.16; that is, 
the tangent modulus load is very close to the maximum load that a short 
concentrically loaded column can safely support. The curves in Fig. 1-27 also 
indicate that the maximum load drops sharply with increasing values of the 
eccentricity, The load-carrying capacity of short columns is thus seen to be 
very sensitive to eccentricities of loading. 

The collapse mechanism illustrated by the curves in Fig. 1-27 is typical of 
what occurs in all column, regardless of whether they are long und buckle 
elastically or if they are short and buckle inelastically. The mair difference 
between the behavior of long and short columns is that the onset of buckling 
and collapse occur almost simultancously in short columns, whereas there 
exists a considerable delay between the start of buckling and collapse in very 
long columns. However, in both cases the final collapse of the member is 
brought about by inelastic behaviot of the material. 

Equilibrium of a bent column is achieved by maintaining a balance 
between the externally applied moment and the internal resisting moment at 
any section, Both moments are functions of the lateral deformation of the 
member. As soon as the stresses exceed the Proportional limit, the stiffness of 
the material decreases, and the increase that occurs in the internal resisting 
moment for a given increase in deformation begins to grow smaller and 
smaller. At first, a corresponding decrease in the rate of increase of the applied 
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load for a given increase in deflection is sufficient to maintain balance between 
the internal and external moments, Eventually, however, the increase in the 
internal moment, with growing deflections, becomes so small that equilibrium 
between it and the external moment can be maintained only by a decrease 
in the applied load. As a Consequence, the load drops and the member col- 
lapses. 


1.18 BUCKLING LOAD OF SHORT COLUMNS 


In the preceding articles, various studies of inclastic buckling have been 
Presented. It is now necessary to evaluate the results of these investigations 
and to decide upon a suitable design criterion for short columns. In other 
words, it is necessary to answer the question, “What is the inelastic buckling 
load that corresponds to the Euler load in the elastic range?" 

The classical theory of stability defines the critical load as the load at 
which a perfect column can be in equilibrium both in the straight position 
and in an adjacent slightly bent form. For slender columns that buckle at 
stresses below the proportional limit, the classical theory leads to the Euler 
load. The analysis of an imperfect column also indicates that the Euler load 
is the buckling load of a slender column with small initial imperfections. If 
a slender column is carefully made and reasonable care is exercised in obtain- 
ing concentric loading in the testing machine, the column remains fairly 
straight until the Euler load is reached and then buckles laterally at constant 
load. Hence the classical concept of neutral equilibrium, an analysis of a 
slightly imperfect member, and test results all lead to the same conclusion— 
the Euler load is the buckling load of a slender column. 

As indicated by Hoff (Ref. 1.5), the situation is unfortunately not as simple 
and straightforward when short columns, whose buckling stress is above the 
proportional limit, are considered. The classical concept of neutral equilib- 
rium leads to the reduced modulus load. If the critical load is redefined as the 
lowest load at which a bifurcation of equilibrium is possible, regardless of 
what happens to the axial load during the transition to the bent form, then 
the tangent modulus load is the critical load. The tangent modulus load is 
also very close to the analytically obtained maximum load that an initially 
imperfect column can support, as the initial imperfection approaches zero. 
The results of carefully conducted tests indicate that the maximum load lies 
between the tangent modulus load and the reduced modulus load, usually 
very close to the former. It is thus apparent that the selection of a design 
criterion for inelastic buckling is not quite as clear cut as it was for clastic 
buckling. On the one hand, a choice must be made between the reduced 

modulus and tangent modulus theory, and on the other hand it must be 
recognized that what is usually simply referred to as inelastic buckling 


Support. 

The tangent modulus load . 
conservative. It is ba well with test results and is somewhat 
therefore eas} 


N 


1.19 BUCKLING STRENGTH OF 
ALUMINUM COLUMNS 


where J is the effective length of t 


division by A gives the more useful he member. Substitution of J = Ar? and 


buckling Strength relation 
R . 
CO. = Gre (1.129) 
Since E, is the slope of the 


stress-strain cu iti 
p í tve at the crit 
(1.129) cannot be solved directly for the critical stress, Hance: 8 
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Stress of a given member can be obtained directly from a graphical representa- 
tion of Eq. (1.129). A curve of this type, which gives o as a function of Ajr 
and is known as a column strength curve, will now be obtained for a typical 
aluminum alloy. The stress-strain curve of the material is given in Fig. 1-28. 


Stress o (ksi) 
3 


o 


Fig. 1-28 Stress-strain curve for 
aluminum alloy. 


Equation (1.129) can be rewritten in the form 


4 is 2 (1.130) 


To plot the variation of g., with A/r given by Eq. (1.130), it is necessary to 
have corresponding values of E, and O- These have been obtained from the 
stress-strain curve and are listed in Table 1-3. The values of e obtained by 


Table 1-3 Data for column strength curve for aluminum alloy 
— ———— 


ex (ksi) E, (ksi) alr 
— 
42 10.5 x 103 49.6 
a4 9.57 463 
46 8.09 41.6 
48 7.22 38.5 
$0 6.00 34.4 
52 4 29.9 
54 4.2 27.7 
56 2.86 22.4 
38 1.64 16.7 
60 0.74 11.0 


een 


solving Eq. (1.130) are also listed in the table. Using these data, the column 
Strength curve in Fig. 1-29 has been plotted. This is a design curve that can be 


used to determine the inelastic critical stress of any column made of the given 
material. A 
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Critical stress o., (ksi) 


Fig. 1-29 Column curve for alumi- 
num alloy. Slendemess ratio A/r 


1.20 BUCKLING STRENGTH OF HOT-ROLLED 
WIDE-FLANGE STEEL COLUMNS 


The simple and straightforward Procedure used to obtain the column strength 
curve for an aluminum alloy in article 1,19, unfortunately, cannot be applied 
to structural steel. In an aluminum column all fibers exhibit the same stress- 
strain characteristics. This is, however, not the case for structural-steel 
columns. Residual stresses, stemming from the manufacturing process of the 
member, cause the stress-strain characteristics to vary from fiber to fiber, and 
a direct application of the tangent modulus theory is not possible. 

If a compression test is run using a coupon of material taken parallel to 
the axis of a structural-steel member, a stress-strain curve similar to that 
shown in Fig. 1-30a is obtained. The material behaves in a linear manner up 
to the yield stress and then deforms a considerable amount at constant stress, 


Critical stress or, 


Siroin € 


(a) Coupon stress strain curve 
Structural steel {b} Column curve 


Fig. 1-30 Structural-stee! behavior (Adapted from Ref. 4.8). 
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Using the stress-strain curve in Fig. 1-30a, the tangent modulus theory leads 
to the column strength curve shown in Fig. 1-30b. According to this curve, a 
member will fail as a result of elastic buckling if A/r e, and by 
yielding if /r Ho, However, a large number of tests k. ve shown that 
columns of intermediate slenderness ratio tend to buckle at loads significantly 
below those given by the curve in Fig. 1-30b. At one time, this discrepancy 
was attributed entirely to unavoidable eccentricities of loading and initial 
inperfections in the member. However, during the 1950s, a series of extensive 
investigations at Lehigh University demonstrated conclusively that residual 
Stresses account for a large portion of the discrepancy between the theoretical 
curve and the test results in Fig. 1-30b. An excellent summary of these findings 
is given in a paper by Beedle and Tall (Ref. 1.14). 


Residual Stresses in Hot-Rolled Stee! Members 


Hot-rolled structural-steel members develop residual stresses a: 1 result of 
uneven cooling during the manufacturing process. In wide-flange shapes, the 
tips of the flanges cool more rapidly than the area at the intersection of the 
web and the flange, where a relatively large mass of material is situated. 
While the flange tips cool and contract, the flange center is still warm and 
soft. Hence it can follow the deformation of the tips without causing stresses 
to be induced in the member. Luter, however, when the Nange center cools 
and tries to shrink, the deformation is resisted by the already cold and rigid 
flange tips. As a result, equilibrium is finally achieved with the flange center 
in tension and the flange tips in compression (Fig. 1-31). The central part of 


Fig. 1-31 Uneven cooling of hot- 
rolled wide-flange shape. 


the web also cools more rapidly than the web- flange junction, and compres- 
sive residual stresses consequently also develop in the web. Because of their 
proximity to the neutral axis, these residual stresses are, however, much less 
important than those in the flanges. 

The presence of residual stresses in struetural-steel columns has been 
confirmed experimentally both by the method of sectioning and by obtaining 
average stress-strain curves from stub column tests, that is, compression 
tests of very short columns, In the method of sectioning, the member is cut 
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Strength steels at the tip of the flange 


yield strength. A simple idealizati ; A 
is shewn ta Fig. p ization of the residual stress pattern in a flange 


riation from a maximum 


Averoge stress P/A 


~O3 o kai 


+03 aksi 
Fig. 1-32 Residual stress pattern in 
flange. 


Strain e 


Fig. 1-33 Stub column stress—strain 
curve (Adapted from Ref. 1.14), 


compressive stress of 0.3g, at i i i 
agin rnd e 89 flange tip to a maximum tensile stress of 
The presence of residual stresses in a hot-rolled member 

detected by means of a stub-column test. If a short length of 8 
compressed in a testing machine and the strain is plotted against the average 
Stress, P/A, an average stress-strain curve for the entire cross section as 
shown in Fig. 1-33, is obtained. The dashed curve, which gives the stress- 
strain relationship of a coupon, is included for comparison. Since the coupon 
is free of residual stresses, all its fibers remain elastic until the applied stress 
reaches the yield strength of the material. Subsequently, each deforms freely. 
at constant stress. By comparison, residual stresses are present in the stub. 
column, causing those fibers with an initial co ; 


' t mpressive stress to yield before 
the applied stress reaches the yield strength of the material. Yielding then 
spreads progressively, as the load is increased, from the fibers initially in 


compression to those with no initial stress and finally to those with an initi 
1 . initial 
tensile stress. The stub column stress-strain relation thus exhibits a gradual 


yielding curve between the Proportional limit and the yield st 
the presence of residual stresses. 5 
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By depicting the internal stress distribution at various load levels, Beedle 
and Tall (Ref. 1.14) demonstrate precisely how residual stresses affect the 
behavior of a compression member, In their illustration they make use of an 
I section with a linear residual Stress distribution, as shown in Fig. 1-34a. 


s 
| 
i 
1 


Siress-siroin curve 


Averoge stress P/A 


Strain e (f) 


Fig. 1-34 Influence of residual 


stress on stub column stress-strain curve 
(Adapted from Ref. 1.14), 


Prior to the application of an external load, only the residual stresses ure 
present (Fig. 1-34b). With an external load acting, the stresses consist of the 
sum of the original residual stresses and the additional stress required to 
balance the applied load (Fig. 1-34c). Yielding commences, at the flange tips, 
when the average applied stress PJA plus the residual stress ø, at these points 
is equal to the yield strength ø, of the material (Fig. 1-34d). Thus Gp the 
Proportional limit of the stub-column stress-strain curve, is 


, , o, 


For the case being considered, g, = 0.7¢,. As the applied stress, P/A, 
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increases beyond 0.70, yielding spreads inward from the flange tips toward 
the flange center (Fig. l- Jae). At P/A = on the entire cross section has started 
to yield (Fig. 1-34f). The decrease in stiffness exhibited by the stub column 
above the proportional limit is thus due to a gradual reduction of the effective 
load-resisting area. By comparison, an aluminum stub column exhibits a 
gradually yielding stress-strain relation because each of its fibers has a 
gradually yielding stress-strain curve. 


Column Strength Curves for Hot-Rolled 
Structural-Steel Members 


The presence of residual stresses in Structural-steel columns makes it 
impossible to determine the critical load directly from the tangent modulus 
theory. However, the basic concept underlying Shanley’s theory of inelastic 
column buckling does apply. According to this concept, axial load and 
bending increase simultaneously after the critical load has been reached, and 
No strain reversal occurs as the member begins to buckle. For a steel column, 
the absence of strain reversal at buckling means that only thé elastic part of 
the cross section contributes to the internal resisting moment of the deformed 
member. This important observation was first made by Yang, Beedle, and 
Johnston (Ref. 1.15). Based on it, one can conclude that the critical load in 
the inelastic range is given by the Euler load with the moment of inertia of 
the entire cross section, J. replaced by I., the moment of inertia of the elastic 
part of the cross section, Thus 


or i Gr (1.131) 


Equation (1.131) indicates that the critical stress of a steel column ls equal to 
the Euler stress multiplied by the reduction factor Lii. 

The ratio /,// depends on the residual stress distribution, on the shape of 
the member, and on the axis about which the column bends. Cunsider the 
idealized / section shown in Fig. 1-35. In addition to neglecting the bending 
resistance of the web, it is justified to neglect the moment of inettia of the 
flanges about their own centroidal axis for such sections. If the flanges are 
partially yielded (shaded area), and the section bends about its strong axis, 
the x- x axis, J./ / is given by 


I, _ 2b, th3j4 4 


in which b and A are the width and area of the flange, and b, and A, the 
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{fh 
i 
Yielded port 
Elostic port | 
ly. Fig. 1-35 Partially yielded section. 


clastic parts of these quantities. If, on the other hand, bending takes place 
about the weak axis, the y-y axis, /,// is given by 


Letting t = A,/A, Eq. (1.131) can be written in the form 
mE 
Oar = ar" (1.134) 
for strong-axis bending, and 
24 aa (1.135) 


for weak-axis bending. Comparison of Eqs. (1.134) and (1.135) indicates that 
the reduction factor is much larger for weak-axis bending than for strong- 
axis bending and that each case will therefore have a different column- 
strength curve. 

To plot the column curves corresponding to Eqs. (1.134) and (1.135), it is 
necessary to know how t varies with the average axial stress, P/A. This rela- 
tion can be determined either experimentally, by obtaining a stub-column 
stress-strain curve, or analytically, if the residual stress distribution is known. 
The stub-column stress-strain curve is a plot of strain versus average stress. 
Its slope is given by 

do dPi|A _ EA i 


IPAE (1.136) 
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from which 


1 4 


A” E 
equal to the ratio of the tangen 
curve to the elastic modulus. 


can be determined analyticall i i 
: ed y using the ideali 
r residual stress distribution shown in Fig. ‘ate Wien 


The factor t is thus 

column stress-strain 
Alternatively, T 

section and the linea 


uj 
t modulus of the stub- 


— 4 Piostic 


— 


(b) 
Fig. 1-36 Residual stress in idealized I section, 
the 2 
e 5 JA is above the proportional limit of the 
shown in Fig. 1-36. The rset saa Plastic and partially elastic, as 


nes re 2 r 
The total load P acting on the member te o inital residual stresses, 


(o) 


| 
“Het 


P= 2afA—A,) + tetara, 


in which g is the Stress at the cent 
ont 4 center of the flange. From the gcometry of the 


(1.138) 


or A 
Jo =o, — 26,7 


Substitution of this relation into Eq. (1.138) leads to 


P= 29,4 — 20,4 
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Dividing through by the cross-sectional area, 24. gives 
2 
amo, 0(4) 
and replacing A,/A with t one obtains 


r Mi (eJe,Me,Ja,) (1.139) 


Equation (1.139) gives the desired variation of t with the average axial 
Stress g4. Using this relation in Eqs. (1.134) and (1.135), two column-strength 
curves, one for strong-axis bending and one for weak-axis bending, have been 
obtained, The curves are shown in Fig. 1-37 as solid lines. The upper curve is 


Strong oxis bending 


— 


83 
gos (ur 


„~~ Euler curve 


= HOSE 


Fig. 1-37 Column curves for wide-flange shapes with residual stresses 
(Adapted from Ref, 4.8). 


for strong-axis bending and the lower curve for weak-axis bending. These 
Curves are for an idealized I section with the linear residual stress distribution 
depicted in Fig. 1-36a. A similar set of curves can be developed for any other 
cross-sectional shape and residual stress distribution. An extensive investiga- 
tion of residual stress patterns in wide-flange shapes (Ref, 1.14) has indicated 
that the actual stress distribution falls somewhere between the linear one 
assumed here and a parabolic one with the same maximum residual com- 
Pression stress; that is, ims.) = 0.30, The curves in Fig. 1-37 therefore give 


a reasonable estimate of the strength of hot-rolled wide-flange structural- 
steel shapes, 
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The dashed line in the figure, which provides a compromise between 
strong- and weak-axis bending, was recommended by the Column Research 


Council in the second edition of its guide (Ref. 1.16). It is a parabola of the 
form 


cum a~a(2) 


and was first proposed by Bleich (Ref. 1.12), The constants A and B are 
evaluated from the conditions that Fer = 0, at Afr = O and that the parabola 
intersect the Euler curve at the Proportional limit c, — ø,. These conditions 


lead to 
eber 


Although the maximum compressive residual stress in the flange of structural- 
Steel members is approximately 0.30% a curve better suited to both weak- 
and strong-axis bending is obtained by letting ø, = O. S0, Thus 


2 2 
Ou = 0, — atz(+) (1.140) 
Equation (1,140) corresponds to the dashed curve in Fig. 1-37, 


1.21 DESIGN OF STEEL COLUMNS 


The Euler equation accurately predicts the strength of steel colunins that 
buckle elastically, It is therefore customary to base the design of slender steel 
columns on the Euler load, For example, in the 1969 AISC design specifica- 
tions, the allowable stress in compression for elastic buckling is givén by 


12r? E 
9. Tr)! (1.141) 


where A is the effective length of the rhember (Ref. 1.17). In this formula the 
allowable stress is taken equal to the Euler stress divided by a safety factor of 
23/12. The safety factor accounts for reductions in strength resulting from 
initial eccentricities and other deviations from the ideal conditions assumed 
in the Euler theory. 

Theoretically, the inelastic buckling load of a steel column should be given 
by the tangent modulus load. However, due to the presence of residual stresses 
in most steel members, a straightforward application of the tangent modulus 
theory does not give a satisfactory estimate of the strength of short columns, 
During the first half of the twentieth century the significance of residual 
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Problems Fig. P1-2 Fig. P1-3 
1.1 Determine the magnitude of the critical load for the axially loaded column 


At its lower end the column is completely fixed. At the upper end the column is 
J shown in Fig. PI- 1. The column is hinged at both ends and prevented from 


prevented from rotating, but free to translate laterally. (P., = R ENL?) 
i ` model of a column shown 
1.3 Find the critical load of the one-degree-of-freedom r 
E 3 in Fig, PI-3. The model consists of two rigid bers pin connected to cach other 
| y and to the supports, A linear rotational spring of stiffness C = MIO, where 
i 


— 
v 


M is the moment at the spring and @ is the angle between the two bars, also 
connects the two bars to each other. (Pe = 2C/L) 
i 6i 1.4 Using the model in Fig. P1-3, obtain and plot relationships for load versus 
F s iy lateral deflection when 
(a) the lateral are pes ware 
* b) the load is applied eccentrically, = 
ii 8 the model has an initial lateral deflection dy. 
Which fundamental characteristics of an actual column are demonstrated by 
these models? . 
Determine the critical load of the column on three supports shown in Fig. P1-4. 


a To 


> 
— 
“a 2 — 


E =12 x10? ksi 


— — 
ae ~ 


|-— 60 in—|-— 60 in— 


l 15 


— 
„” —— 


„ 


Fig. P1-1 Fig. P1-4 
moving in the x direction at its midpoint. The column is, however, free to move (Hint: Write separate equations for each span and make use of the conditions 
in the y direction at midspan, Assume that the column buckles elastically. of continuity at the center support.) 


1.2 Write the second-order differential equation for the bending of the column 1.6 Using the tabulated stainless-steel stress-strain data, construct a column design 
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curve, that is, a curve of tangent-modulus stress versus slenderness ratio. 


@ (ksi) e (in. ſin.) a (ksi) e (in. ſin.) 
16.0 0.00004 32.5 0.00018 
20.0 0.00008 35.0 0.00026 
25.0 0.00010 37.5 0.00050 
27.5 0.000115 38.0 0.00080 


30.0 0.00014 : 2 

er a St emt APPROXIMATE 
— — METHODS 
OF ANALYSIS 


2.1 INTRODUCTION 


PI-S 
* In Chapter 1, the behavior of axially loaded bars was investigated by formu- 
lating thie governing differential equation and obtaining the exact solution. 
However, in many instances exact solutions are cither difficult or impossible 
to obtain, and approximate methods of analysis must be employed. The 
approximate methods presented in this chapter include the energy method, 


In one way or another, each of the methods considered in this chapter 
replaces the actual continuous system with a finite-degree-of-freedom system. 
The behavior of a continuous system with an infinite number of degrees of 
freedom is described by one or more differential equations. On the other hand, 
the behavior of a finite-degree-of-freedom System is described by one or more 
algebraic equations. In essence, the approximate method thus Substitutes 
algebraic equations, which are usually relatively easy to solve, for differential 
equations, whose solution may be very difficult to obtain. 


75 
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2.2 CONSERVATION OF ENERGY PRINCIPLE 


By means of the concept of neutral equilibrium, the problem of determining 
the critical load is reduced to establishing equilibrium in a slightly bent form, 
In Chapter 1, equilibrium of a column was established by requiring (he sum 
of the moments acting on the column to vanish. In this article equilibrium will 


be established by satisfying the law of conservation of energy. This principle 
can be stated in the following form: 


A conservative system is in equilibrium if the strain energy 
stored is equal to the work performed by the external loads. 


A conservative system is one in which the work performed by both internal 
and external forces is independent of the path traveled by these forces and 
depends only on the initial and final positions. The presence of internal 
friction due to inelastic behavior or external friction would thus result in a 
nonconservative system, 

It will now be shown how the principle of conservation of energy can be 
used to solve for the critical load of a column.* For an axially loaded bar 
(Fig. 2- la), as long as it remains perfectly straight, the external work is given 
by 


W = }PA, 


p 


Fig. 2-1 Column shortening due to 
axial compression and bending. 


where A, is the axial shortening of the bar. The strain energy stored in the 
member is 


ta) b 


PI 
U= 55 
A solution of this sort was given by Timoshenko in 1910 (Ref. 2.1), 
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Substituting 
Pl 
A= 3E 


in the expression for the external work, W, and equating the resulting relation 
to the strain energy, U, leads to the identity 


| a se J 

24E VA 
The unbent form is thus shown to be an equilibrium configuration for all 
values of the load P. 

If the axially compressed bar is given a small lateral displacement (Fig. 
2-1b), the strain energy will be increased an amount AU due to the bending of 
the member, and the external work will increase an amount AW due to the 
downward motion A, of the applied load P. At the critical load the member is 
in equilibrium not only in the straight configuration but also in the slightly 
bent form. Hence the change in external work AW and the increase in the 
strain energy AU that occur during the transition from the straight to the 
bent position must be equal to one another at the critical load. The energy 
criterion for determining the critical load is therefore given by 


AW = AU (2.1) 
where AW and AU refer to changes in work and energy that occur during 


bending at constant axial load. 


To evaluate the quantity AW, it is necessary to obtain an expression for 
A,, the distance by which the ends of the member approach one another as a 
result of transverse bending. From Fig. 2-2, A, is seen to be equal to the 
difference between the arc length S and its chord L. 


A=S—L 


Fig. 2-2 Difference in length be- 
tween are and chord. 
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From the Pythagorean theorem, the length of a diferential element of arc, 
ds, is 


ds = (dx? + dy) = [1 + (32) „ 


Integrating the left side of the equation from 0 to S and the right side from 0 


to L, one obtains 
s= ff: + (2) -ik 


This integral can be evaluated if the integrand is expanded by means of the 
binomial theorem. The theorem states that 


(a + by = at + narto + AT-. 4. 225 


If deformations ate assumed to be small, the higher powers of (dy/dx)? can be 
neglected, and the expression for the arc length reduces to 


S= fo + +(2)'|ax 


from which 
+ 1 (dy? 
S— 22 . 209 dx 
Since A, = S — L, the axial shortening duc to bending is given by 
L 
=>] (2) ax (2.2) 


Using Eq. (2.2), one is able to calculate the change in external work, 
which is ` 
AW = På, (2.3) 


No factor of 4 is present in AW because P remains constant during the 
displacement A,. Substitution of Eq. (2.2) into Eq. (2.3) yields 


AW = $ ll ; (2y dx (2.4) 


The increase in strain energy due to bending, which corresponds to the above 
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increment of external work, is 


EI f. du 
AU = 
Fj, (2) dx (2.8) 
To evaluate the integrals in Eqs. (2.4) and (2.5), it is necessa t i 
a suitable function for the deflection, y. Letting dániai 
y= Asin 7 


one obtains 


9 J. sine EE dx (2.6) 
and AW = T f cost A dy (2.7) 
Since [sine 4.4 | 
f. cos? 7 dx = 5 
Eqs. (2.6) and (2.7) become 
AU = AE 


Ax: 
* 


The principle of conservation of energy requires that AU = AW. Hence 


A*EIn*  AtPy? 
aE a 
from which 


EI 
ai i 


In this case, the exact value of the critical load was obtained because the exact 
deflection curve was used in the energy expressions. However, the energy 
method is usually employed when the solution to the differential equation, 
which is the deflection curve, is not known. In that casc, a reasonably 


accurate shape is assumed and an approximation of the critical load is 
obtained. 
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From a mathematical point of view, assuming a deflection curve reduces 
the number of degrees of freedom in the system. Degrees of freedom are 
defined as the number of coordinates required to fix the position of the system. 
A continuous member, such as the column considered here, requires an 
infinite number of coordinates to fix the position of its deflected shape 
completely. However, if the deflected shape is assumed to be a sine curve, 
then a single coordinate, such as the amplitude at the center, suffices to locate 
the entire deflection curve. The assumption of a sine curve for the deflection, 
Y, in the preceding problem thus reduced the system from one with an infinite 
number of degrees of freedom to one with a single degree of freedom, and the 


critical load was obtained by solving a single algebraic equation instead of a 
differential equation. 


2.3 CALCULATION OF THE CRITICAL 
LOAD USING AN APPROXIMATE 
DEFLECTION CURVE 


The energy method leads to good approximations of the critical load, 
Provided the assumed shape is reasonably close to the actual deflection curve. 
Two characteristics of the deflection curve require special attention, if decent 
results are to be obtained. First, it is important that the assumed shape satisfy 
as many of the boundary conditions of the system as possible. If it is not 
possible to satisfy both the geometric boundary conditions (defection and 
| shape) and the natural boundary conditions (shear and bending moment), 
then at least the geometric boundary conditions should be satisfied, Second, 
it is necessary to choose a shape that is at least reasonably accurate, For exam- 
ple, almost any single half-wave can be used to approximate the deflected 
shape of a hinged-hinged column with reasonable accuracy. However, 
any two-wave curve would lead toa completely erroneous solution. In simple 
problems such as the buckling of a column, the general shape of the deflection 
is fairly obvious, and there is Consequently little likelihood of assuming a 
completely unsatisfactory function, However, in more complicated problems, 
such as the buckling of plates and shells, there exists a great deal of uncer- 
tainty about the shape of the buckling mode, and a great deal of discretion 
must therefore be excercised in choosing a deflection function. 

In general, trigonometric functions and Polynomials, because they are 
easy to integrate, are the most convenient functions for approximating deflec- 
tion curves. 

As an illustration, the critical load of the hinged-hinged column, obtained 
in Article 2.2 by using the exact deflection curve, will now be obtained using 
an approximate deflection curve. The deflection curve is assumed to be given 
by the polynomial 


ar bx + cx? 
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The first and second derivatives of this function are 


y = b+ 2cx 
and y” = 2c 


The boundary condition y = 0 at x = 0 is satisfied if 
a=0 
and the condition y = 0 at x = / leads to 
b = c 
Hence y = (x? — xl) ‘ (2.8) 


Equation (2.8) satisfies the conditions of slope and deflection at each end of . 
the member. However, it assumes a constant curvature and therefore does 
not satisfy the conditions of zero moment at each support. Substitution of 
Eq. (2.8) into the expressions for external work and strain energy given by 
Eqs. (2.4) and (2.5) leads to 


AW = peu : (2.9) 
and AU = 2E lc (2.10) 


Equating these expressions, one obtains 


12E 
R. — a; 


Comparison of the exact answer, 9.87£///?, with this solution indicates that 


the latter is in error by about 21%. 
The foregoing solution was obtained using the expression 


1 
El pe 
AU = Í 2 ef. (2.11) 
; 20 
Alternatively, it is possible to express the change in strain energy by 


av= | f lr f CH (2.12) 


Substitution of the assumed deflection given by Eq. (2.8) into Eq. (2.12) leads 
to 


Pilte? 
2 
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Equating this expression for the strain energy to the external work given by 
Eq. (2.9), one obtains 


In this case, the approximate solution is in error by only 1.3%. 

The different results obtained using Eqs. (2.11) and (2.12) have led 
Timoshenko and Gere (Ref. 1.2) to reach the following conclusion. If the 
true deflection curve is used, both Eqs. (2.11) and (2.12) lead to the same 
answer, because both y and are exact. However, if an approximate expres- 
sian is used for the deflection curve, the error in y” is considerably larger 
than the error in y. The expression for AU based on y therefore gives more 
accurate results than the expression based on y”. 

As a rule, the energy method leads to values of the critical load that are 
higher than the exact solution. For the hinged-hinged column to be in 
equilibrium in a bent position without any external restraints except the axial 
loads, the deformed shape must be a sine curve. Equilibrium in any other 
configuration compatible with the boundary conditions can be maintained 
only by the addition of restraints to the member. These restraints will cause 
the system to be stiffer than the original one, and they will consequently cause 
it to have a higher buckling load than the actual system. 


2.4 PRINCIPLE OF STATIONARY 
POTENTIAL ENERGY 


In Articles 2.2 and 2.3 the principle of conservation of energy was used to 
obtain the critical load of a column. In this article, a somewhat different and 
more powerful energy criterion known as the principle of stationary potential 
energy will be considered. The development of the stationary energy theorem 
‘presented here follows the general outline of the derivation given by Hoff 
(Ref. 1.3). Since only the barest essentials of the derivation are presented 
here, the reader may wish to consult Ref. 1.3 for a more in-depth treatment of 
the subject. 


Principle of Virtual Displacements 


Consider a small particle, of mass Q. acted on by a set of n forces F, as 
shown in Fig. 2-3. Then imagine that the particle undergoes a small arbitrary 


displacement dr. The displacement has nothing whatsoever to do with any 
actual motion that may occur as a result of the forces acting on the particle. 
It is a fictitious displacement that is only imagined to take place. It is also 
assumed that neither the direction nor the magnitude of the forces acting on 
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=i 


27 

* - / 
Fig. 2-3 Virtual displacement of 
mass particle. Fi Fo 
the particle will change durin 


the di À , 
called a virtual displacement, E the displacement, This type of displacement is 


í During the virtual dis 
will do an amount of wo 


OW = F, dr + Fy, ö + ++ E. dr 


* ow (È .) br (2.13) 


one direction but not in every direction, 
only if W = 0 for any and every vir 
virtual displacements embodied in the fo 
the following form: 


à particle of mass is in equilibrium if the total virtual work 
one by all the forces acting on the particle is equal to zero for 
any arbitrary virtual displacement, 


Having established the principle of virtual displaceme i 
particle, we shall now consider the extension 7 the siecle 9 n 
body of finite dimensions. As shown by Hoff (Ref. 1.3), one can do this b 
using a model to represent the elastic body. The model shown in Fig. 240 
mass particles connected to one another by a series of 
this system is in equilibrium under a set of external forces, 
so in equilibrium under its own set of forces. The forces 


acting on each particle may include forces that are external to the entire 
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Model Particle forces 
Fig. 2-4 Spring-mass model of 
(a) tb} elastic body (Adapted from Ref. 1.5). 


system and spring forces, which are internal forces when the body as a whole 
is considered (Fig. 2-4b). 


The principle of virtual displacements for a mass particle can be applied 
to any one of these particles. Since the particle is in equilibrium, the virtual 


consider this total virtual work to consist of two parts, one due to the external 


The principle of virtual displacements may now be restated, for clastic 
bodies of finite dimensions, as follows: 


An elastic body of finite size is in equilibrium if the virtual 
work done by the external forces plus the virtual work done by 


the internal forces is equal to zero for any arbitrary virtual 
displacement. 


This can be expressed analytically by 
OW, + ôW, =0 (2.14) 


in which dW, and SW, are the increments of internal and external 


virtual 
work that result from a virtual displacement. 


Principle of Stationary Potential Eneray 


We are now ready to develop the principle of Stationary potential energy. 
For a structure subjected to a set of n loads, P,, and a virtual displacement, 
or, the external virtual work, & ., is given by ‘ 


W, = x P,, o- (2.15) 
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in which P is the component of any force P, in the direction of the virtual 
displacement. The internal virtual work could be determined by means of a 
similar equation if it were possible to isolate all the internal forces. However, 
for most structures this cannot be readily done, and one must therefore find 
an alternative way of calculating the internal work. 

Let us apply to the spring- mass system in Fig. 2-5 a virtual displacement 


Fig. 2-S Virtual displacement of  / NG 
particle in spring-mass model, Py Py 


consisting of a vertical motion dr of the uppermost of the four particles, as 
indicated, The only internal force that moves as a result of this displacement 
is the one acting on the uppermost particle. Hence the internal virtual work 
for the system is equal to that force multiplied by its displacement. That is, 


W, = —P,ô, (2.16) 


The internal virtual work is negative, because the direction of P, is opposite 
to that of the displacement 6,. 


As a result of the virtual displacement, the strain energy in the spring 
attached to the uppermost particle changes by an amount U, equa! to 


óU = Pio, (2.17) 
Comparison of this expression with the one in Eq. (2.16) indicates that 
óW, = —5U (2.18) 


In other words, the internal virtual work ôW, is equal in magnitude and 
Opposite in sign to the change in the strain energy óU, The total virtual work 
for an elastic body can thus be obtained by combining the external virtual 


work with the negative of the change in the strain energy, and Eq. (2.14) can 
be rewritten as 


ôW, + 5W, = E P, dr —5U =0 (2.19) 
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It is customary in theoretical mechanics to refer to the increment of 
external work dW, due to a virtual displacement as a change in potential 
energy and to let q V represent this quantity, Thus 


67 2 H. or (2.20) 
Accordingly, Eq. (2.19) can be written in the form i 


6U+6V=0 
or dU + V)=0 ` (2.21) 


The quantity U + V consisting of the strain energy and the potential energy 
of the external loads is referred to as the total potential energy of the system, 
and the symbol 6 denotes the change in this quantity caused by a virtual 
displacement, 

The principle expressed by Eq. (2.21) is knownas the theorem of stationary 
potential energy. It can be stated in the following terms: 


An clastic structure is in equilibrium if no change occurs in 
the total potential energy of the system when its displacement 
is changed by a small arbitrary amount. 


If the system has an infinite number of degrees of freedom, equilibrium is 
definitely established only when it has been shown that the total potential 
energy docs not change for any of the infinitely many possible changes in the 
displacement of the system. As will be shown later, to do this requires the use 
of the calculus of variations. However, if the system has only a single degree 
of freedom, cquilibrium is established simply by requiring that no change 
occur in one displacement parameter, and this can be accomplished using 
ordinary differential calculus. The significance of the principle of stationary 
potential energy is thus easiest to grasp if one considers a one-degree-of- 
freedom system. For such a system, if the single degree of freedom is repre- 
sented by the coordinate x, the total potential energy will be a function of x, 
and its variation will be given by 


5(U + ¥) = 2 0 9 


Since 5x is arbitrary, the variation of the total potential energy can be made 
equal to zero only if 


Uto (2.22) 
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Equation (2.22) signifies that a curve of U + V plotted against x will have a 
horizontal tangent at the value of x that corresponds to equilibrium, In other 
words, equilibrium Corresponds to either a minimum or a maximum of the 
total potential energy of the system. Since an equilibrium Position is stable 
if energy must be added to the system to deform it, and unstable if energy is 
released when it deforms, stable equilibrium corresponds to a minimum of the 
total potential energy and unstable equilibrium to a maximum. The character ` 
of the equilibrium state can be determined analytically from the sign of the 
second variation of the total potential energy. A positive sign indicates stable 
equilibrium, whereas a negative sign indicates unstable equilibrium. 

A graphical illustration of these concepts can be obtained by considering 
the surface in Fig. 1-2. Assuming that the surface represents the total potential 


corresponding to line ABC, along which the surface has horizontal tangents, 
are equilibrium configurations, Of these, those between A and B, where the 
Stationary points are minimum points, are stable, and those between B and 
C, where the stationary points are maximum points, are unstable. 

To illustrate the preceding principles somewhat further, let us consider 


the one-degree-of-freedom spring-mass system shown in Fig. 2-6a. If the 


SAND WANS 


to} tb) 
Fig. 2-6 Potential energy of one-degree-of-freedom system. 


weight of the mass is 200 Ib and if the stiffness of the spring is 50 Ib/in., the 
system will come to rest with the Spring stretched 4 in. Letting the elongation 
of the spring be given by x, the strain energy stored in the spring is 


U = 25x? 
and the potential energy of the external loads, as defined by Eq. (2.20), is 
V = —200x 


be 
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Hence the total potential energy of the system is 


U + V = 25x? — 200x 


Stationary value. In this instance the Stationary value Corresponds to a mini- 


one, 


Evaluation of the Critical Load 


The calculus of variations is a generalization of the maximum or minimum 
problem of ordinary calculus, It seeks to determine a function 5 = y(x) that 
extremizes (i e., maximizes or minimizes) a definite integral 


. Flex. N yds (2.23) 


whose integrant contains and its derivatives. In structural mechanics this 
amounts to finding the deformed shape of a system that will cause the total 
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potential energy of the system to have a stationary value. The deformation 
that satisfies this criterion corresponds to the equilibrium state of the system. 

Although the calculus of variations is similar to the maximum-minimum 
problem of ordinary calculus, it does differ from the latter in one important 
aspect. In ordinary calculus one obtains the actual value of a variable for 
which a given function has an extremum point. However, in the calculus of 
variations one does not obtain the function that extremizes a given integral. 
Instead, one only obtains the differential equation that the function must 
satisfy. Thus the calculus of variations is not a computational tool for solving 
à problem. It is only a device for obtaining the governing equations of the 
problem. 

As an illustration of the use of the calculus of variations, let us determine 
the conditions that must be satisfied by a perfect column if it is to be in 
equilibrium in a slightly deformed position. Consider the hinged-hinged col- 
umn shown in Fig. 2-7. The strain energy of bending for the member is 


I’ 


Aok 


Fig. 2-7 Hinged-hinged column. P 
u= [| Ely adx (2.24) 
KE ] 


According to Eq, (2.20), the potential energy of the external loads consists of 
the negative product of the axial load and the vertical distance that the load 
moves as the member bends. Hence 


1 
v= — . 20% (2.25) 
Combining U and V, one obtains for the total potential energy of the system 
TEI P 
U Y= „i VPA G 
*. FO (2.26) 


It is now assumed that a deformed shape y = y(x) exists for which the 
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total potential cnergy of the system has a stationary value, that is, a function 
y for which 5(U + V) = 0. This function y(x) must be continuous, and it 
must satisfy the boundary conditions y(0) = ) = 0. To determine y(x), it 
is necessary to form a family of nearby functions J(x) with which p(x) can be 
compared. This family of curves is obtained by choosing an arbitrary function 
n = n(x) and adding ) multiplied by a small parameter € to y(x). Thus 


Hx) = y(x) + en(x) (2.27) 


For any given function (x), cach different value of € represents a single 
member of the family of curves given by Eq. (2.27). In order that each of the 
comparison curves satisfies the boundary conditions, HO) = (l) = , the 
function n(x) must vanish at the supports, Thus 


(0) = y(i) = 0 (2.28) 
A graphical representation of A) is given in Fig, 2-8. 


LK 
7. h + enix) 

yix Fig. 2-8 Comparison of y(x) with 

0 nearby function (x). 


It is now desirable to express the potential energy of the system in terms of 
the generalized displacement j(x). Replacing y(x) with Jx) in Eq. (2.26) leads 
to 


U+V= f [Fo +r- io terr] ea) 


For a given MN), the potential energy is a function of the parameter €. 
Furthermore, for € = 0, Nx) becomes p(x), which is the member of the family 
of curves that extremizes U + V. Accordingly, the potential energy has an 
extremum value with respect to e, when € = 0. That is, 


ae + Oy =0 _ (2.30) 


A problem of variational calculus has thus been reduced to an ordinary 
minimum problem of differential calculus. 


t. 2.5 j 
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Differentiation of Eq. (2.29) under the integral sign leads to 


diU +y : 2 
ee fet" + xn" — PLY + ex ae 


This expression must vanish for € = 0. Hence 


. EH Fr) dx = 0 (2.31) 


Ay(x) = €n(x) 
the total displacement becomes 


YO) + AVX) = y(x) + en(x) 
and the corresponding potential energy is 


(U+V)+ aU +) = f [Fo terp- 20 + e) lax 


(2.32) 
The change in the potential energy due to the increase in deflection Aycan be 


obtained by subtracting the RS a 
in (2.32). Thus ing the expression given in (2.26) from the energy given 


AU + v) = . [ereny + or) - Nerv + ) dx (233) 


If the change in y had been a virtual displa i 

| b cement, instead of a real di - 
ae pes terms containing the square of en) or the square of its ee 
wou not be present in Eq. (2.33). These higher-order terms are caused by 


BU + V) = e f LENNY) PE! 
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Finally, the requirement that this expression vanish when the system is in 
equilibrium leads to 


J. Ey" — Pry’) dx =0 
which is identical to Eq. (2.31). 

To simplify Eq. (2.31), the derivatives of (x) inside the integral sign must 
be eliminated through integration by parts. The second term on the right-hand 
side of Eq. (2.31) is considered first. Making the substitutions 

u , dv = H dx 

and integrating by parts according to 

U t 

fudo = w| — J. vd 

one obtains 

t t 

J. v dx= y'n]! J. ny” dx (2.34) 

In view of Eq. (2.28), ņ vanishes at the Supports, and Eq. (2.34) reduces to 


fxn dx = -f ny” dx (2.35) 


In a similar manner, the first term on the right-hand side of Eq. (2.31) can 
be reduced by two integrations by parts. Making the substitution 


u = , de = y” dx 
and integrating by parts, one obtains 
+ U 
J,» n ar J. ay dx 
This expression is further reduced by making the substitutions 
Uu , de=n' dx 


in the second term on the right-hand side. This leads to 


. %% dx = y'"n = f n dx 


Art. 2.5 Calculus of Variations 93 


from which 


. * dx = — . vn dx 


Thus J. %, = y'n | + J n (2.36) 


Substitution of the results obtained in Eqs. (2.35) and (2.36) into Eq. (2.31) 
leads to 


J. (ED n dx KHE = 0 (2.37) 


Except for the conditions (0) = 4(L) = 0, the function n(x) is completely 
arbitrary. It can therefore be shown that Eq. (2.37) is satisfied only if each of 
its two parts is equal to zero; that is, 


. (E + n dx = 0 
[Ely"'n’}, = 0 


Since 7'(0), Y, and (x) are not zero, and since 100) is independent of 
n'(L), it follows that y(x) must satisfy the relations 


Ely’ +. Py" = 0 (2.38) 
Ely" hans = 0 (2.39) 
EIN. = 0 (2.40) 


7 

These three relations must be satisfied in order that the potential energy have 
a stationary value and in order that ¥(x) be the equilibrium configuration of 
the slightly deformed column. Equation (2.38) is of course the Eulerian 
differential equation of an axially loaded member, obtained previously by 
considering the moment equilibrium of an element of the deformed member. 

Equations (2.39) and (2.40), which indicate that the bending moment must 
vanish at the ends of the member, are known as natural boundary conditions. 
The other two boundary conditions, »(0) = and g) = 0, which were 
stipulated at the outset, are called geometric boundary conditions. Ih general, 
the conditions of slope and deflection at the ends of the member are the 
geometric boundary conditions. These must be specified at the beginning of 
the problem. The conditions of moment and shear at the ends of the member 
are the natural boundary conditions, and these together with the differential 
equations are obtained by minimizing the potential energy. 
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The differential equation of a continuous system can be obtained either 
by considering the equilibrium of a deformed element of the system or by 
using the principle of stationary potential energy and the calculus of varia- 
tions. For an axially loaded member there is no doubt that the equation can 
be established more easily by the former of these two methods. However, 
when considering more complex systems, such as cylindrical and spherical 
shells, it is often simpler to obtain the differential equations by extremizing 
the potential energy rather than by writing equations of equilibrium of forces 
and moments. 


2.6 RAYLEIGH-RITZ METHOD 


The rigorous application of the stationary energy theorem to continuous 
systems requires the use of the calculus of variations. This approach to the 
problem of finding the equilibrium configuration of a structure has two disad- 
vantages. First, the variational calculus that must be used is far too complex 
for routine problem solving, and, second, only the differential equation and 
not its solution is obtained. Fortunately, there exists a method by which the 
principle of stationary potential energy can be applied approximately; known 
as the Rayleigh-Ritz method, having neither of the two aforementioned 
disadvantages. In this method, one assumes a suitable shape for the deforma- 
tion of the system and thus reduces it from an infinite-degree-of-freedom 
system to a finite-degree-of-freedom system. The principle of stationary 
potential energy then leads directly to the equilibrium configuration, and only 
ordinary differential calculus has to be used in the process. 

As an example, the critical load of a column fixed at one end and free at 
the other (Fig. 2-9) will be obtained. According to the concept of neutral 


* P 


1 Fig.29 Fixed-free column. 


equilibrium, the critical load is the load at which a system can be in equilib- 
rium in a slightly bent position. The problem of finding the critical load is 
thus equivalent to finding the deflected shape in which equilibrium is possible, 


Art. 2. 
1 Rayleigh-Ritz Method 95 


and this latter problem can be solved uiri e 
total potential energy to vani by requiring the first variation of the 


The deflection curve 
polynomial 


of the member is assumed to be given by the 
y =a bx + cx? 


Two of the constants in this expression can be evaluated fi bounda 
conditions at the base of the member. The condition 8 a 


„ O atx=0 
is Satisfied if a = 0, and from the requirement that 


** O at x20 
one obtains 6 = 0. Thus 


y = cx? 
This relation satisfies the geometric boundary conditions of zero deflection 


and zero slope at the fixed end of the member, but not 
condition of zero moment at the free end. not the natural boundary 


The strain energy stored in the member due to bending is 


275 s 
97.0 „. f cn an (2.41) 


According to Eq. (2.20), the potential energy of the external load consists of 


the negative product of the load and the di 
member bends. Thus € distance that the load moves as the 


e , E 
V= $f ov dx = -4 f, 4C?x? dx = AN (2.42) 
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Combining Eqs. (2.41) and (2.42), one obtains for the total potential 
energy 


U+ V= 2610 — Por (2.43) 


The deflected shape of the system will be an equilibrium configuration if 
U+ F hasa stationary value. For the continuous system considered in the 
previous section the total potential energy, as given by Eq. (2.26), was in terms 
of the function y(x). To find the deflection p(x) that corresponded to a sta- 


consequence of having assumed a shape for the deflection of the column, in 
this problem, the total potential energy, as given by Eq. (2.43), is now a func- 
tion of a single parameter C, and differential calculus suffices to find the value 
of C that extremizes U + V Thus the expression 


ôU + = 
can be replaced by 


dU +Y) eo 


ae) =0 (2.44) 


since ôC, the virtual displacement, is arbitrary. 
Carrying out the differentiation indicated in Eq. (2.44), one obtains 


or simply by 


4EICl — 4PCP =0 
from which 
1 


00 50 0 (2.45) 


Equation (2.45) gives the trivial solution of equilibrium at any load, provided 


the column remains Straight, and the critical load 


Pu = 3 (2.46) 


Comparison of this solution with the exact buckling load n*El/4[? indicates 
that the approximate answer is in error by about 21.6%. 


The exact buckling load will be obtained if an infinite series is used for the 


assumed deflection. A better solution than that given by Eq. (2.46) should 
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* 
therefore result if the number of parameters in the assumed deflection function 
is increased from one to two. Letting 


y= Cx? + Dx? 
y'= 2Cx + 3Dx* 
y” = 2C + 6Dx 


the strain energy due to bending is 


BRI Sinan eit f 4C? -+ 24CDx + 36D*x*) dx 


(2.47) 
= 2EIC? + 3CDI -+ 3D*P) 
and the potential energy of the external load is 
ON a 4C2x2 A 12CDx? + 9Dx*) dx 
* J,” 1 s 0 (2.48) 


= — FE (20C? + 4SCDI 275. 
Adding Eqs. (2.47) and (2.48) gives 


3 
U+ V = 2EN(C? + 3DCI 309 — 9 (2oc: + 4SCDI + 27D*P) 
(2.49) 


The total potential energy given by (2.49) is a function of two variables C and 
D. The variation of U + V therefore takes the form 


KU + v) = WU AY sc + XEEN 5p (2.50) 


Since 5C and 5D are arbitrary, the expression in (2.50) will vanish if 
2400. 10 aU + 0 _ 251) 
=0, 5 0 ( 
Carrying out these operations, one obtains 
we = 2EN(2C + 3D!) — Fr (40C + 45D1)=0 22) 


and 2, a 2ENGCI 6D — Fr (scr + 54DP)=0' (2.53) 
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Introducing the notation critical load, and the corres ing ci i | 
' ponding cigenvector is the buckling mode i 
gå m The smallest root of Eq. (2.55) is a = 2.49, from which 0 shape. 
$ 
and rearranging terms, Eqs. (2.52) and (2.53) can be rewritten in the form Pa = 2.491 
1 ` f H 
(24 — 8a)C + 1(36 — 9a) D = 0 a ease ion differs from the exact answer by slightly less than 1%, A marked f 
(20 — Sa)C + I(40 — 6a) D = 0 i in the asenna ge has thus been achieved by increasing the number of terms 
med defiection function, The rate at which the solution usually 


Because the right-hand side of cach equation is zero, one refers to them as converges to the exact answer should not be expected to be as rapid as was the 
homogeneous equations. The solutions for C and D can be given as the 
quotients of two determinants. Thus i 


i 
2.7 BUCKLING LOAD OF COLUMN i 
WITH VARIABLE CROSS SECTION | 


Hind enge method is especially useſul When an exact solution of the 
3 0 Sees is ae and complicated, A good example of such a 
e calculation of the critical load for a column with i ' | 
— . 
Section. The axially loaded member shown in Fig, 2-10 Kas — Mt 


p 
Since each of the numerator determinants is equal to zero, one obvious | 1 
solution to Eq. (2.54) is C = D = 0, This is the trivial solution of equilibrium 7 F 
at all loads, provided the member remains straight. A nonzero value is 
possible for C and D only if the denominator determinant is also equal to 
zero. An eigenvalue problem for a finite-degree-of-freedom system, such as 
the buckling problem being considered, will always lead to a set of homo- 
geneous equations. The nontrivial solutions of such a problem are therefore 
always obtained by setting the determinant of the governing equations equal 2 
to zero. For the case being studied, this means that 


1 17 


24 — 8a 1086 — 9a) 0 i A 
20 — 5a 1(40 — 6x) d 


Expansion of the determinant leads to 1=1,/4 


3a? — 104g + 240 = 0 (2.55) Fig. 2-10 Column with varyi 
‘ Se å moment of inertia. * 
This equation is known as the characteristic equation. Its roots are the P 
eigenvalues, that is, the loads at which nonzero deflections are possible. inertia, J,, along the middle half of its length and a moment of inertia, / 
ia, 7,14, 


The nonzero deflections are called eigenvectors. The smallest eigenvalue is the along the end portions. The member is hinged at both ends, and it is theref 
tis ore 
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assumed that the buckled shape can be approximated by the relation 
„a sin = 

This expression satisfies the 

deflection and nonzero slo 


boundary conditions of 
the member. 


Making use of symmetry, the strain energy of bending is 


4 2 
U= 1 Eh J. ("dx + El 5 ‘ (%. ax] 
o 4 


To evaluate this expression, the following integrals are needed: 


geometric boundary conditions of zero 
pe at the ends of the member, and the natural 
zero moment, that is, zero curvature, at the ends of 


(2.56) 


* atxt (" 0.04525 
a a= ini RX . 
. (y" dx * sin! F dr = O:085a%x" 
“2 51 
"idy = f mx 0.205a7x* 
ji (y ) x * * sin? T dx = Mii 
Substitution of these relations in Eq. (2.56) leads to 
U = 0,216 F/aa*x* 


(2.57) 
The potential energy of the applied load is 


any im? f' 
J. OP de= PER f" cost RE dy = — Parn 


Combining Eqs. (2.57) and (2.58), one obtains for the total potential energy 


(2.58) 


t El Igi 2 
U + V = 216 g= — fon (2.59) 


For the deflected shape to be an equilibrium confi ion, it i 
guration, it is necessa 
for the total potential energy to have a stationary value. Since the energy es 


function of a, it will have a station value ‘ded j ergy is 
respect to a vanishes, Thus Yy provided its derivative with 


d(U +y El,an* pan: 
-b lg _ Pant _ 9 


Ch. 2 
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Buckling Load of Column with Variable Cross Section 101 


from which 


o. 864 P) =0 (2.60) 
Equation (2.60) leads to the trivial solution of equilibrium at all loads 
provided a = 0, and the critical load 


0.864n'°EI 


— cae 


The exact answer, obtained from the solution of the differential equation by 
Timoshenko and Gere (Ref. 1.2), is 


0.651 E/ 


Se 


Comparison of the approximate solution with the exact buckling load indi- 
cates that the former is in error by about 33°%. 

The accuracy of the approximate solution can be improved by increasing 
the number of parameters in the assumed deflection function. The half-sine- 
wave used as a first approximation is the exact deflection curve for a column 
of uniform cross section. One would expect the deflection of a column that is 
stiffer at the center than near the supports to be similar to a half-sinewave, 
but somewhat Matter at the middle. Consequently, the deflection curve will 
be approximated by 


„ain f + b sin 25 


As before, the total potential energy is given by 


U+V= .. G . 2. (y'P dx 
5 tja ` 


(2.61) 
The derivatives of y and the squares of these quantities are 
y =F cos F + us cos 2% 
(yP = SF cost 2 — SE cos cos r 4 N cogs Sux 


* = FE sin T — an 38 


6 = SFE sins EX 4. e an ZX sin Bax 4. rr an- Sx 
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The following definite integrals are needed for evaluating the total potential 


energy 


y3 
f % 1 INX 
2 = 
* ＋ dx 0.098/ 


7 


f Ta = sin ine dx = 0.080/ (2.62) 


ie Nr 2 r 
n dx = —0.080/ 
8 j es im E x 


‘ 


Using these expressions, the total potential energy given by Eq. (2.61) can be 
reduced to the form 


C El,n* 1 * Ex 2 
i 0.216 — 1.0800 b + 11.0166) — F(a + 96*) 
(2.63) 
As before, the deflected shape is an equilibrium configuration if the total 
potential energy has a stationary value. In this case U -+ V is a function of 


two variables, a and b. The partial derivatives of U -+ V with respect to a and 
b must therefore vanish for the energy to have a stationary value. Thus 


U+¥)_ El Pra 
AUEK) m Elen (— 1.0800 + 22.0326) — 772 — 9 


Introducing the notation P, ET, these equations can be rewritten in 
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the form 
(0.432 = of.) — 1.0805 = 0 


—1.080a + (22032 * 4.50%)» = am 


Equations (2.64) are two | ; 
a trivial les © lincar homogeneous equations. As such, they possess 


2 25 20 


and a nontrivial soluti zb ; ; ‘ - 
equal to zero. Thus ton, which is obtained by setting their determinant 


—1.080 
22.032 — 4.50 £| 7 
F. 


0.432 — 0,507. 
0.50 A 


— 1.080 0 


Expansion of the determinant leads to the polynomial equation 
2.25 [EV P 
(5 12.965- + 8.35 0 
The smallet of the two Solutions to this equation is 


P 
F" 0.735 
from which 
0.7357? EI, 


Pa = — 


Whereas the answer obtained 
tion curve was in crror by 339 
only 13%. 


using a single term in the approximate defi 
@ this solution differs from the exact 8 


2.8 GALERKIN'S METHOD 
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The requirement that the total 


have a minimum value was show potential energy of a hinged-hinged column 


n, in Article 2.5, to lead to the condition 
Jb" fru de + Ie = 0 (2.65) 


The first term in this ex i 
y í ` pression consist 8 r 
differential equation multiplied 82 3 — hand side of the column 


It is possible to a i - 
consisting of n inde sent mae the deflection of the column by a series 


pendent functions g(x) each multiplied by an undeter- 


mined coefficient â, Thus 
Yeroror = dig + a,8,(x) + «+. + a.g,(x) 
= b> agx) (2.66) 
If each of the functions i 
ci gx) satisfied both t i 
conditions, then the second term in ie 265) vani and natural boundary 
equation is replaced with Y, , vanishes when y in that 


(2.65) equal to zer ; In order to make also the first term i 
x o, the coefficients en: serar oe Bg, 
Yarpres Satisfies the differential posite r be chosen in such a way that 


Letting the operator, which produces the left- 


diferential equation, when applied to y hand side of the column 


be represented by O. that is, 
Om E. 4 pE 
* + PTA (2.67) 


and letting the series used 


to i 
sented by ¢, that is, approximate the column deflection be repre- 


$= Sa 


the requirement that the first t 
expressed in the form 


(2.68) 


erm in Eq. (2.65) vanish for V. nes CAN be 


J. 26) 56 dx = 0 (2.69) 
Since ¢ is a function of n Parameters a, its variation is given by 
56 = $8 ba, + $8 ba, + t.. + $f da, 
= g(x) ba, + 2.00 da, + -< 4 g. (x) ba (2.70) 


= È s(x) õa, 
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Making use of this relationship, Eq. (2.69) can be rewritten as 
È Q$) 8 gáx) oda, d = 0 


It has been assumed that the n functions g,(x) used to approximate y are 
independent -of each other. The only way that Eq. (2.71) can therefore be 
identically equal to zero is for each of the n terms in the equation to vanish 
individually. Thus 


(2.71) 


. O@)edx) a,dx=0 fori =1,2,....0° 
and in view of the fact that a, is arbitrary 
y O(d)g(x)dx = 0 fori=1,2,...,m (2.72) 


The relationships given by Eq. (2.72) are referred to as Galerkin equations. 
For a given problem any assumed deflection function that satisfies the 
boundary conditions and the Galerkin equations will be an approximate 
solution of the problem. If there are m terms in the assumed deflection 
function, there will be n equations of the type given by (2.72). In an equilib- 
rium problem these n equations can be solved for the n unknown coefficients 
in the assumed deflection function. In a linear buckling problem the n 
equations will be homogeneous, and the critical load is obtained by setting 
their determinant equal to zero. 

To illustrate the use of the Galerkin method, the critical load of the 
hinged-fixed column, shown in Fig. 2-11, will be obtained. The first step is to 
choose a deflected shape that satisfies the boundary conditions. Such a 
function can usually be obtained by taking a power series and evaluating as 
many arbitrary constants as possible from the boundary conditions. This 


Fig. 2-11 Hinged-fixed column. 
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procedure was used in Article 2.6 to obtain a suitable deflected shape for a 
fixed-free column. However, in this instance an alternative approach will be 
tried. The deflection curve of a transversely loaded beam with boundary 
conditions similar to those of the column will be used. The deflection of a 
uniformly loaded beam hinged at x = O and fixed at x = l is 


y = A(x? — Bix? + 2x4) (2.73) 


This function satisfies all the boundary conditions of the fixed-hinged column 
and will therefore be used to approximate its deflected shape. wA 

The second step in the Galerkin method is to establish equilibrium by 
requiring that the assumed deflection function sati y Eq. (2,72). If & is given 
by the expression in (2.73), then Q(¢) is, in accordance with (2.67), equal to 

OG) = A[48El + P(24x* — 18/x)} 
Furthermore, in view of (2.68), 
g(x) = xP? — 31x? + 2x* 

Substitution of these two expressions into Eq. (2.72) leads to 


J. AABEN( XP? 3 + 2x4) + N 24x — 72x91 ‘i 


+ 48x* — 18/*x? + S4/4x* — 361x*)] dx = 0 
which, after one has carried out the indicated integration, reduces to 
36E113 _ 12PP\ _ 
aE Re) mo 


Hence one obtains for the critical load of the member 


21E/ 
i Baas 


For comparison, the exact buckling load of the hinged-fixed column is 
20.20/32. 


2.9 METHOD OF FINITE DIFFERENCES 


Introduction 


The finite-difference method is a numerical technique for obtaining 
approximate solutions to differential equations (Ref. 2.2). In the method the 
differential equation is replaced by a set of equivalent algebraic equations 
that are usually easier to solve than the differential equation. The basis of the 
finite-difference technique is that a derivative of a function at a point can be 
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approximated by an algebraic expression consisting of the value of the 
function at that point and at several nearby points. In view of this fact it is 
possible to replace the derivatives in a differential equation with algebraic 
expressions and thus transform the differential equation into an algebraic 
equation, 

As a rule, differential equations describe the behavior of continuous sys- 
tems, whereas algebraic equations describe the behavior of lumped- parameter 


the problem by reducing the number of degrees of freedom. The energy 
method does this by approximating the behavior of the system, that is, 
assuming a deflected shape, while the finite-difference technique simplifies the 


In general, if a continuous system is replaced by n discrete mass points, 
the unknown function is replaced by n algebraic variables, and the differential 
equation is replaced by n simultaneous algebraic equations in these variables. 
Since the derivative of the unknown function at a Point is approximated by 


the number of points increases so does the number of simultaneous equations 
that must be solved. ° 

Due to the large amount of numerical work involved, the finite-difference 
method is particularly suited for use when a high-speed electronic computer 
is available. 

The main disadvantage of the method is that it gives numerical values of 
the unknown function at discrete points instead of an analytical expression 


functions are never obtained. In spite of the aforementioned disadvantage, 
the finite-difference procedure, because of its wide range of applicability, is 
an extremely useful method of analysis, 


Difference Ratios 


The derivative of a function, at a point, can be expressed approximately 
in terms of the value of the function at that point and its value at one or more 
nearby points. Such an expression is known as a difference ratio. Consider 
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x 
x=) Fig. 2-12 Difference ratios. 


the function, f(x), plotted in Fig. 2-12, whose value is known at x = and at 
several evenly spaced points to the right and to the left of x = i. The first 
derivative of f(x) at a point x can be approximated by 


4 Ax 


Al x = í this expression can be rewritten in the form 


(H. San lah 2 


in which J. and / are the values of the function f(x) at x= i, and at 
x = i + h, his the distance between these two points. and A f, is the approxi- 
mation of the derivative Max at x = i. It is obvious that the difference 
between the derivative and its approximation A/ will decrease as h decreases. 

The approximation of the derivative dfjdx given by Eq. (2.75) involves the 
function f at x = i and at the point to the right of x = i. It is therefore known 
as the forward difference. A similar expression involving the function Fat 


Xl and atx =i— his 
Af, = LoL» (2.76) 


This form of the approximation is known as the backward difference. A 
third possible expression involving points on either side of x = iis 


Af, = Lae Sin (2.77) 


It is known as the central difference. Of the three approximations, the central 
difference is the most accurate for a given spacing . The remaining discussion 


dealing with the approximation of higher derivatives will therefore be limited 
to central differences. 


Art. 2.9 Method of Finite Differences 109 


Once the first difference has been defined, the second difference can be 
obtained by taking the difference of the first difference. If A is defined as the 
difference operator that corresponds to the differential operator d/dx, then 


Af, = AAS) = Wiera — inn) = Afiona = Afins 
= — — (2.78) 
— — — 


a Sisa — 2 4 


Expression (2.78) gives the second central difference at the point x = i 
In a similar manner the third and fourth central differences can be derived: 


af = Ae 
Siew — Yiss + fi 4 UA 11 om 
r — 


— Len = fier E 2 — n 
A*S, = A Nl Ae 
— 2 sa't 2 20 — Si tfe) + Le — 2 4- Si- 
== E * 


we Lom — Mien + 6f, -Hiat fi-n (2.80) 


The “computational molecules” in Fig. 2-13 give a pictorial representation 


ha h= 
Fig. 2-13 Computational molecules 
for difference ratios. 
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of Eqs. (2.77), (2.78), (2.79), and (2.80). This very convenient way of repre- 
senting difference ratios is due to Bickley (Ref. 2.3). 
2.10 CALCULATION OF THE CRITICAL LOAD 

BY FINITE DIFFERENCES 


In this article the finite-difference method will be used to determine the 
critical load of the hinged-hinged column shown in Fig. 2-14a. The solution 


— — — 


Fig. 2-14 Hinged-hinged column 
(b) subdivided into n equal segments. 


follows the general outline of a similar analysis presented by Salvadori (Ref. 
2.4). The differential equation and boundary conditions for a hinged-hinged 
column are, 


y+ try =0 (2.81) 
and 5000 =y) =0 (2.82) 


To obtain the corresponding difference relations, the span of the member is 
divided into n equal segments of length h = ljn and the deflection at the end 
of the ith segment is denoted by y, (Fig. 2-14b). According to Eg. (2.78), the 
second derivative at point i can be approximated by the difference ratio 


os — 2 + 
š Aty, = Zea = Fit Vas (2.83) 


in which y,,, and y,., are the deflections at points on either side of point i, 
If (2.83) is substituted for the second derivative in Eq. (2.81), one obtains 


2 
Vn — 2y + Pia + ay =0 (2.84) 


the difference equation at point i. 
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First approximation n = 2 


Let the member be divided into two equal parts of length 4 = , and let 
the ends ol these segments be denoted by j = 0, 1, and 2, as shown in Fig. 
2-15. In this case, it is necessary to write the difference equati 


on only at the 

1 

2 | \y 

| A 
i=} 
i 4 
Fig. 2-15 Approximation with Z 
a= 2, +. iso 


point i= l|, At the two boundary points, both deflection and curvature 
vanish and the equation is satisfied identically, Writing Eq. (2.84) at i= 1 
Sives 


Ys — 27 + % + 22755 =0 (2.85) 
From the boundary conditions 
7% y2 =0 
Thus n- 2)=0 (2.86) 


As is typical in linear buckling Problems, Eq. (2.86) leads to the trivial solu- 
tion of equilibrium at any load, provided Yı = 0, and to the critical load 


7. =A = (2.87) 


Comparison of this result with the exact solution, 9.87E///?, shows the finite- 
difference approximation to be in error by about 19%. To obtain a more 
accurate solution, it is necessary to satisfy the difference equation at more 


than one interior point. 
Second approximation n = 3 


If the member is divided into three equal segments of length A = //3, as 
shown in Fig, 2-16, there will be two interior points, i = 1 and 2, at which the 
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== PS 

l i 

E ghia 

oa 

3 B a 

int 

U i 

3 i Fig. 2-16 Approximation with 
+ 20 n=}. 


difference equation can be written. Writing Eq. (2.84) at i = 1 leads to 


Ya — 2y, F . + Ay, = 0 (2.88) 
and at i = 2 one obtains 
5 E 2y +y + Ay. =0 (2.89) 
in which 4 = PP/9ET. 
Making use of the boundary conditions and rearranging terms, Eqs. 
(2.88) and (2.89) can be rewritten in the form 
(A—2)y, +y =0 
7. ＋ A- 2. =0 
These equations are linear and homogeneous, As such they have a trivial 


solution y, = y, = 0 and a nontrivial solution that is obtained by setting 
their determinant equal to zero. That is, 


we 0 sið 
U yA * 


Expanding Eq. (2.90) leads to 
P-—424+3=0 (2.91) 


a polynomial equation whose smallest root is the critical load. The roots of 
Eq. (2.91) are 

À, oe. 1, 4. = 3 
from which 


7. = 1. 2 
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Hence the critical load is 
SEI 
Fi, = 7 (2.92) 


This solution differs from the Euler load by 9%. The 19% error that existed 
when the difference equation was satisfied at only one interior point has thus 


been reduced to 9% by satisfying the difference equation at two interior 
points, 


Third approximation n = 4 


If the member is divided into four equal parts of length i = 1/4, as shown 
in Fig. 2-17, there will be three interior points at which the difference equation 


i=? 


Fig. 2-17 Approximation with 
nag, 


—— maimai] 
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can be written. However, taking into account the fact that the buckling mode 
of a hinged-hinged column is symmetrical, that is, y, = n, the number of 
equations that must be written is reduced to two. Ati = 1, Eq. (2.84) leads to 


5.27. ＋ y+ Fey, =0 (2.93) 
and at j = 2 one obtains 
PP 
5 — Wty + ggr =0 (2.94) 
Making use of the boundary conditions and symmetry, these equations can 
be rewritten as 


yi(A —2)+ ¥2=0 


29 
z) + y(A — 2) =0 e 
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where A = PI?/16E/. Setting the determinant of Eqs. (2.95) equal to zero 
gives the quadratic equation 


V—444+2=—0 * (2.96) 
whose smallest root is 4 = 0.59. Hence 


Pa 9 


(2.97) 
This answer differs from the Euler load by 5%. 3 

By continuing to increase the degrees of freedom and satisfying the 
difference equation at more and more points, the accuracy of the solution can 
be improved to any desirable degree. However, this process entails the solu- 
tion of a large number of simultaneous equations. As indicated by Salvadori 
(Ref. 2.4), a quicker and much simpler way of increasing the accuracy of the 
solution is afforded by Richardson's extrapolation scheme. 

It can be shown that the error, e, of the approximate solution is roughly 
proportional to the square of the mesh size, H. Thus 


e- Ch (2.98) 


in which Cis a constant. If n, and n, are the number of sections into which a 
member has been divided, and A, = n, and h, = n; are the corresponding 
mesh sizes, and if $, and f, are the approximations of the exact solution, J, 
obtained thus, then the corresponding errors are 


e =p- p = Ch 
and e= B— h= Cir 


Elimination of C between these relations leads to 


p= mB — rifa (2.99) 


peat | 


Equation (2.99) gives the extrapolated value of the solution provided the 
approximations f#, and f, are approaching the exact solution monotonically. 
It is usually possible to obtain a monotonic convergence by choosing a 
proper sequence of n's. 

To illustrate the effectiveness of Richardson's extrapolation scheme, the 
approximate results obtained for the hinged-hinged column, letting n = 3 
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and 4, will be substituted into Eq. (2.99). Thus 


f= 104) _ 9.85 


from which 


EI 
Pu = 9.8577 (2.100) 


the member into a very la 
the resulting large number of Rectang 


ous equations. 
Table 2-1 i i i 
2 Summary of finite-difference solutions for hinged-hinged 
ee 
Pol? 
Case 4 — 74 % Error 
ee b 
Approx. with 
n=2 8 
19 
3 9 9 
4 9.4 5 
— — —— — 
Extrapolation 
oſn = 3,4 9.85 0.2 
% 
Exact 
solution 9.87 0 


2.11 HIGHER-ORDER DERIVATIVES 


The solution by finite differe 


nces of . P 4 n 
derivatives will now be consi s of an equation involving higher-order 


dered. The column shown in Fig. 2-18a is built 


ply supported at it Asa 
governed by the differential sauntion its upper end. Its behavior is 


v + a" = 0 (2.101) 
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— 


* 


. 


Ee Ee 
E „ 
o — N 
A — 
* 


ö 
i — 
— 1— 
4 
4 — 
5 2-19 Approximation with ** 
5 t 
1 Fig. 2-18 Fired - hinged column sub- ~~ 2. r 1221 ik 
a tb) divided into n equal segments. 
1 The condition of zero slope at x = 0 leads t 
15 and by the boundary conditions = * 
‘i — 
} X0) = »'(0) = X) = y”) = 0 (2.102) as 2 =0 
A To obtain the finite-difference formulation of the problem, the member from which 
ey is divided into ꝝ equal segments of length h = Vn (Fig. 2-18b). The difference ya =p (2.106) 
$: equation at any point x = is obtained by substituting the central-difference 
i 122 ratios given by Eqs. (2.78) and (2.80) for the derivatives in Eq. (2.101). Thus The fourth boundary condition of zero moment at x = / requires that 
T: 2 
-i Ven = e + 6% — Ayia + Vi F FO (Yeon — 2y, + Yia) = 0 nojata = 0 
(2.103) 
$: In view of the fact that * = 0, this can be reduced to 
5 First approximation n = 2 
j Let the member be divided into two equal parts of length h = 1/2, as shown 828 (2.107) 
; in Fig. 2-19, and let the ends of these segments be denoted by / = 0, I, and 2. > 
Two additional segments extending from i = O to / = —1 and from į = 2to The aoe Ji 3 bone ae by Eqs. (2.106) 118 sb eon be 
i = 3 are formed by prolonging the axis of the member a distance I beyond beer sane e the end of a member is fixed, the deflec son ata 
cach end (see figure). It is necessary to imagine the member to be extended ponies 52 s n support a e to be equal to the deflection at 
in this manner because the fourth difference ratio of the deflection at i = | a distance f inside t © support. For a hinged end the deflection at a distance 
involves the deflection at points two intervals away from i = |. h outside the a) Port is approximated by the negative of the deflection at a 
f Writing Eq. (2.103) at i = | gives distance h inside the support. In other words, the deflection function must be 
i symmetric about a normal to the member at the support for a fixed end and 
= 7 — = antisymmetric about the same normal for a hinged end. 
| J= Ya + OY = 4. tya + AEO. 25. % - (2100 Substituting Eqs. (2.105), (2.106), and (2.107) into Eq. (2.104) and 
simplifyin btai 
Since the deflections at the end of the member must vanish, i i) ai at 
: 706 — 27 0 (2.108) 
i 7 j=l (2.105) JET 
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Equation (2.108) gives the trivial solution of equilibrium at any load, provided 
Yı = 0, and the critical load 


12E 


Py = EY aa l (2.109) 


This solution differs from the exact answer, 20.2£//[, by 41%. 


Second approximation n = 3 


Let the member be divided into three equal parts of length A = 1/3, and 
let the axis of the member be extended beyond each support u distance //3, as 
shown in Fig. 2-20. The ends of the segments thus formed are labeled from 


a i 

i An 

3 Ni 

: ` 

F 

3 . 

$ ist 

$ 

3 » 

＋ 

* 

3 

+ mO 8 

3 * Fig. 2-20 Approximation with 
th e 18 1 1 3. 


i= 110 = 4, inclusively. Writing Eg. (2.103) at i = | gives 
Ya — 492 6% — % + Y-i + 9270. — 2y, +y) =0 (2.110 
and at i = 2 one obtains 
5. — 49s + ys 4 + 5. + Fars 2 % IN) 


With the aid of the boundary conditions given by Eqs. (2.105), (2.106), and 
(2.107), these equations reduce to 


* — 24) + y(A — 4) = 
PA — 4) + g — 24) = 0 


To obtain the nontrivial solution of Eqs. (2.112), their determinant is set 


(2.112) 
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equal to zero. This leads to the quadratic equation 


34* — 161 + 19 = 0 


(2.113) 
whose smallest root is 1 = 1.78. Hence 
Po ks 16.1E/ (2.114) 


This answer differs from the exact solution of 20.2E//I* by 20%. 


To improve the accuracy of the solution further Richardson’ 
tion formula can now be i 


and (2.114) form = 2 and n = 3 into Eq. (2.99), 


p = D -906 _ 19, 


and Rt 19.450 (2.115) 


Compared to the approximate solution for 


n = 3, which is in error by 20%, 
the extrapolated solution differs from the e 


xact answer by only 4%. 


2.12 UNEVENLY SPACED PIVOTAL POINTS 


Fig. 2-21 Unevenly spaced pivotal 
points, 


central difference, at the point x = į, is 


= Li + ah) -fi h) 
As, A e (2.116) 
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in which f(i +- and f(i = hi) are the values of f(x) at x = i -+ ah and 
x = i — h, respectively. The second central difference, obtained by taking 
the difference of the first difference, is 


w= wasn a( Lega fa) 


= Ah. — Å fiy 


(hah) (4) e 


i > a 
_2 1 cha. 
= ala + 


To illustrate the use of unevenly spaced pivotal points, the critical load 
of the stepped column in Fig. 2-22a will be determined.* The column is 


E 


5 * 

{ i 
3 * 

| | 
2 4 
Ad 

2 

{ 4 + 
4 r- 
4 Swe ik 


Fig. 2-22 Column with varying 
moment of inertia subdivided into 
(b) segments of unequal length. 


hinged at both ends and has a moment of inertia equal to I, for the central 
half of the span and to /,/4 for the remaining parts of the member. Let the 


*The solution of a similar problem can be found in Ref, 2.2. 
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member be subdivided into five parts, as shown in Fig, 2-22b. The ends of 
the segments thus formed, called pivotal points, are denoted by i = 0, 1, 2, 3, 
4, and 5. The consequence of subdividing the member in this manner is that 


each pivotal point is at the center of a length of column for which J is 
constant. 


The differential equation and the boundary conditions fora hinged-hinged 
column are 


* + HY =0 (2.118) 
and 0) = (1) <0 (2.119) 


Substitution of the difference ratio for the second derivative given by Eq. 
(2.117) into (2.118) leads to 


aa pie =S + a) + af.) + 2775 =0 (2.120) 


the difference equation at the point x = i. 


Due to the symmetric shape of the deflection curve, the difference equation 
need be written only at the points i = | andi = 2. Ati =| 


! hese 
Jb, * * 

F. 4125 i : " 

and Eq. (2.120) becomes a “ee 


a. KI 


. 2250 — 2.28% + 1.25% + SETA" = 0 (2.121) 
Ati=2 


and the difference equation is 


TINE A 50. — 22% + 1.2y,) + 50677) =0 (2.122) 


In view of the boundary conditions, yẹ = 0, and, as a result of symmetry, 
Jı = yı. Hence Eqs. (2.121) and (2.122) can be reduced to the form 


571 — 1.60) + y,(0.71) = 0 
y,(0.91) + y,(0.392 — 0.91) = 0 


in which 4 = PP/9ET,. 


(2.123) 
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To obtain the nontrivial solution to these equations, their determinant 
must be made to vanish. This leads to the quadratic equation 


0.394? — 1.534 + 0.81 =0 (2.124) 


whose smallest root is 4 = 0.63. Hence 
Pu = 0.575 (2.125) 


This solution differs from the exact buckling load, 0.65£/,//+, by 12.3%. 


2.13 MATRIX STIFFNESS METHOD— 
FLEXURAL MEMBERS 


Introduction 


The matrix method is a numerical technique that uses matrix algebra to 
analyze structural systems. It idealizes the system as an assembly of discrete 
elements connected to one another at points called nodes. For example, the 
beam in Fig. 2-23 is shown subdivided into two elements, elements ab and be. 
Associated with each element are generalized displacements, 5, used to 
describe its deformation, and the corresponding generalized forces, g. The 
term generalized denotes the fact that q can be a moment as well as a force 
and 6 a rotation as well as a deflection. The q's are internal forces as far as 
the overall structure is concerned, but they are external forces when individual 
elements are considered. Since they refer to the element, the g’s are called 
element forces, and the 6's are called element displacements. 

The load-deformation characteristics of an element can be given by 
means of the matrix equation 


= (2.126) 


in which the stiffness influence coefficient k is the force q, duc to a unit 
displacement 56, when all other 6's are zero. The matrix made up of these 
influence coefficients is called the clement stiffness matrix. 

A relation similar to Eq. (2,126), expressing the load-deformation 
characteristics of the overall structure, is 
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—— 


* * bs è, 


lers, ay a fos 8, a,, a 
A T 


Element ob 


Element bc 
Element force ond displocement notation 


Wo, â 
£ ane Wa, 34 ôs 
Iw, [isas [wsos 


Structure force ond displocement notation 
Fig. 2-23 Nodal forces and displacements for a beam. 
W, Ki: Ky, K. Kis Le K A, 


1. K., Ka Ka k., k., Kalla, | C 


or in abbreviated form 
U] = [K][4) (2.128) 
The displacements A, and the loads W, that mak i 
‘ e up the d 
matrix [A] and the load matrix [W] are depicted in Fig, 2-23. Thee 


generalized structure node point displacements and the co i 
' rrespond 
generalized structure loads that act at these node points, The matrix 100 sit 
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relates the structure loads [W] to the structure displacements [A] is known as 
the structure stiffness matrix. 

The analysis of a structure by the matrix method consists of two steps. In 
the first, the structure stiffness matrix [K] is synthesized from the stiffness 
matrices of the individual elements. This is usually accomplished by applying 
at each node the conditions of equilibrium and deformation compatibility, 
In the second step the structure displacements and the external reactions are 
obtained from the structure stiffness matrix [K] and the load matrix [W]. To 
illustrate these procedures, let us use the matrix method to determine the 
midspan deflection and fixed-end moments for the beam in Fig. 2-23. 


Formation of Element Stiffness Matrices 


To form the structure stiffness matrix, the stiffness matrices of the indi- 
vidual elements must first be constructed. The stiffness matrix for element ab 
will be of the form given by Eq. (2.126). The first column of the matrix is 
obtained by applying a unit translation, d,, to the left end of the element and 
keeping o, 5,, and ö. at zero (see Fig. 2-24a). According to the definition of a 


=} 
ky 0 |r 22 thse 
(a) () 
kas 8,=1 


(c) (d) 
Fig. 2-24 Components of clement stiffness matrix. 


stiffness influence coefficient, * and x. are the moments induced at the left 
and right ends of the member by the unit translation 6,. From the slope- 
deflection equation 


471 = ky = -$E 


The shears, &, and k,,, that are also induced by the unit translation 3, are 
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obtained by considering moment equilibrium of the element. They are equal 
to 


In a similar manner, by applying unit displacements ö, 5,, and 5 (Figs. 
2-24b, c and d), the remaining terms in the element stiffness matrix can be 
evaluated. The entire matrix, for element ab, is 


DEI ET 2E _6EI 
ae Spe 


6El AE E 2557 
F 


1. [ i261 GE 1E 6E . 
6E“ 287 6EI 4E7 
“FT OF F 


Except for different subscripts on the q's and 8's, the two beam elements are 
identical. The stiffness matrix for element bc, [k], is therefore identical to 
[klas ; : 

Before proceeding with the synthesis of the structure stiffness matrix [K] 
from the stiffness matrices of the individual elements, it is useful to combine 
the latter into a single composite element stiffness matrix [k]. Thus 


3 A  «€ 
q F -T -F T ő 
6 ) 
91 -$ = = ae 6. 
R G 8 64 5 
t O U E TA , 
6 6 
1 E ales — x 1 
F F 
qs Sy Ae ae bs 
74 N -$ 4 $ 2 5. 
iR 6 2 5 5 
9 TPF A E 29 
fa -f 2 $ . 
(2.130) 
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or [g] = [&}{4) (2.131) 


Formation of Structure Stiffness Matrix, Method A: 
Equilibrium and Compatibility 


The structure stiffness matrix can be obtained from the element stiffness 
matrices by applying the conditions of equilibrium and compatibility at each 
node. Equilibrium is satisfied if 


W, = qr, Wi = qz, W, =q, +9; A (2.132) 
Wi = qa + d. W, = q, Ws =q 
Putting these relations into matrix form gives 
gi 
W, 1000000 /e. 
W, 0100000 Oe. 
W,/_|0 010100 0}/¢, (2.133) 
W, 000101 0 Ollg, 
W, 000000 1 Oll¢, 
W, 0000000 . 
Ge 
or simply 
[W] = [Allg] (2.134) 


Equation (2.134) can be regarded as a linear transformation in which the 
matrix [A] transforms the element forces into structure loads. In a similar 
manner, the compatibility relations 


ő, = A, ő, = A; 05 *, = A; 
e= f; = A, ô, A,, 5, = Ay 
can be expressed by the matrix equation 
ó, 100000 
CA 0 10 0 0A. 
ó; 001 0 0 a. 
5, 0001 0 0 a, 
= 2.135 

ô, 00 1 00 OA, ‘ ) 
6. 0001 0 0a, 
6, 0000 1 OJLA, 
ó 900001 
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or (ő) = [BA] (2.136) 


in which [8) is the matrix that transforms the structure deformations into 
element deformations. 

All the information necessary to transform the composite element stiff- 
ness matrix into the structure stiffness matrix is now available. Starting 
with Eq. (2.134) and making use of relations (2.131) and (2.136), one can 


write 
[W] = (Allg) = [AKNS] = LAK 
Comparison of this result with the relationship in (2.128) indicates that 
[K] = HAK (2.137) 


Hence [XK], the structure stiffness matrix, is obtained from [k], the composite 
clement stiffness matrix, by premultiplying the latter by [A] and postmultiply- 
ing it by [BJ. 

it will now be shown that [A] und [B] are related to one another and that 
only one of these two matrices is needed to transform [&] into [K]. The 


strain energy stored in a structure is equal to the work performed by the 
external loads acting on the structure. Thus 


U = fast) (2.138) 


However, the strain energy is also equal to the work performed by the 
clement forces acting on the clements of the structure, That is, 


; U = ofig) (2.139) 
Hence Napf = HSF) (2.140) 
Substitution of AN for [W] and [AFB] for ſoꝶ leads to 
HATTAN] = HA) TST] (2.141) 
or [4] = [BF 2.142) 


Hence [BF is equal to [A] and Eq. (2.137), which prescribes the manner in 
which [K] is synthesized from [k], becomes i 


[K] = [BV KI) (2.143) 


If the operation indicated by (2.143) is carried out using the element 
stiffness matrix given in (2.130) and the transformation matrix given by 
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Ch. 2 
(2.135), one obtains 
A, A; A, A. A, As 
2 6 12 6 
E FF a a 
— 4 + 2 0 0 
Se ws 2 6 
mim F T F 9 
Fl. i (2.144) 
—> 2 0 8 T 2 
es g Ø & 
1 E-E p EF 
6 6 
92 ＋ 2 É 4 


the structure stiffness matrix for the entire beam. 


Formation of Structure Stiffness Matrix, Method B: 
Transformation of Coordinates 


In the foregoing, the structure stiffness matrix was obtained from the 
element stiffness matrices by applying conditions of equilibrium and defor- 
mation compatibility at the nodes, Alternatively, the synthesis of [K] from 
[k] can be seen as a transformation of coordinates, The element stiffness 
matrix is written in terms of element deformations, and the structure stiffness 
matrix in terms of structure deformations. A transformation from one matrix 
to the other, as given by Eq. (2.143), can therefore be considered to be a 
transformation from element to structure coordinates. The matrix BJ. which 
is used to carry out the transformation, is commonly referred to as the 


transformation matrix. It is made up of the direction cosines bet 
Structure and element coordinate axes. e 
In the relation 


(5) = [BA] » (2.145) 


the matrix [B] transforms structure deformation vectors into element defor- 
mation vectors. Since the element and structure force vectors coincide with 
the correspondi ng element and structure deformation vectors, the forces must 
transform in precisely the same manner at the deformations. That is, 


[a] = [BW] (2.146) 
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Substitution of Eqs. (2.145) and (2.146) into the element stifness relation 


1q] Kl (2.147) 

leads to 
[BW] = (KIIBA) (2.148) 
or [W] = (BI [KBA] (2.149) 


Since [B] represents an orthogonal transformation, that is, 


[47 = [8] (2.150) 
Eq. (2.149) can be rewritten as 
[W] = [SY TABI) (2.151) 
from which 
[K] = [BP {AYA} (2.152) 


This relation, arrived at earlier by considering equilibrium and compatibility, 
has now been shown to also represent a transformation of cootdinates. 
However, the main difference between methods A and B is not the manner in 
which Eq. (2.152) is interpreted, Rather it is in the procedure used to carry 
out the calculation of [K] that the primary distinction lies. 

The transformation from element to structure coordinates, represented by 
Eq. (2.152), can be carried out either before or after combining the stiffness 
matrices corresponding to the individual clements. In the preceding calcula- 
tions the individual clement stiffness matrices were first combined to form the 
composite element stiffness matrix, and this matrix was then transformed into 
the structure stiffness matrix. However, it sometimes requires less computer 
effort to transform each of the element stiffness matrices individually into 
structure coordinates, and then combine the transformed matrices into a 
structure stiffness matrix, The latter procedure, which is usually referred to as 
the direct stiffness method, will now be illustrated. 

To obtain {K} for the beam in Fig. 2-23, transformation matrices are 
required for each of the two elements. These matrices are obtained from 
equations that relate the clement to the structure coordinates. Thus 


5. 10 0 O7f4, 
ő: 0 l 0 0 A; 
ô, = o o olla, = [B) IAL. (2.153) 
6 000 ILA. 
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and 
5 fi o o oſſa, 
„ e 1 O ee. (2.154) 
4 Jo o r olla, [8] 
CA 0 0 0 1. 


i i in the transfor- 
the transformation matrices [BI, and IB. The terms in t 
3 matrices are the direction cosines between the element and structure 
deformation vectors. Since these vectors coincide for jhe structure being 
considered, the transformation matrices are both identity matrices. 

The relationships between element and structure deformations given by 
Eqs. (2.153) and (2.154) are of course identical to those given by Eq. 3 
The only difference is that these relations are now considered to be transfor- 
mations of the deformation vectors from one coordinate system to another, 
whereas they were previously looked on as being equations of deformation 
compatibility. 

Using — transformation matrices [8], and IBI, and carrying out the 
operations indicated by Eq. (2.152) on each of the two element stiffness 
matrices [k],, and [k], one obtains 


A A; A; A. 


is 6 B $ 
„ 
6 6 
nad 4 2 * 
Ul. - „ 5 459 
71 ‘Bp 6 12 6 ly 
wE te Ti" 
6 6 
-4 2 T 41M, 
A; A. As As 
S B _& 
TEEL 
6 E 321m 
Er TF (2.156) 
Kl. = 7 12 6 12 Gly 
F E Tl 
— 2 4 4 | W; 


The stiffness matrix [K] of the entire structure is now constructed by com- 


= 
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bining IX L, and IX li, that is, by placing the individual terms from IXIL. and 
[K] into their correct position in the matrix [K]. The row and column of [K] 
into which any term from IXI, and IX li, goes is indicated in (2.155) and 
(2.156). These designations are obtained from the law of matrix multiplica- 
tion. The row and column of any term in IXI. is obtained from the corre- 
sponding row in IB. and the corresponding column in II 

Combination of IX L, and [K],, in the manner described leads to 


A, A; A; A. A; A. 
2 4 12 f 
ey ye em 
6 6 N 
=T 4 F eje Ole, 
fe Ca a 22 
a n 
14 = * hg pe (2.157) 
— 2) @ gt & gly 
. 
o - $ y 7. 
0 0 ee 2 + ajv, 


The dashed lines indicate the manner in which the element matrices have been 
combined to form the structure matrix. Whenever a term such as W, Ay 
appears in two element matrices, the corresponding terms in the structure 
matrix is equal to the sum of the former, The structure stiffness matrix 


formed by superposing element matrices is of course identical to the one given 
in (2.144), 


Structure Deflections and Element Forces 


Equation (2.157) relates all possible structure nodal displacements to the 
corresponding structure node point loads. Before attempting to solve for any 
of these displacements, it is convenient to distinguish between those that are 
unknown and those that are fixed as a result of the boundary conditions, This 
is accomplished by rearranging and then partitioning the deformation matrix 
[å] into two submatrices [A], and [A],. Included in [AL are the unknown nodal 
displacements and in [A], the nodal displacements prescribed by the boundary 
conditions. The load matrix [W] and the stiffness matrix [K] are then rear- 
ranged and partitioned accordingly. Thus 


Fel ara Fe e 


warm regards: Haider.sa@ gmail.com 


132 Approximate Methods of Analysis Ch. 2 
in which the submatrix [W], contains the loads corresponding to the unknown 
nodal displacements and the submatrix [W], the reactions at the known nodal 
displacements. 

In many problems the nodal displacements prescribed by the boundary 


conditions are all zero. Equation (2.158) can then be separated into the 
following two relations: 


[W] =I. HA.] (2.159) 

and [W] IX. MA.] (2.160) 
‘If one multiplies both sides of Eq. (2.159) by IX. I -!, one obtains 

[A] = [Ko] W] (2.161) 


from which the unknown nodal displacements [A.] can be determined, Once 

LA. ] has been obtained, the reactions [W,} can be found using Eq. (2.160), 
For the fixed-end beam in Fig. 2-23, A, = A, = A, = A, = 0. Con- 

sequently, A.] consists of A, and A., and Eq. (2.159) takes the form 


rae . 


(2.162) 
Inverting the stiffness matrix and noting that W, = 0, one obtains 
A; t fF OTP, 
La- ale sle] * 
from which the midspan deflection A, is found to be 
3 3 


Having obtained [A.]. the reactions I can be determined using Eq. 
(2.160). Thus 


(2.165) 


# 


0 


& 
~ 
= 
n sa n Ha 
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and the fixed-end moments W, and W, are 


6EI WP Wa WL 
. = E ET af == (2.166) 
6EI WP Wil _W,L 
and * = J JET m = = — (2.167) 


In the preceding pages the matrix stiffness method has been used to obtain 
the deflection and reactons for a simple beam in bending. As a rule, matrix 
methods are intended to be used to analyze complex structures. The deflec- 
tion of a simple beam should obviously be obtained by traditional procedures 
and not by matrix analysis. However, a relatively simple problem is especially 
well suited for illustrating basic principles. It is with this object in mind that 
the preceding problem, as well as those that follow, is presented. 


2.14 MATRIX STIFFNESS METHOD— 
COMPRESSION MEMBERS 


Introduction 


The stiffness method utilized in Article 2.13 to analyze a flexural member 
will now be used to study the behavior of a member that is subject to axial 
loading as well as bending (Ref. 2.5). Within the limitations of small displace- 
ments and clastic stresses, the stiffness of a flexural member is a constant, and 
the linear relationship [Q] = [K][A] describes its behavior. By comparison, 
the stifness of a member subject to both axial load and bending is a function 
of the axial load. It will later be demonstrated that the ſorce-deſlettion 
relation of such a member takes the form 


[Q} = ([K} + lx, al (2,168) 


in which [Q] contains the transverse loads that cause bending, [A] contairis the 
corresponding bending deformations, and P is the axial load. The stiffness 
matrix in this equation consists of two parts, [X], the standard stiffness matrix 
of a member subject only to flexure, and [K,], a matrix which accounts for 
the effect that the axial load P has on the stiffness of the flexural member. 
Equation (2.168) can be used to obtain the deflection of a beam column, 
In addition, the equation can be used to obtain the critical load of an axially 
loaded member. By definition, the critical load is that axial load at which the 
bending stiffness of the member vanishes. Rewriting Eq. (2.168) in the form 


[A] = {{K] I, (0) 
it becomes obvious that the bending stiffness vanishes; that is, IA] increases 
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i of the stiffness 
į of (Q) only when the inverse © as 
pares giorria Sine the inverse ae „ 
matrix becomes ! ix by the determinant, the inverse 22 
rig paren mini critical load can thus be found by setting the 
rmi g 
re of the stiffness matrix equal to zero 


Element Stiffness Matrix for Beam Column 


ts U 


z 2 
Element forces + 8 y 
a i, 22 a 
P Element deformations 
|a, |s Y 
rem (o) 
to) 


Fig. 2-25 Beam column element forces and displacements. 


i find a matrix relationship 
i in Fig. 2-25. It is our purpose to regen 
reat so to hp the deformations lo] in the 3 ROT 
san the deformations are small and the mat 3 
E eee corresponding to a given set of loa 
law, the 


d of stage two, the 
i one as well as at the en 0 ! 
eee = — e the strain energy not only for the bree ae 
eee eee a two by itself. The external work correspo 

ocess bu 
ie second loading stage 1s 


w, = H+ F for * 


the second 

k of the lol forces and 

i i term represents the wor 233 

3 a to P. Since ee ene . e ce 
i ing, the axial force ia 

oe work if it is a tension force. The strain energy 


| 


be given by 


The choice of a deflection function is an extremely important step. A cubic is 
chosen in this instance because such a function 

constant shear and lincart 

clement. Taking the coo 


the boundary conditions for the element are 


Substitution of these conditions into 
the four arbitrary constants and to 
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member during stage two is duc only to bending. Thus 


U= f Pax 


(2.170) 
Equating the strain energy to the external work Bives 
Fla) + 2. (y) dx = 2. (y"}? dx (2.171) 


Making usc of the relat ionship [q] = 


lol. in which [A] is ine element stiffness 
matrix, Eq. (2.171) becomes 


(TUNE) = £1 f (9°) ax — Pf" OA 


To evaluate [A], it is necessary to 
into matrix form. This can be accom 


(2.172) 


put the right-hand side of Eq. (2.172) 
plished if the deflection y is assumed to 


Y= A+ Bx + Cx? + Dx? (2.173) 


salisfics the conditions of 
y varying bending moment that exist in the beam 
rdinate axes in the directions shown in Fig. 2-25b, 


J —ĝ,, 
y= —ő;, 


yY =ô atx=0 
y=d, atx=/ 


Eq. (2.173) makes it possible to evaluate 
obtain the following expression for * 


„. tiat re By ht ba 


(2.174) 
pith og A — 51) 3 
Equation (2.174) can be rewritten in matrix form as 

ô, 
NE 2x? 2 3x?\/x) 32 
„=== E 8 
5, 

(2.175) 
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or y = [A}fd] 
Differentiating the expression in (2.175) gives 
y = [C18] (2.176) 
and y" = [DYS] (2.177) 
in which 
-C- -- F- er-) am 
-- em 
In view of (2.176) and (2.177) one can write 
O'Y = [FICCI] (2.180) 
and OF = (SF TD TOYS) (2.181) 


Substitution of these relations into (2.172) gives 


(SANS) = (AP {er f (OPT) dx — P |" (CFIC) aua 
from which 


1 Er f 8 [DFID] dx — P . cel (2.182) 


Using the expressions given in (2.178) and (2.179) for [C] and [D] and 
carrying out the operations indicated in (2.182), one obtains 


12 6 12 6 6 1 6 ! 

CF 7 N ¥ “0 „ 10 

6 4 6 2 1 2 l 1 

k] E — em T “7% B to 30 
12 6 12 0 6 l 6 1 

e se ee: p -7 tt FT 10 

6 2 6 4 | U l 21 

E £m E TA 6 B 

(2.183) 


Equation (2.183) gives the stiffness matrix of a beam column element. The 
matrix consists of two parts: the first is the conventional stifness matrix ofa 
flexural element derived in Article 2.13, and the second is a matrix repre- 
senting the effect of axial loading on the bending stifness. The latter matrix 
is sometimes referred to as an initial-stress stiffness matrix, As the name 
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implies, this matrix accounts for the influence that an initial constant axial 
load has on the subsequent bending characteristics of a member. The matrix 
was derived for an axial compression force. It could serve equally well for a 
member with an initial tension force if the sign preceding the second matrix 
were changed from minus to plus. 

Calculations involving the stiffness matrix of a beam column element are 
considerably simplified if every term in the matrix has the same dimensions. 
This can be accomplished by modifying the force and displacement matrices 
so that the terms in the former all have the dimension of force and those in the 
latter the dimension of distance. Thus 


r 
qi > G S W 
* 12 —6 —12 —6 2 1 1 ]ff4 
I e- 4 6 2] pli B W 53,7 
ar i-a 6 2 eA Te w saia 
4s ag 2 em 5 © F Wills, 
= ae 
uC RM TO B 
(2.184) 


This form of the stiffness matrix is especially useful when the stiffness matrix 
must be inverted. 


Calculation of the Critical Load 


As an illustration, the stiffness method will be used to determine the 
critical load of the column shown in Fig. 2-26. The member has a length L 
and a uniform flexural rigidity E/ and for the purpose of the analysis is 
subdivided into two elements, The positive deformations and the corre- 
sponding forces, for both the entire member and the individual elements, are 
defined in the figure. 

The stiffness matrix of cach element can be constructed in accordance 
with Eq. (2.184), Hence 


6, bf ô ôl 6 ól 6, 4. 


é a ip. 4 
12 —6 —12 —6 $ “| =; 10 f, 
8 a d l 
ll. = E! == = 1 2 23 © TF HW 30 12 
Pl 12 én # 2 2 ee 
> OH F P|” 
* 1 l 1 2 
t 2 §.4 -0 -5  is|% 
(2.185) 
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a sh na 
| We, Ag 97.5, 
PIT T Wy. Os 
185 
ag 86 — 
Ma, ôa — . 
L,EI b Wy, ôy 3 
a 95.5, 
x t= 
IL dal. 
s ate — 
fe Wa: Og aw) apê, 
0 0 
Fig. 2-26 Nodal forces and displacements for a column. 
6, 6% 5, ôl 6, ól 6; o ! 
l 6 I 
12 -6 —12 —6 £ —— = 10 7 
l 2 1 l 
* i Te A 
W N -12 un 6 -%4 b $ blo 
i l i l 2 
+: E3 | m pY 


(2.186) 


i i i ill be obtained by 
i structure stiffness matrix for the entire column wi 
ee the individual element stiffness matrices from er 
structure coordinates and then combining the resulting matrices. 
transformation matrices that relate the structure deformations to the elemen 
deformations are 


6, ôl ô, ĝl 
10 0 07A. 
10 Olsi 
(Blas = 0 0 t OO} A, 
0 0 0 IA! 
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, ól ô, 6, 

1 0 0 A; 

0 OL AJ 
and [8]. = 0 0 i 

0 1j ål 


Carrying out for cach clement the transformation of coordinates in accor- 
dance with (2.152), one obtains 


co — 
O- oO 


* Og AS ay 4% A . gi 
a 5 10 -$ 501 „. 
44 
2 6 2 6 + p $ tim 
sae Lag 5 ale 
(2.187) 

eae ay tig G ar ee ay 
1% <6 ~ ~% $- -$ -p| „. 
m e a edb 
fW © w i -7 p $ br 
wa sal Lag 5 50% 
(2.188) 


Since the transformation matrix fo 


r cach clement is an identity matrix, the 
transformation from eleme 


nt to structure coordinates does not bring about a 
change in the magnitude of any of the terms inside the stiffness matrices, 
However, these terms now represent structure loads per unit structure defor- 
mations, whereas they represented element forces per unit clement deforma- 
tions before, Accordingly, the row and column designations in (2.187) and 
(2.188) are A and W, whereas they were & and g in (2.185) and (2.186). 
Superimposing the matrices in (2.187) and (2.188), one obtains the 
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structure stiffness matrix for the entire member. Thus 


W, 12 —6 -12 -6! 0 0 
Ha A i 2B «ews 
W, 7 zr —12 i 24 * aif 
E -6 21 0 si 62 
W, 0 0 1 6 É 6 
75 E CERE 
E on ae 
s i eo e 
-0 B b 5 „ o [, 
6 a 7 9 pE 10 A 
2] 3 Wr 3 (2.189) 
4 11 411 I : 
~~; 9 gi m || a 
a aaa i A g 1 
% ie we S wie 
eat oa 1 2 
0 925 0 TH gâr 


This matrix is valid ſor any boundary conditions. Using it, the critical load 
will now be determined for both a fixed-fixed and a hinged-hinged member. 


1. Fixed-fixed column 


For a fixed-end column, all A’s with the exception of A, vanish. Con- 
sequently, the stiffness matrix given in (2.189) reduces to 


m= (ELBA 0 
ſrom which 
* ET- A (2.191) 
7 


At the critical load the bending stiffness of the member vanishes; that is, 
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A, becomes infinitely large for finite values of W,. Hence the quantity inside 
the parentheses must vanish at the critical load. That is, 


24E 12 P 0 
POT 
from which 


7. = 19E! = ORI (2.192) 


The exact solution to this problem is Pa = 394 EILE. 


2. Hinged-hinged column 


For a hinged-hinged column, A, = A, = A, = 0. Crossing out the 
columns and rows of the stiffness matrix corresponding to the zero deforma- 


tions gives 
1 i 5 
w. 0 
7 4 6 o B 1 A 
W, |= 506 24 -s|- lh R -b re 
w. = % . Asl 
1 21. 
T n 


By recognizing that A, = —A,, the stiffness matrix can be further reduced to 


mi 
W. 
E4 6) eis TOllray 
. f 2 7 1 12 bal Ge 
3 SF. 


As in the previous example, the criterion for finding the critical load is that 
the bending stiffness must vanish, or the inverse of the stiffness mutrix must 
blow up. Hence the denominator of [K I, which is the determinant of IX]. 
must be equal. to zero. That is, 


4EI_2P SEI P 
Ps PW 


zz (2.194) 
I2El PI 24E} 12P 
eg ee 


To simplify the numerical computations, divide each term by E/ and 
introduce the notation 
125 
= SET 


warm regards: Haider. sa & gmail.com 


142 Approximate Methods of Analysis 


Equation (2.194) then takes the form 


4-31 6-4 
12— 4 24 — 124 


0 (2.195) 


Expansion of (2.195) leads to the equation 


7.54 — 522 + 24=0 


whose smallest root is 2 = 0.49. This gives 


p, = 24SEI f 


ee Se (2.196) 


The exact value of the critical load is of course 9.87 E//L*. 


References 


2.1 


2.2 


2.3 


2.4 


S. P. TIMOSHENKO, Ihe Collected Papers of Stephen P. Timoshenko (New York: 
McGraw-Hill Book Company, 1953), p. I. 


M. G. Satvaport and M. L. Baron, Numerical Methods in Engineering, 
2nd ed. (Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1961). 

W. G. Bicxtæv. “Finite Difference Formulae for the Square Lattice,” Quarterly 
Journal af Mechanics and Applied Mathematics, Vol. l, 1948. 

M. G. Satvavort, “Numerical Computation of Buckling Loads by Finite 
Differences,” Transactions, ASCE, Vol. 116, 1951. 

H. C. Martin, “Large Deflection and Stability Analysis by the Direct Stiffness 
Method,” Jet Propulsion Laboratory, California Institute of Technology, 


Pasadena, Calif., Technical Report, No, 32-931, Aug. 1966. 


Problems 


24 


2.2 


Determine an approximate value for the critical load of an axially loaded 
column, hinged at one end and fixed at the other, using the energy method. 
Approximate the deflected shape of the column by the deflection curve of a 
uniformly loaded beam whose boundary conditions are the same as those of 
the column. 


Using the energy method, determine an approximate value for the critical load 
of the column shown in Fig. P2-1. 


(a) Use the energy method to determine the critical load of a hinged-hinged 
column that is supported along its entire length by an elastic foundation, as 
shown in Fig. P2-2. As the column deflects the foundation exerts a force of 


24 


Fig. P2-1 


Fig. P2-2 


B pounds per unit length per unit lateral deflection on the column. Assume 
that the deflection of the column is given by the infinite series y m 


Te. a. sin(nzx//). 
[a = (m+ aer) 


(b) Plot a curve of P.,./P, versus flap. and use it to discuss the variation of the 
critical load and the mode shape with the stiffness of the foundation $, (Hint: 
To obtain the desired curve it is necessary to determine the number of half. 
waves m that lead to the minimum critical load for any given value of B. This 
can be accomplished by letting m take on successively higher valucs, starting 
with 1, and plotting the critical load versus f for cach case.) l 


Determine an approximate value for the critical load of a hinged-hinged 
column whose moment of inertia varies linearly from 1 to 4% as shown in 


Fig. P2-3. Use the energy method and assume that the defiecti i 
papara ion is given by 


(ro = 3584 


F i 
| I 
| âl, 
Fig. P2-3 lp 


j 
i 
L. 
$ 
Í 
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2.5 Solve Problem 2.4 using the method of finite differences. Obtain solutions with 


2.6 Solve Problem 2.1 using the matrix method. Divide the member into two ele- 


2.7 Solve Problem 2.2 using the matrix method. Divide the member into two ele 


3 
BEAM COLUMNS 


3.1 INTRODUCTION 


Beam columns are members that are subjected to both bending and axial 
compression. The bending may be caused either by moments applied to the 
ends of the member, as indicated in Fig. 3-1a, or it may be due to transverse 


— pin, 
_ (a (b) 
Fig. 3-1 Beam column, 


loads acting directly on the member, as shown in Fig. 3-1b. Thus I 
members in rigid frames that are both bent and are beam columns. 
The eccentrically loaded column investigated in Arti 1.11 was in essence 
also a beam column. However, our concern at that time was different from 
what it is now. The reason we studied an eccentrically loaded member in 
Article 1.11 was to learn what effect small amounts of bending, caused by 
; unavoidable imperfections, have on axially loaded columns. By R 
. we are now concerned with members where both the bending and the axial 
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compression are due to intentionally applied loads. In other words, bending 
is now a primary effect, whereas in the analysis of the eccentrically loaded 
column it was a secondary effect. 


3.2 BEAM COLUMN WITH CONCENTRATED 
LATERAL LOAD 
Let us begin by considering a simply supported member of length I that is 


simultancously acted on by a transverse load Q and axial forces P, as shown 
in Fig. 3-2. It is nee that the material behaves according to Hooke’s law, 


i 


P< P 
— * | 
— — 
F Y 
| N} + 
s | 
2 g Fig. 3-2 Beam column with con- 
centrated load. 


that deformations remain small, and that the member is laterally braced so 
that it can only bend in the vertical plane. The case of a member that is not 
braced in this manner and which can therefore bend laterally as well as verti- 
cally is considered in Chapter 5. 

- If the coordinate axes are taken as indicated in the figure, the external 
moment, at a distance x from the origin, is 


M= 4 Py 
Equating this expression to the internal resisting moment — Ely" gives 
BITS U 
d Gx 
or 22 ge (3.1) 


in which 
ead (3.2) 


t 


. J. 
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The general solution to Eq. (3.1) is 
y= A sin kx + B cos kx — QF 63) 


where A and B are arbitrary constants, The boundary condition 


y=0 atx O 
leads to 


3 O 


and from the condition that 


2 =o atx = 


one obtains 


A= toca 


Substitution of these results in Eq. (3.3) gives 


S sin kx = kx] (3.4) 


Instead of considering the deformation of the entire member, it is con- 


venient from hereon to limit our attention to th i 
Letting x = //2 in (3.4), one obtains 818 


Jäi le Ge -4r 


or 3 280 (tan u— u) (3.5) 
where u= kl 
> (3.6) 


Multiplying and dividing the expression in (3.5) by A gives 


E Tf (tan u — u) 


ji 3 * 
A gpp lan u- „) (3.7) 


p? Atan s — u) 
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The left-hand factor in this relation is the deflection that would exist if the 


transverse load O were acting by itself. Accordingly, we introduce the notation 


i= 10 (38) 
4 — (3.9) 


To further simplify the expression for ô, let us make use of the power series 
expansion of tan u, which is 


and rewrite Eq, (3.7) as 


tan = ut Zud 28 TN 


Substitution of this series for tan u in Eq. (3.9) gives 


5 = d(I tet +--+) (3.10) 
In view of (3.2) and (3.6) 
P Prè P 
* H 246. (3.11) 


and Eq. (3.10) can be rewritten as 


ô= 5.0 + 0.984 5 + 0.998 (=) + —4 


or very nearly 
b= 5.01 + a + (Ey ＋ ‘| (3.12) 


Since the sum of the geometric series inside the brackets is Ij[1 .J. 
(3.12) reduces to 


ô= 5. .) (3.13) 


Equation (3.13) approximates very closely the maximum deflection of a 
simply supported member that is simultaneously bent by a transverse load Q 
and an axial force P. The equation indicates that the maximum deflection of 
the member is equal to q,, the maximum deflection that would exist if only Q 
were acting, multiplied by an amplification factor that depends on the ratio 
TI Fus The effect of the axial load is thus to magnify the deflection that would 
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exist in the beam if it, the axial force, were not present. Equation (3.13) also 
shows that the deflection of the beam column increases without bound as 
I/ P., approaches unity. In other words, the resistance of the member to 
lateral deformation vanishes as the axial load approaches the critical load. 
It is thus possible to determine the critical load of a member by finding the 
axial load at which its bending stiffness vanishes. 

Having made some general observations regarding beam columns, let us 
now consider in detail their load-deflection characteristics. In Fig. 3-3a the 


hd be) 


to) 
Fig. 3-3 Beam column load-deſſection characteristics. 


variation of & with Q, as given by Eq. (3.13), is shown plotted for P = 0, 
P=0.4P,,, and P = 0.7P,,. Since the bending stiffness of a member is 
proportional to the slope of its load-deflection relation, these curves Clearly 
demonstrate that an increase in axial load produces a decrease in bending 
stiffness. The curves also show that the relation between Q and 6, which we 
know to be linear when P = 0, remains linear even when R + 0, provided P 
is a constant. However, if P is allowed to vary, as is the case in Fig. 3-3b, the 
load-deflection relation is not linear. This is true regardless of whether Q 
remains constant (solid curve) or increases as P increases (dashed curve). The 
deflection of a beam column is thus a linear function of O but a nonlinear 
function of P. If both P and Q increase simultaneously, the load- deflection 
relation is nonlinear. 

Having determined how the presence of an axial load affects the lateral 
deflection-of a transversely loaded member, we shall now consider how the 


bending moment is affected by axial compression. The maximum bending 
moment in the member is 
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which, in view of (3.8) and (3.13), can be written as 
1 1 l 
Man =F r- = 


or a rib Si 1E FD | 6.19 


Simplifying the term inside the bracket gives 


1 -Gf P 0.82PIP., TN l 
from which 


77 2 gı 1— . 2 (3,16) 


T= CFP.) 


The left-hand factor in (3.16) is the maximum moment that would exist if no 
axial force were present. Thus, letting 


Me m Ql (3.17) 
the maximum moment in the beam column can be given as 
Mas: = 1 , Oar 6.18) 


Equation (3.18) shows that the effect of axial compression on the bending 
moment is very similar to the effect that an axial load has on the deflection. 
Like the deflection, the moment that exists in the absence of axial compression 
is amplified by the presence of an axial load. It is also interesting to note the 
similarity between the amplification factor for moment and the corresponding 
amplification factor for deflection. 


3.3 BEAM COLUMN WITH DISTRIBUTED 
LATERAL LOAD 


Let us now consid 
uniformly distribut 
Fig. 3-4. As before, we assume that the material obeys Hooke's law, that 
deformations remain small, and that the member is restrained against lateral 
buckling. In Article 3.2 the investigation was carried out by setting up and 


the case of a simply supported member bent by a 


lateral load w and a set of axial forces P, as shown in 
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— 


Fig.3-4 heam column with laterally 
distributed load. 


* 
solving the governing differential . illustrate an alternative 


method of analysis, we shall now use the Rayl@igh-Ritz method. 

In a beam column, bending and axial compression usually proceed 
simultancously. However, the bending deformations can be assumed to be 
independent of the axial deformations as long as deformations in general 
remain small. The analysis of a beam column by the energy method is there- 
fore similar to the analysis of an axially loaded member. That is. the energy of 


axial compression is omitted and onl bending en i : 
Article 2.2). y g energy is considered (see 


The strain energy that is stored in the member as it bends is 
= EI [' (dy 
reog J (Ga) 4 
and the potential energy of the external loads is 
+ t 
V = -sf dx — P i dy\* 
r- %) ax 
Thus the total energy in the system is 


U+ J. GB) ~~ yit f. (h. (3.19) 


= Satisfy the boundary conditions, the deflection Y is assumed to be of the 
orm A 


= ein 7 (3.20) | 


where ô is the midspan deflection, Substitution of thi as „ 
(3.19) gives is expression into Eg. 


(3.21) 
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To evaluate (3.21), we make use of the following definite integrals: 


jä sin? a dx = J. dx = + 


f sin F dx — u 


Thus Eq. (3.21) becomes 


EI nt  2wdl  Pd*x? 


For the system to be in equilibrium the derivative of U + V with respect to 
5 must vanish. That is, 


U + — Eloͤn ! 5 A/ = od = 
2 N a 
from which 
122 ea 


If the numerator and denominator of (3.23) are multiplied by 5/384E/, one 
obtains 


5 — Swit 186K 
384E Sn Ela NN 


which reduces to 


3 Wi 1536 1 
Wa Sa’ 1 — (PIP) 


or very nearly to 
; Swit l 
' ó= EN (PIP..) 9 


The left-hand factor in this relation is the deflection that would exist if the 
lateral load w were acting by itself. Thus we let 


8 Swit 


38477 (3.25) 
and rewrite (3.24) as 
5 6. U (3.26) 
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Equation (3.26) gives the maximum deflection of a simply supported beam 
that is bent simultaneously by a distributed transverse load w and axial forces 
P. Since the assumed shape for y was not exact, the deflection given by (3.26) 
is only an approximation. However, it has been shown by Timoshenko and 
Gere (Ref. 1.2), who solved the problem rigorously, that the approximate 
solution differs from the exact answer only slightly. 

The maximum moment in the member is 


a 15 + Pb (3.27) 


In view of (3.25) and (3.26) this expression can be written as 


wi? oel. l 
Mowe T EUT = IP, 


wit SPP U 
. Mow ="! + TRI 
Simplifying the term inside the brackets, one obtains 


5 |! + 103PIP rp | 


Man = [POR (3.28) 


The term outside the brackets is the maximum moment that would exist if no 
axial force were present. If one lets 


from which 


ite + (3.29) 


(3.28) can be written in the form 


Meu = Me! 1.085 ) 3.30) 


The maximum deflection of the beam column given by Eq. (3.26) arid the 
maximum moment given by Eq. (3.30) ate thus both equal to the product of 
two terms, the maximum deflection or moment that would exist if only lateral 
load were present and an amplification factor that accounts for the effect of 
the axial load. What is perhaps most significant in these relations is their 
similarity to the corresponding expressions for deflection and moment 
obtained previously for a concentrated lateral load. It is at least partially due 
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to this similarity that a relatively simple design criterion can be formulated 
for beam columns. 


3.4 EFFECT OF AXIAL LOAD ON BENDING STIFFNESS 
SLOPE-DEFLECTION EQUATION 


The slope-defiection equation provides a convenient way of expressing the 
bending stiffness of a member. The equation, which is derived in any standard 
text on indeterminate structures (Ref. 3.1), gives the moment M, induced at 
end A of a beam AB by end rotations @, and @, and by a displacement A of 
one end relative to the other. The equation usually takes the form 


Ma = Cia -+ C8, + Cå (3.31) 


where C Ci, and C, are stiffness influence coefficients. 

In conventional linear structural analysis, it is customary to neglect the 
effect of axial forces on the bending stiffness of flexural members and to deter- 
mine the constants C, Ci, and C, accordingly. It has been shown, in Articles 
3.2 and 3.3, that this simplification is valid as long as the axial load remains 
small in comparison with the critical load of the member. However, when the 
ratio of the axial load to the critical load becomes sizeable, the bending 
stiffness is markedly reduced by the presence of axial compression, and it is 
no longer reasonable to neglect this reduction in determining the stiffness. 

In this article, a form of the slope- deflection equation that includes the 
effect of axial compression on the bending stiffness will be developed. In other 
words, the constants A, B, and C in the slope-defiection equation will be 
evaluated for a member simultancously bent and axially compressed. It is 
convenient in making these calculations to deal separately with the joint 
rotations @ and the member rotation /,. Let us consider a single member of a 

“framework, shown in Fig. 3-5, on which axial compression loads are acting 
and whose ends have been rotated through angles @, and @,, thereby inducing 
moments M, and M, at the ends. Since joint translations will be considered 
separately later, it is assumed that the ends of the member do not translate 
laterally relative to one another. The coordinate axes are taken in the direc- 
tions indicated, and moments acting on the ends of the member and end 
rotations are assumed to be posjtive when clockwise, as in the slope- deflection 
Sign convention, 

The moment at a distance/x from the origin is 


M =M, + Py — (Ma + My) 
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Equating this expression to the internal resisting moment — Eld 
PE 88 


d? . ; 
or ot ke = Ft (F-1) +42 (3.32) 


where 


*y/dx*) gives 


2 
k= El (3.33) 


The general solution to Eq. (3.32) is 


— M 
7 A sin kx + Boos kx + Ma(* — 1) + Mex (3.34) 


where A and B are arbitrary constants, 
The boundary condition 


y=0 atx=0 
leads to 


M 
B = 2 
P 


and from the condition that 


„O atx=/ 
one obtains 


7 
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Substitution of these results in Eq. (3.34) gives In a similar manner, the rotation at end B of the member can be obtained. 
Setting x = / in Eq. (3.37) gives 
y= Ma (— Sk sin kx + cos kx + + — 1) 


naM M 
— My(_sinks , x) 9 „ — klese kl) + Že — Kt eot ki) 
“= oo E from which 
from which 
š : M M, 
»— Mafi _ „sinkl sin kx A. cos kl cos kx 8 = Maal — kl csc kl) + (1 — kl cot kl) 
eee ee PR ~ a 
M,(\ Kcos K ` ' 
+P- aa) ” 5. — 6, + s. ma 


Making use of the identity where K, $y, and ¢, are defined in (3.40) through (3.42). 
cos( — 5) = sina sin g + cos æ cos 8 


Solving Eqs. (3.39) and (3.43) for M. and Mg, one obtains 
and multiplying the numerator and denominator of the second term in each 


parenthesis of (3.36) by /, one obtains M, = EO. + 7 ) (3.44) 


* we Myf, _ klcos k(l — xy) , Maf, _ klcoskx 4 
* tl sin J+ 70 sin kl ) am and M, = K@ +e ) (3.45) 
` 7 
The end rotation at A is obtained by setting x = 0. Thus Letting 
0, = “fac. — kl cot kl) + 70 — kl ese kl) (3.38) a, = 87 % a, = 372) (3.46) 
If numerator and denominator in (3.38) are multiplied by J. and 4 Ef is (3.44) and (3.45) can be put into the same form as (3.31). That is, 
substituted for P, one obtains 
EI 
6. = uel — kl cot kl) + Nö — kl csc kl) F 
EI 
and My, = (a. 0, + 4,00 (3.48 
or 0. — Ha, = Meg, (3.39) ee Eee 
Equations (3.47) and (3.48) give the relation between end moments M, 
where K= a (3.40) and M, and end rotations h, and @, for a member subject to both bending and 
axial compression. Let us now consider for the same type of member the 
2. sie (1 — ki cot ki) (3.41) relation between the end moments and a relative joint displacement A. 


The deformation, shown in Fig. 3-6, is brought about by displacing the 

ends of the member relative to one another a distance A and keeping the end 

$= ! (kl ese kl — 1) (3.42) rotations 0, and , at zero. As a consequence of this deformation, negative 
Cp moments are induced at both ends of the member, Equating internal and 
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Fig. 3-6 End moments duc to rela- 
tive joint displacement. 


external moments, at a distance x from the origin, gives 
PxA 
erik + y= mi) + a 
kixA 
or 902 + ky = 20 — 1) $ — (3.49) 
where k? E. The solution to Eq. (3.49) is 
y= Asin kx + Boos kx + 4(2* — 1) 4 34 (3.50) 


From the condition that y = O at x = 0 one obtains 


B=% 
and letting y = A at x = / gives 
_ _ Mcoski +1 
ma: ta a 


Substitution of these results in Eq. (3.50) gives 


ink 2x _ 22 asi 
ya J 471 + cos kl) + cos kx + 28 115 6.50 


wie a iy A 
and y= [ASSIA + coskl)—ksinkx+F]4+4 3.52 
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Furthermore, the condition dyſdx = 0 at x = Í leads to 


o= Bf Koos kl + eos kt) — ksinkl +2] 4.4 


A MT &(sin? kl +. 2 kl k cos kl 2 
or T pA oe ed Saat] 69 


Making use of the identity sin? æ 4- cos? 


* = ] and multiplying the numera- 
tor and denominator of the first two te 


rms inside the bracket of (3.53) by J, 


one obtains 
* -M (—kl csc kl — kl cot kl + 2) 
from which 
+ = —MG, - 6, (3.54) 
If numerator and denominator are now multiplied by . + % one gets 
4 M $2 — 7 
15 S ~K * * 1 
or, in view of (3.46), 
1 KG. 14% (3.55) 


Equation (3.55) gives the relation between end moments and relative joint 
displacement when an axial load is present. Combining this expression with 
(3.47), we obtain the complete stiffness relation for a member that is subject 
to both bending and axial compression. That is, 


1 — Ib. + 084 — (e. + a$] (3.56) 


Equation (3.56) is the slope-deflection equation adjusted to include the 
effect of axial compression, In Chapter 4, we shall see how this equation can 
be used to determine the critical load of a framework. So that the equation 
can be used efficiently, numerical values of a, and a, calculated by Winter, 
Hsu, Koo, and Loh (Ref. 3.2) are given in the Appendix. | 

To see what Eq. (3.56) tells us about the effect of axial compression on the 
bending stiffness of a fiexural member, let us consider the variation of a, with | 
kl plotted in Fig. 3-7. The quantity a. can be shown to be given by 
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k= r JPR 
Fig. 3-7 Variation of bending stiffness with ratio of axial load to critical 
load. 


* 1 
K. . Eig. 


if @, and A are set equal to zero in Eq. (3,56). Thus a, is proportional to the 
moment M, that is needed to maintain a rotation @, when 9, A= 0. In 
other words, &, is a measure of the bending stiffness of the member. If the 
quantity kl is rewritten in the form 


t= tf EN Pn EN A 


where P, is the Euler load, it becomes evident that kl is a measure of the ratio 
of the axial load to the Euler load. The curve in Fig. 3-7 thus gives the varia- 
tion of the bending stiffness with the ratio of axial load to critical load. 
When &/ = 0, that is, when there is no axial load, a, = 4. This value of 
a, is used in routine structural analysis where the effect of axial compression 
on the bending stiffness is neglected. Between ki = 0 and ki = 4.49, a. 
decreases as k/ increases. The bending stiffness is thus reduced by an increase 
in the magnitude of the axial load. At kl = 4.49 or P = 2.04P,, a, = 0. The 
reason the bending stiffness vanishes at this load is that the member which we 
have considered up to this point is in effect hinged at one support and fixed 
at the other, and therefore has a critical load of P = 2.04P,. For values of kl 
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greater than 4.49, a, is negative, which means that the moment and the 
rotation are oppositely directed. Values of kl in excess of 4.49 correspond to 


3.5 “FAILURE OF BEAM COLUMNS 


Up to this point in our study of beam column i 

i ; $, we did not concern ourselves 
with the subject of failure, and it was therefore possible to limit the analysis to 
a Now, however, we are Specifically interested j 
the failure load, and, since failure involves yielding, it becomes necessary to 
introduce the complexities of inelastic behavior into the investigation, When 


consuming calculations, or approximate answers must be sought b i 

— — * — mak 2 
simplifying assumptions. In this article we shall study the failure of 3 
columns using the latter of these two approaches to the problem. 

r Let us consider the simply supported, symmetrically loaded member 
shown in Fig. 3-8a. The member is simultaneously bent and compressed by 


Fig. 3-8 Idealized beam column of 
Jerek. 


fc) 


equal end couples M and axial forces P. It has been demonstra 
: ted b 
(Refs. 3.3 and 3.4) that a closed-form solution for the load- defection oe 
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teristics, beyond the proportional limit, can be obtained provided the following 
assumptions are introduced. 


1. The cross section of the member is rectangular (Fig. 3-8b). 

2. The material is an ideal elastic-plastic material (Fig. 3-8c). 

3. The bending deflection of the member takes the form of a half- 
sinewave. 


The reason inelastic bending is difficult to analyze is that the relation of 
stress to strain varies in a complicated manner both along the member and 
across the section, once the proportional limit has been exceeded. It is with 
this problem in mind that Jezek introduces the foregoing assumptions. 
Assumption 3 makes it possible to predict the behavior of the entire member 
from a consideration of the stresses at only a single cross section, and assump- 
tions | and 2 greatly simplify the manner in which stress and strain vary at 
that one section. In addition to these major idealizations, the following 
assumptions are made: 


4. Deformations are finite but still small enough so that the curvature can 
be approximated by the second derivative. 


5. The member is initially straight. 
6. Bending takes place about the major principal axis. 


If the coordinate axes are taken as indicated in Fig. 3-8a, the external 
bending moment at a distance x from the origin is 


Muy = M+ Py : (3.57) 
This expression is valid regardless of whether the elastic limit of the material 
has been exceeded or not. The characteristics of the internal resisting moment 


do, however, depend on the state of stress in the member. As long as Hooke's 
law remains valid, the internal moment is given by the well-known relation 


1 -EISZ (3.58) 


To determine the relation between load and deflection up to the propor- 
tional limit, we equate (3.58) to (3.57). Thus 


M+Py= -EISZ (3.59) 
I ine deſiection is now assumed to be of the ſorm 


° „ = sin 7 (3.60) 
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the curvature can be written as 


d On? . ax 
Ta = —F sin 7 (3.61) 
Substitution of (3.61) into (3.59) gives 
a * „ ax 
M+ Y = ene sin 7 
which reduces to 
Eldx? 
M + Pô = =e (3.62) 
at midspan. i 
Assuming that M is proportional to P, we introduce the notation 
M ' 
e= P (3.63) 
and rewrite Eq. (3.62) in the form 
EIR? 
Ne + ő) = * 
or Ne + ô) = o. (3.64) 


where Pe Eli is the Euler load of the member. If both sides of (3.64) 
are divided by the depth / and the terms rearranged, one obtains 


— 3 
F 77 


or — NAS 


22 —1 (3.65) 
Oo 


where o P is the Euler stress and % = P/bhis the average axial stress, 
As long as stresses remain elastic, Eq. (3.65) gives the correct load- 
deflection relationship for the member. To determine the load at which Eq. 
(3.65) becomes invalid, one must consider the maximum stress in the member. 
That latter is 
P 
Oms = bh + 575 + 85 (3.66) 


or, substituting Pe for M and g, for P/bh, 


sig a, + Ser) ] (3.67) 
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The elastic load-deflection relation given by (3.65) becomes invalid when 
Gas as given by (3.67) equals the yield stress. 

Of the three expressions, (3.57), (3.58), and (3.60), used to determine the 
elastic load-deflection relation, only (3.58), the moment-curvature relation, 
must be revised when the elastic limit is exceeded. To determine the inelastic 
moment-curvature expression that is used in place of (3.58) in the inelastic 
range, let us consider the stress distributions depicted in Fig. 3-9. As indicated, 


. o~] I- oy- 
F 
t 
+ 
7 
HOE 
| . |- 0 
Stress distribution Stress distribution 
for small o@M/P for lorge ¢ = M/P 
to) (b) 
Fig.3-9 Stress distribution for beam column in inelastic range. (Adapted 


from Ref, 1,12.) 


two different distributions of stress are possible. If the ratio e = MJP is 
relatively small, yielding occurs only on the concave side of the member prior 
to failure. This case is depicted in Fig. 3-9a. On the other hand, if e is relatively 
large, both the convex as well as the concave side of the member will have 
started to yield before the maximum load is reached (see Fig. 3-9b). To 
simplify the analysis, we shall restrict Ourselves to small values of e and thus 
limit our concern to the stress distribution in Fig. 3-9a, 
Equilibrium of forces in the x direction gives 


P= b(a,5+ 9 — f) 


which, after dividing both sides by bh, can be written as 


a= plost E- Yf) 


(3.68) 


"E = e 


1 
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The distances c, d, and F are defined in Fig. 3-9a, and g, and g, are, respec- 
tively, the yield stress acting at the extreme fiber on the concave side of the 
member and the tensile stress acting at the extreme fiber on the convex side. 

The internal moment is obtained by taking the moment of all the forces 
about the centroidal axis. Thus 


A- EA -A- de 


Noting that f+ c + d= h, Eqs. (3.68) and (3.69) can be solved for c. After 
some fairly involved algebraic manipulations, which are not reproduced 
here, one obtains 


A 


om (3.70) 
g, —— 
2 —1) 
From Fig. 3-9a it is evident that 
e= 7 (3.71) 
where p is the radius of curvature. 
05 € 
Thus 47 — 2 (3.72) 
from which 
d? 0 
48 Er (3.73) 


Finally, substituting the expression for e given in (3.70) into (3.73) leads to 
2a,h4 (% — 1 y 
** — i g, 7) 
Gy — — im 
5 2 (% 1) — 5 
This is the inelastic moment-curvature relation that must be used in place of 
Eq. (3.58) once the stresses have exceeded the Proportional limit. 


In view of (3.57), (3.61), and (3.63), the curvature and moment at midspan 
are given by 


(3.74) 


60 = x 
and (Mu = Ne + ô) 
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Substitution of these expressions into (3.74) leads to 


LS --- 


„ ATC) -A- AI- hl) 09 


Since the Euler stress can be expressed as 


REl _ Eh? 
* 


Eq. (3.75) can also be written in the form 


1146.) — Ae), 040 


Equation (3.76) gives the load deſſection relation in the inelastic me ~ 
be used from the onset of yielding up to failure, — failure oce 
i es on the convex side of the mem er. : = 

Wn oro Eqs, (3.65) and (3.76) it is possible to paar the aeg 
load-deflection curve, from the beginning of loading to failure, for rant 
ber that falls within the limitations outlined at the start a the dees * aa 

As an example, let us consider a simply supported, 9701 gular, 
beam column with the following dimensions and properties: 


length / = 120 in. i 

radius of gyration r = | in. 
ratio of moment to axial load ¢ = 1.15 in. 
yield stress g, = 38 ksi 
modulus of elasticity E = 30 x 10° ksi 


Based on this data 
1 . = 2 Jin., 7 033 
WE 20.6 ksi 
wail o= Tine 20.6 i 


The load-defiection data for the clastic range, — 5355 
are given in columns | and 2 of Table 3. Ja. Se e singe ae 
values for g, and d/h listed in the table, the re waned non 

i i . (3.67). The latter is given in column 3 c : e 
8 that the maximum stress in the membet reaches x 


—— = 
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Table 3-1 Load-defiection data for beam column 


— 
l 2 3 i 2 
— 


0 Cmax Go 
(ksi) jh (ks!) (ksi) lh 
— — 
2 0.036 6.4 8.0 0.21 
4 0.080 14 8.5 0.24 
6 0.137 23 9.0 0.30 
8 0.212 4 9.1 0.35 
10 0.314 — 9.0 0.40 
12 0.463 — — 
14 0.710 — (b) Inelastic Range Eq. (3.76) 
16 1.150 — 


— 
(a) Elastic range Eqs, (3.65) and (3.67) 


yield stress, at approximately o, = 8 ksi. As a result, Eq. (3.76), the inelastic 
load~deflection relation, must be used to obtain deflections for axial stresses 
in excess of 8 ksi. The load—deflection data for the inelastic range, obtained 
using Eq. (3.76), are listed in Table 3-Ib. 

The entire load-deflection curve, including both the elastic and the 


inelastic portions, is plotted in Fig. 3-10. The solid line represents the actual 


behavior of the member. A dashed line denoting the invalid part of theelastic 


curve is also included for comparison. Up to g, = 8 ksi, the material obeys 
Hooke's law and the deformations are relatively small. However, as soon as 
yielding spreads beyond Ga = 8 ksi, there occurs a noticeable decrease in the 
stiffness of the member. This decrease builds up fairly rapidly until at approxi- 
mately o. = 9.1 ksi the member is no longer able to resist an increase in load. 
In other words, g, = 9.1 ksi represents the maximum load that the member 
can support. 

The results obtained here for a rectangular section and for a perfect 
elastic · plastic material are typical of the behavior exhibited by other shapes 
and other materials. However, the determination of the maximum load for 
most other sections and materials involves considerably more effort than was 
required to analyze the rectangular section with the perfect elastic-plastic 
material. In the majority of instances, closed-form solutions of the type 
Presented here are out of the question, and numerical methods are the only 
means available for obtaining the maximum load. One such numerical solu- 


tion for the maximum load of a structural-steel 1 beam is given by Galambos 
and Ketter (Ref. 3.5). 


In view of the fact that the determ 


ination of the maximum load of a beam 
column is invariably complex and ti 


me consuming, the load at which yielding 
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Fig. 3-10 Load-deflection curve for beam column, 


begins has often been used in place of the maximum load as the limit of 
structural usefulness. The load corresponding to initial yielding is an attrac- 
tive design criteria, because it is relatively easy to obtain and it gives a 
conservative estimate of the actual collapse load. However, it does have the 
disadvantage of being often too conservative. Fortunately, there has been 
developed an alternative semiempirical design criterion that is both accurate 


and relatively easy to use. This design criterion, the interaction equation, is 
considered in the following article. ý 


3.6 DESIGN OF BEAM COLUMNS 
INTERACTION EQUATION 


In Article 3.5 the collapse load of a beam column was calculated. To simplify 
: the analysis as much as Possible, a very idealized member was chosen, a 
_ rectangular section made out of a perfect elastic-plastic material. Nevertheless, 
` fairly lengthy and complicated calculations were needed to obtain the desired 

result. Had we attempted to determine the maximum load for some other 
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member, the calculations would have been even more complex and far more 
time consuming. The impracticability of obtaining the collapse load of a beam 
column by purely theoretical procedures and the need for an empirical design 
formula are thus self-evident, 

When a member is subject to a combined loading, such as bending and 
axial compression, an interaction equation provides a convenient way of 
approximating the ultimate strength (Ref. 3.6). Knowihg the strength of the 
member in both pure compression and pure bending and knowing that the 
member can resist less compression and less bending when both of these loads 
are present, then if either is acting by itself, one can estimate how much 
bending and compression can be resisted if both are present. Such an approxi- 
mation can then be verified experimentally. 

To develop an interaction equation for combined bending and axial 
compression, let us introduce the ratios P/P, and MIM,, where 


P = axial load acting on the member at failure when both axial com- 

pression and bending are present 

P, = ultimate load of the member when only axial compression is 
present, that is, the buckling load of the member 

M = maximum primary bending moment acting on the member at 
failure when both bending and axial compression exist; this 
excludes the amplification in the moment duc to presence of the 
axial load 

M, = ultimate bending moment when only bending exists, that is, the 
plastic moment of the section 


Let us now calculate the above ratios for the rectangular beam column 


analyzed in Article 3,5. For that member the axial stress at failure was found 
to be a, = 9.1 ksi and the Euler stress is Og = 20.6 ksi. Thus 


The ratio of the maximum primary moment at failure to the plastic moment 
of the section can be written in the form 


M eee 4o, e 
M, = ; = T, 7 
* 
Substitution of e/h = 0.33, % = 9.1, and a, = 34 gives 


M = x 9.1 x 0.33 
M, 3.0 


= 0.35 
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: : : f 
The ratios P/P, = 0.44 and M/M, = 0.35 give the maximum values o! 

P and M that the rectangular beam column with eh = 0.33 analyzed in 

Article 3.5 can resist. In Fig. 3-11 this result is shown plotted as point A ona 


cv 


Fig. 3-11 Interaction equation for beam column. 


aph whose ordinate is P/P, and whose abscissa is M/M,. Calculations 
similar to those leading to point A have been carried out by Jezek (Refs. 3.3 
and 3.4) for rectangular beam columns with various values of e/h, and the 
results thus obtained are tabulated by Bleich (Ref. 1.12). Points B and C in 
the figure have been plotted using these data. In addition to these results, 
depicted by square points, the figure includes three circular points giving the 
maximum loads for structutal-steel I beams and two triangular points that 
‘correspond to aluminum-alloy tubes. The data used to plotthe circular points 
were obtained by Galambos and Ketter (Ref. 3.5) using a numerical integra- 
tion method, and the failure loads represented by the triangular points were 
i rimentally by Clark (Ref. 3.7}. ane 
me lack of scatter exuibied by the failure loads plotted in Fig. 3-11 
indicates that in all probability a single analytical expression can be found 
which will predict the maximum load for a variety of different beam columns, 
Such a relation, which is also simple enough to be useful in routine engineer- 
ing, will now be developed. 
e It is fairly obvious that P/P, = 1.0 when M/M, = Oand that M/M, = 1.0 
when P/P, = 0. The desired curve must therefore Pass through the points 
(1, 0), (0, 1). The simplest expression that satisfies this criterion is the straight 
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line 


$ + 2 215 (3.77) 


depicted by the dashed line in Fig. 3-11. All the theoretically and experimen- 
tally obtained failure loads included in the figure fall below this curve. It can 
therefore be concluded that Eq. (3.77) gives an unconservative estimate of the 
maximum strength of beam columns and is not a satisfactory design criterion, 

The reason for the discrepancy between Eq. (3.77) and the actual failure 
loads is that M, in the equation, is only the primary part of the total moment 
that acts on the member. In other words, M does not include the secondary 
moment produced by the product of the axial load and the lateral deflection. 
It was shown in Article 3.2 that the presence of an axial load amplifies the 
primary bending moment roughly by the ratio /I — (P/P,)). If this factor is 
incorporated into Eq. (3.77), one obtains 


P M 

P, A =" * 
This relatic. is shown plotted as a solid line in Fig. 3-11. It is evident that Eq. 
(3.78) agrees much better with the actual failure loads than did the Straight 
line and that Eq. (3.78) appears to offer a satisfactory design criterion, 

Althoug:. agreement has been shown to exist between Eq. (3.78) and only 

a limited number of cases, Eq. (3.78) is actually able to predict the ultimate 
load for a large variety of situations. The equation is applicable to I beams as 
well as rectangular sections, and to aluminum as well as steel. Furthermore, it 
makes no difference whether the primary moment is duc to eccentric axial 
loading or to transverse loads or to a combination of the two. The only 
restriction is that the maximum moment occur at or near the center of the 
beam. Equation (3.78) is still applicable if this condition is not satisfied, 
However, a suitable factor must be introduced in the moment term of the 
equation (Ref. 3.8). In view of the fact that Eq. (3.78) is both simple to apply 
and remarkably accurate for a large number of different situations, it is used 
extensively e, a design criterion for beam columns. 


References 
3.1 J. I. Pancri and R. B. B. MOORMAN, Analysis of Statically Indeterminate 


Structures (New York: John Wiley & Sons, Inc., 1955). 


3.2 G. Winter, P. T. Hsu, B. Koo, and M. H. Lon, “Buckling of Trusses and 


Rigid Frames,” Cornell University Engineering Experimental Station Bulletin, 
No. 36, Ithaca, N.Y., 1948. 


warm regards: Haider. sa @ gmail.com 


172 Beam Columns Ch.3 


3.3 
3.4 
3.5 


3.6 
3.7 


3.8 


K. Jezek, “N&herungsberechnung der Tragkraft exzentrisch gedrückter 
Stahlstabe.“ Der Stahlbau, Vol. 8, 1935. 


K. Jezex, Die Tragfāhigkeit axial gedrückter und auf Biegung beanspruchter 
Stahlstube.“ Der Stahlbau, Vol. 9, 1936, 


T. v. Gatamaos and R. L. Ketter, “Columns Under Combined Bending and 
Thrust,” Transactions, ASCE, Vol. 120, 1955. 


F. R. Stadt. EV and E. I. Ryper, “Stress Ratios,” Aviation, Vol. 36, No. 6, 1937. 


J. W. Cark, “Eccentrically Loaded Columns,” Transactions, ASCE, vol. 120, 
1955. 


W. McGuire, Stee! Structures (Englewood Cliffs, N.J.: Prentice-Hall, Inc., 
1968). 


Problems 


3.1 


Obtain expressions for the maximum deflection and Maximum moment of a 
beam column whose ends are built in and that is loaded with a concentrated 
load at midspan as shown in Fig. P3-1, 


a 


p 
T ae 


~ — 
— — 


* 


| Fig. P3-1 


3.2 Determine the maximum moment for a beam column that is bent in a reverse 


curve as shown in Fig. P3-2, when 


| a | Fig. P3-2 


(a) P/P, = 0.2 

(b) P/P, = 0.8 

where P, = x7 E//L?, In view of the foregoing results, what can be concluded 
regarding the maximum moment in a beam column with reverse curvature? 


3.3 The load P at which yielding commences in the beam column shown in Fig. 


21. 
e e 


el Fig. P3-3 


Ch. 3 


P3-3 is given by the implicit relation 


o= 5 [1+ Sse (ESE) 
O, = O ~ 5 + pict en) 


derive the relation. 
The terms used in the relations are defined as follows: 
A = cross-sectional area 
c = distance from neutral axis to extreme fiber 
r = radius of gyration 
O, = yield stress 
Case = Maximum stress 


Noting that 
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BUCKLING 
OF FRAMES 


4.1 INTRODUCTION 


When considering the subject of column stability in Chapter 1, it was desir- 
able to limit our concern to individual members with very idealized boundary 
conditions, However, many columns found in actual engineering structures 
occur neither as isolated members nor are their ends hinged, fixed, or free. 
Instead, these members are usually part of a larger framework, and their ends 
are clastically restrained by the members to which they are attached. To make 
our study of columns complete, it is thus desirable that we consider the 
behavior of framed columns as well as the characteristics of isolated members. 

In a framework, the members are as a rule rigidly connected to one another 
at the joints. Consequently, no single compression member can buckle with- 
out all the members in the frame becoming simultane: t sly deformed. In 
other words, the elastic restraint at the end of a given co „pression member 
depends not only on the members framing directly into it but on cach and 
every member in the entire system. To obtain the critical load of one or more 
compression members that are part of a larger framework, it is thus necessary 
to investigate the stability of the entire frame acting as a single unit. 

In this chapter we shall consider several methods for obtaining the critical 
loading of a frame. This will be followed by a brief summary of approximate 
procedures for estimating the critical load of a framed column when a rigor- 
ous stability analysis of the entire frame is not warranted. 


174 4 
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4.2 MODES OF BUCKLING 


Let us begin the study of frame bucklin ideri ingle-sto 
- d g by considering the 
single-bay frame in Fig. 4-1. The external loads Pare ame. ‘eas dente 


N, 


— 


Sidesway permitied 
Fig. 4-1 Buckling modes of portal frame. 
over the columns so that ther 


frame prior to buckling. Wh 
into two categorics: those i 
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load this frame buckles as indicated by the solid line in the figure, It is self- 
evident in this simple structure that buckling takes place when the applied 
load is equal to the critical load of the columns. It is also obvious that the 
upper end of each column is elastically restrained by the beam to which the 
column is rigidly connected, and that the critical load of the column therefore 
depends not only on the column stiffness, but also on the stiffness of the beam. 
The problem is greatly simplified if we assume the beam to be infinitely rigid. 
The beam must then remain straight while the frame deforms (part a), and the 
columns can neither rotate nor translate at their upper ends, Under these 
circumstances the columns behave as if they were fixed at both extremities, 
and the critical load of the frame is equal to four times the Euler load of the 
columns. Alternatively, the beam can be assumed to be infinitely flexible. The 
beam is then unable to offer any rotational restraint to the upper end of the 
column (part b). In this case the columns behave as if they were fixed at one 
end and hinged at the other, and the critical load of the frame is approximately 
equal to twice the Euler load of the columns. 

For an actual frame the flexibility of the beam must lie somewhere between 
the two extreme conditions just considered. The critical load of such a frame, 
in which sidesway is prevented, can therefore be bracketed as follows: 


2P, < P., < 4P, (4.1) 


where P., is the critical value of the applied load and P, is the Euler load of 
the columns. 

The line of reasoning that has just been applied to frames in which 
sidesway is prevented can also be applied to frames whose upper joints are 
free to move laterally. 1f the beam is infinitely rigid, the frame buckles in the 
manner indicated in partc. The upper ends of the columns are free to translate, 
but they cannot rotate. Hence the critical load of the frame is equal to the 
Euler load of the columns. On the other hand, if the beam is infinitely flexible, 
the upper ends of the columns are free to both rotate and translate, as indi- 
cated in part d. In this case the columns act as if they were fixed at the base 
and free at the top, and the critical load of the frame is equal to one fourth 
the Euler load of the columns. The critical load of the frame whose upper 


joints are free to translate laterally must therefore lie between P, and 4P,. 
That is, 


1. 2 F., <P, (4.2) 


Comparison of the results in (4.1) for symmetric buckling with those given 
in (4.2) for sidesway buckling indicates that the load required to cause 
symmetric buckling is larger than the one needed for sidesway regardless of 
| ithe stiffness of the members. It can therefore be concluded that the portal 
: frame in Fig. 4-1 will always buckle in the sidesway mode unless it is laterally 
braced, in which case it must buckle in the symmetric mode. It has been shown 
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by Bleich (Ref, 1.12) that this conclusion is valid for multistory frames as well 
as for single-story frames. 


4.3 CRITICAL LOAD OF A FRAME 
USING NEUTRAL EQUILIBRIUM 


In Article 4.2 we discussed the qualitative aspects of the buckling character- 
istics of a single-story single-bay frame, Let us now, by means of the method 
of neutral equilibrium, calculate the critical load of such a frame. Depending 
on whether the frame is laterally restrained or not, buckling will take place 
in the symmetric or in the sidesway mode. We shall consider first the case of a 
laterally unrestrained frame. 


Sidesway Buckling 


The frame in Fig. 4-2a is fixed at the base and free to translate laterally at 
the top. It is assumed that the frame’s material behaves according to Hooke's 


lr |e —8— M v 
B 12. Elz 
12 a 


Fig. 42 Sidesway buckling, 
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law, that the deformations remain small, and that there is no primary bending 
present in the frame prior to buckling. To differentiate the column properties 
from the beam properties, the subscript | is used to denote the former and the 
subscript 2 to denote the latter. 

When the frame buckles it assumes the shape indicated by the solid lincs 
in Fig. 4-2a. The forces acting on each of the individual members when the 
frame is thus deformed are shown in Fig. 4-2b. It should be noted that the 
shears V that arise from the bending of the horizontal member are negiccted 
in comparison to the applied load P when dealing with the vertical members. 
Taking the cOordinate axes as shown in Fig. 4-2c, the equation of moment 
equilibrium for the vertical member is 


Eng 1 (4.3) 
or 4 + kiy = He (4.4) 
where ki = P/EI,. The solution of Eq. (4.4) is 
y = Asink,x + B cos kx + (4.5) 
From the condition 
y=0 atx=0 
one obtains 
Bun -4 
and the condition 
2 =Q atx = 0 
* 
leads to 
A=0 
= May cos k 4.6) 
Thus y FPU cos k,x) ( 


Denoting the horizontal displacement of the column at x = 1, by &, Eq. (4.6) 
can be rewritten in the form 


5 = Ma — cos k,l) (4.7) 
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Moment equilibrium of the member requires that 


M,+-M 
ô= * (4.8) 

Substitution of this relation in (4.7) leads to 
M, cos k,l, +M,=0 (4.9) 


A second equation, representing the equilibrium condition of the horizon- 


tal member, will now be derived. A i i ; 1 
n pplying the slope- deſſection relationship 


2 
My = F420, + 6) (4.10) 
or, since 0. = p, 
6EI 
Ma = T 05 (4.1 1) 


The compatibility condition at joint B requi i 
requires that @, as given b . (4.1 
be equal to the slope dy/dx at x = /, obtained from Eq. (46), a oe 


M, M 
Sh = Bb ne 


from which 


61 i 
kid, M. sin kil, — M. = 0 (4.12) 


Equations (4.9) and (4.12) are the equilibri iti 

Equa nd (4. equilibrium conditions for the frame. 
( rast a frame withn members would require n such equations. However, 
in this case, because the vertical members are identical, two equations suffice, 


To determine the stability condition, we set the determi 
(4.12) equal to zero. This leads to erminant of Eqs. (4.9) and 


tan k,l, Il 
E = 5. (4.13) 


The critical load is the smallest root of this equation. 
For cxample, let us suppose that ' 


l=h=1 
1. 1 
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For this case, Eq. (4.13) reduces to 


tan & . =! 
kl 6 
from which 
kl = 2,71 
7.34E7 
and Po = 2 2 


ITzhis is the critical load for a fixed · base portal frame free to move laterally at 
the top. It should be noted that this critical load does fall, as it should, between 
the limits established for the sidesway mode in Article 4.2. 

Symmetric Buckling 


If the frame is prevented from translating laterally at the top, buckling will 
occur in the symmetric mode, as indicated in Fig. 4-3a. The forces acting on 


(b) 


Fig. 4-3 Symmetric buckling. 
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individual members when this mode of buckling occurs are shown in Fig. 
4-3b. Moment equilibrium for the vertical member (Fig. 4-3c) requires that 


£1, 5% + PY = Ma — (Ma — Mf. (4.14) 
or a +kiy = 2770 = i) ri 25507) (4.15) 


where k? = NE The solution to Eq. (4.15) is 


y= Asin ki + Beoskyx + "(1 h (4.16) 
t 
From the condition 

y=0 atx=0 


we obtain 
B= -4 
and the condition 
2 =0 atx = 0 
* 
leads to 
„Mı M 
Ja 
Thus 


y N sin ix — cos Ki + t= 70 
+ 7 ( ns erin l) 


Since the upper end of the member cannot translate laterally 


(4.17) 


y=0 atx=/, 
and Eq. (4.17) reduces to 


M {sin k,l, — kyl, cos kyl,) K. — sin kil) = (4.18) 


As before, a second equation is obtained by considering the horizontal 
member. Applying the slope-deflection equation, we can write 


11. 7700, + 000 (4.19) 


warm regards: Haider.sa@ gmail.com 


182 Buckling of Frames Ch. 4 


or, since ĝe = 0 


8 250. (4.20) 


Compatibility of slopes at joint B requires that 8, of the horizontal member 
be equal to —dp/dx at x = /, of the vertical member. That is 
M. M,{1 l A 1 l 
155 — -t (F skih + k, sin kl, — 10 = (1 * cos %) 
from which ` 
Mdcos kil, + kil, sin kil, ) + M. (i cos kil, + 2715) 0 
3 


(4.21) 
To obtain the stability condition, we set the determinant of Eqs. (4.18) and 


(4.21) equal to zero, This leads to the equation 
2 200 N 4% Un f + 2 (sin ili 4 cos kil) 0 
422 
22 


The critical load is obtained from the smallest root of this equation. 
Setting J, = J, = I and l, = /, = in (4.22), one obtains 


kl sin kl A cos kl -+ (kl)? cos ki = 4 


from which 
kl = 5.02 
and Pa = BREF 


This is the critical load for a fixed-base portal frame whose beam has the same 
stiffness as the columns and that is laterally restrained. As previously pre- 
dicted, this load is considerably larger than the critical load for the same 
frame when sidesway is not prevented. 


4.4 CALCULATION OF CRITICAL LOADING 
USING SLOPE-DEFLECTION EQUATIONS 


In Article 4.3 the critical loading of a portal frame was obtained by writing a 
differential equation for the column and a slope deſlection equation for the 
beam and by solving these equations simultaneously. Although this procedure 
could, in theory, be used on any size frame, in actuality it becomes prohibi- 


Art. 4.4 


that sidesway is prevented and that the flexural 
cach member. Accordingly, the frame is complete 


eR Eijl is the same for 
half need be considered in the analysis. 1 


Numbering the different members as indicated 


in th ; 
K = Ei/l, the moments, according to Eq. (3.56), in the figure and letting 


are given by 
Ma, = K(a,,05) 

Maz = Kl. 0, + a 

Mac = K (4394 + a 

Meg = Kabe + ar03) 

Men = K(O.8c + 0/405) 


(4.23) 


Since the two horizontal members do not have any Primary axial loading 


Oa . =k 
Ar = A = 2 
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Furthermore, due to symmetry 
05 as —@, 
95 = — 62 
Thus Maz = Kl(a. 0% 
Maz = K(28,) 
Mac = Klana + a (4.24) 
Mes = Klabe + 7,0.) 
Mop = K(26-) 
The equations of moment equilibrium at joints B and C are 
Mag + Man + Moc = (4.25) 
Mes + Mco = 0 5 (4.25) 
Substituting the moments in (4.24) into these relations gives 
OA, + a., + 2) + Olar) = 0 (4.27) 
9. + e., + 2)=0 (4.28) 


To obtain the stability condition, we set the determinant of these equations 
equal to zero. This leads to 


(K. + )(. + an 2) — (an) = 0 (4.29) 


Using the values of æ and ki given in the Appendix, Eq. (4.29) can be 
solved by trial and error for the critical loading. Since k, = ./3PJET and 


k, El it follows that k, K, Z. A trial-and-error procedure even- 
tually leads to the result 


kyl == 3.55 
12.6£7 
and Ya = 5 


4.5 STABILITY OF A FRAME 
BY MATRIX ANALYSIS 


‘ethod used in Article 2.14 to analyze the stability of an indi- 
ession member has been shown by Hartz (Ref. 4.1) to be equally 
‘or determining the critical loading of an entire frame. As an 
let us consider the stability of the simple portal frame shown in 


U 
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Wd, 1202 
( — WA, 


` 


Structure forces ond deformations 


948 1 fasès aty ra 8, 
95, @ ) ESA 


O © 


%8, — SO udn 
9,8, anz 
Member forces and deformations 
(b) 


Fig. 4-5 Structure and member coordinates for portal frame. 


Fig. 4-Sa, Each member of the frame has a length / and stiffness EY, and the 
frame is fixed at the base, free to move laterally at the top, and loaded as 
indicated in the figure. For the sake of simplicity we let each member consist 
of only a single element. Positive element and structure nodal deformations 
and forces are defined in Fig. 4-Sb. 


In accordance with Eq. (2,184) the stiffness matrices for the columns are 
given by 


_ E a 3 

D mS i 

A 6 ana 4 

E A e 2 sth: SOURS 

l= UF) é ‘= et es oe b 
i —§ 2 6 « T GH F S 

8 E. 

“1 ~“% TT p 

(4.30) 
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and the stiffness matrix for the beam takes the form 


iS 26 a —é 
1 2 
ns 2 % 
4 


~§ 2 6 


(4.31) 


As indicated in (2.184), the coefficients in these matrices all have the dimen- 
sions of force per unit distance. 

To obtain the structure stiffness matrix, the element stiffness matrices are 
first trunsformed to structure coordinates and then combined. The transfor- 
mation from element to structure coordinates is carried out in accordance 
with Eq. (2.145). That is, 


[K] = IB. TI. II.] (4.32) 
in which IB. ]. the transformation matrix for the nth element, is defined by 
Eq. (2.141) as 

lo. LB. A.] (4.33) 


Accordingly, the transformation matrices for elements 1, 2, and 3 of the 
frame are 


(4.34) 


(4.35) 


0 1 O/6, 
A, A; A; 

0 ns, 
0 1 Oje 
0 0 0f6,, 
0 0 /s, 


[8,] = (4.36) 


Using these transformation matrices and carrying out the operations indi- 
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cated in (4.32), the stiffness matrices in (4.30) and (4.31) become 


0 
i i 
10 
4 2 
mF 4 o) (4.38) 
000 
0 o 
EI a plo 2 ! 
K. = 7 9 $ =7 D “T (4.39) 
9 6 12 91 E 
"9 oF 


The structure stiffness matrix obtai 


K ned by combining the transformed 
stiffness matrices is x N . 


t p 
8 2 —6 15 10 
EI 
E 0 5 0 — (4.40) 
1 gp i 
w 7 


—6 —6 24 i 
10 - 
If we let 
PP 
à= ET (4.41) 
the structure stiffness matrix reduces to 
* 8 — 44 2 —6 + 32) 
X= 77 2 8 — 44 —6 4.34 (4.42) 
—6 ＋ 34 —6 734 24 — 724 


At the critical load the determin 
Expanding the determinant of the 
expression equal to zero gives 


ant of the stiffness matrix must vanish. 
matrix in (4.42) and setting the resulting 


10801? — 45964? 51364 — 1008 = 0 (4.43) 
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The smallest root of this equation is 4, = 0.25 from which 


7.SEI 
P., = = 


This result is very close to the exact value of 7.34E//P obtained in Article 4.3 
for the critical load in the sidesway mode. 


4.6 EFFECT OF PRIMARY BENDING AND 
PLASTICITY ON FRAME BEHAVIOR 


i In the preceding articles the stability of frames was investigated assuming that 
neither primary bending nor inelastic behavior existed in the frame prior to 


buckling. Since one or both of these conditions are often not fulfilled in an 
actual frame, we want to briefly consider how the presence of primary bending 
and plasticity affects the behavior of a frame, 


Effect of Primary Bending on Elastic Buckling Load 


Ifa frame is loaded as shown in Fig. 4-6a, no bending is present in any of 
its members prior to buckling, and the frame remains undeformed until the 
critical load is reached (curve 1, Fig. 4-6c). By comparison, if a frame is loaded 
as indicated in Fig. 4-6b, primary bending is present in each member from 
the onset of loading, and the frame deforms in accordance with curve 2 in 
Fig. 4-6c. Frames of the latter type, in which primary bending is present 
prior to buckling, have been studied by Masur, Chang, and Donnell (Ref. 
4.2), Lu (Ref. 4.3), and Marcus (Ref. 4.4), In each of these investigations the 
same conclusion is reached: primary bending does not Significantly lower the 
critical load of å frame as long as stresses remain elastic. The only exception 
to these findings occurs when the beam is exceptionally long in comparison 
with the columns. In that instance, the presence of primary bending reduces 
the symmetric buckling load of the frame. However, frames with relatively 
tong beams are rarely encountered, and for the majority of cases it therefore 
appears safe to conclude that the effect of primary bending can be neglected 
in determining the elastic buckling load of a frame. In all this, it is important 
to underline the fact that primary bending is negligible only in the determina- 
tion of the critical loading of framed members and not in their design. When 
carrying out the design, the member must be treated as a beam column, and 
both axial compression and bending must be considered. 


Inelastic Buckling Load 


The maximum load that a frame can support is equal to the elastically 
determined critical load only if the stress does not exceed the proportional 
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P=P, G1) Elestic ~ no primory 
bending 


(2) Elestic — primary bending 


em — primary bending 


le) 
Fig. 4-6 Behavior of frames. 


limit at any point in the frame prior to buckling. If the proportional fimit is 
exceeded before instability occurs, the frame will fail at a load that is smaller 
than the elastic critical load (curve 3 in Fig. 4-6c). A rough estimate of the 
collapse load for inelastically stressed frames can be obtained if an interaction 
equation similar to the beam-column design formula is used. 

The ultimate load of a frame can never exceed cither the clastically 
determined critical load or the plastic mechanism load. If instability were the 
only factor leading to collapse, failure would occur at the critical load. On 
the other hand, if collapse were solely duc to plasticity effects, the frame would 
fail when it became a mechanism as a result of the formation of plastic hinges, 
Actually, however, both instability and plasticity are present, and collapse 
occurs due to an interaction of the two at a load that is lower than either the 
critical load or the plastic mechanism load. It has been proposed by Horne 
and Merchant (Ref, 4.5) that the following empirical relation, known as the 
Rankine equation, be used to predict this failure load: 


4 2 = 1.0 (4.44) 


where P, = failure load 
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P, = elastically determined critical load 
P, = plastic mechanism load 


It has been shown that the results obtained using Eq. (4.44) are usually 
conservative and reasonably accurate. A more precise value of the collapse 
load than the one given by Eq. (4.44) can unfortunately be obtained only by 
carrying out a lengthy and complex analysis for which a computer is an 
absolute necessity. Examples of such an analysis have been presented by 
Moses (Ref. 4.6), Alvarez and Birnstiel (Ref. 4.7), and Galambos (Ref. 4.8). 


4.7 DESIGN OF FRAMED COLUMNS 


A framed compression member may be loaded axially, in which case it is 
designed as a column or, as is more likely, it is subject to both bending and 
axial loading and must be designed as a beam column using an interaction 
equation. In either case, the critical load of the member is required, One way 
of determining the critical load is to carry out a stability analysis of the entire 
frame. Such an analysis gives the magnitude of the external loads at the 
instant when the frame becomes unstable, from which the loads in individual 
compression members at buckling can readily be determined, However, an 
analysis of the entire frame is often too involved for routine design, and 
approximate methods involving relatively simple calculations are desirable. 

One very simple but quite crude method of obtaining the critical load of a 
framed column is to estimate the degree of restraint existing at the ends of the 
member by interpolating between the idealized boundary conditions shown 
in Fig. 4-7. Both the rotational and translational restraint at the ends of the 
member must be considered. To estimate the degree of rotational restraint 
existing at the end of a member requires that one consider both the stiffness 
of the adjacent members and the rigidity of the connections. Whether or not 
the ends of the member translate laterally relative to each other depends on 
whether or not the frame is braced against sidesway. 

A second method for estimating the critical load of a framed column, 
considerably more accurate than the previous Procedure, was developed by 
Julian and Lawrence (Ref. 4.9). This method involves an exact analysis. 
However, enly the member in question and the beams and columns that 
frame directly into it are considered. The influence of members in the frame 
not directly connected to the column being investigated is neglected. Thus 
the critical load of column AB in the frame in Fig. 4-8a is obtained by 
analyzing the subassemblage of members shown as dotted lines in the figure. 
The value of this method is greatly enhanced by the fact that the critical load 
can be obtained graphically. The nomograph shown in Fig. 4-8b allows one 
to determine directly the effective length of a framed column, given the 


j 
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Fig. 4-7 Idealized boundary conditions, 
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stiffnesses of the adjacent members. The latter are accounted for by means of 


the parameters 
84 LILA + Lapllan 4.45) 
CA ak 1. Ag 
= dal Lege + Leal. 4 
Cs a + Tanl Lan ree 


in which J and L are the moment of inertia and unbraced length of the mem- 
bers lying in the plane of buckling of the column being considered. The 
nomograph shown in the figure is for a laterally braced frame. A similar 
graph for a laterally unbraced frame can also be constructed. 
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(b) Jackson ond Moreland nomograph for effective 
Fig. 4-8 Julian and Lawrence method for estimating effective length of framed column. (Adapted from Ref. 4.9.) 


Problems 


members assumed to resist its deformetion 


4.1 Using the energy method, determine the critical loads and the corresponding 
mode shapes for the two-degree-of-freedom frame model shown in Fig. Pa- I. 
Each member in the frame consists of two rigid bars connected to each other 
at the middle of the member by a pin and a rotational spring of stiffness 
C = M. where M is the moment at the spring and 0 is the angle between the 
bars. The columns are pin connected at their bases and rigidly connected to 
the beam, (P, = CIL, b = 0; P, = 3C/L, a = b) 


(0) Framed column ond subossembloge of odjocent 
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values for the symmetric and sidesway buckling loads of the frame in Fig. P4-2. 


4.3 Letting I. = J, = J and J, = J, = J, determine the critical load of the frame in 
Fig. P4-2 for 
(a) the sidesway 3 
b) the symmetric ; l i 
ki i critical load by setting up and solving the governing differential 
equations. 
4.4 Using the matrix method, determine the critical load of the framed column in 5.1 INTRODUCTION 
i Fig P4-3. Let cach member consist of a single element, 


Up to naw we have considered only flexural buckling, in which the member 
deforms by bending in the plane of one of the principal axes. However, 
columns as well as beams also buckle by twisting or by a combination of 
bending and twisting. These modes of failure occur when the torsional 
stiffness of the member is very small or if bending and twisting are coupled so 
that one necessarily produces the other. Thin-walled open sections usually 
have a very low torsional rigidity and are therefore especially prone to 
torsional buckling. Combined bending and twisting occurs in axially loaded 
members, such as angles and channels, whose shear center axis and centroidal 
axis do not coincide. It also takes place in transversely loaded beams when the 
compression flange becomes unstable and wants to buckle laterally at the 
same time that the tension flange is stable and wants to remain straight. 

In this chapter we shall consider both torsional buckling of axially loaded 
columns and lateral torsional buckling of transversely loaded beams. How- 
ever, before turning to these problems we shall review some fundamental 
Fig. P43 Fig. P4-4 relationships of torsional behavior in general. 

i in Article 4.7, determine an approximate value for 
* the ental load of member CB in the frame in Fig. P4-4. Compare this result 
with the solution obtained in Article 4.4 and discuss your findings. 


195 


warm regards: Haider. sa G gmail.com 


196 Torsional Buckling 
Ch.5 


5.2 TORSIONAL LOAD-DEFORMATION 


CHARACTERISTICS OF STRU 
MEMBERS * 


When torsion is applied to a struc 
to tural member, the cross sectio 

ke e fe! re to twisting. If the member is aod woes 

then the applied torque is resisted solely by St. V. i 
stresses. This type of behavior is referred t aire ts — 
the other hand, if the member is r FF 

er hand, estrained from warping freely, th i 

torque is resisted by a combination of St. Ven i sites lees. 
t a i c . Venant shearin 
ing torsion. This behavior is called nonuniform ia. aiiin 


St. Venant Torsion 


m Á a bar of constant circular cross section is twisted by a torsional moment 
— n in Fig. 5-1, the external torque at any section is resisted by circum- 
ade, P 22 — N 55 Wende varies as their distance from the 
i c These shear stresses are due t i 
adjacent cross sections to rotate relative to one an ng gl ape 


x x other. 
the angle of twist, f, is related to the torque, er. In such a member, 


T, by the expression 


d 
Tæ 07 B (5.1) 


a e ee ean modulus of elasticity, J is the W 
; le direction along the axis of the member. The is the 
wi rigidity of the section, analogous to ET, the ac Ri 

hereas bars of circular cross section, like the one in Fig. 5-1 iit 


2 51 Twisting of circular sec- 
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without warping, most noncircular shapes warp when they are twisted. When 
a torque is applied to a member whose cross section is noncircular (Fig. 5-2), 
transverse sections that were plane prior to twisting warp in the axial direc- 
tion so that they are no longer plane during twisting. However, as long as the 
warping of the member is permitted to take place freely, the applied torque 
will still be resisted by shearing stresses similar to those present in the circular 
bar, and Eq. (5.1) is still applicable. For a thin-walled open section made of 
rectangular elements, the shear stresses in cach element are parallel to the 
middle line of the cross section, and their magnitude is proportional to the 
distance from that line (see Fig. 5-2). The torsional constant, J, for such a 


T 
carm | 
zy ', 
15 
Fig. 5-2 Twisting of noncircular 
sections free to warp. 
section can be approximated by (Ref. 5.1) . 
J=455 541) (5.2) 


in which bh and 1, are the length and thickness, respectively, of any element of 
the section. The type of resistance to twisting consisting solely of shear and 
described by Eq. (5.1) is called St. Venant or uniform torsion, 


Nonuniform Torsion 


If the longitudinal displacements that produce warping are allowed to 
take place freely, then longitudinal fibers do not change length; and no 
longitudinal stresses are induced us a result of warping (see Fig. 5-2). How- 
ever, certain support or loading conditions will prevent longitudinal displace- 
ments from taking place freely. For example, the built-in end of the cantilever 
beam in Fig. 5-3 is completely restrained against warping, while the unsup- 
ported end is allowed to warp freely, As a consequence, longitudinal fibers 
change in length, and axial stresses are induced in the member. Comparison of 
the beam in Fig. 5-3, in which warping is partially restrained, with the beam 
in Fig. 5-2, which is free to warp, indicates that a restraint of warping defor- 
mation results in a differential bending of the flanges. One flange bends to the 
right and one to the left. 

The flange bending moments, which exist in the cantilever beam in Fig. 
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<> 
CR- 
n 


vi ji 
h 
| Fig. 5-3 Twisting of noncircular 


section restrained against frec warp- 
ing. (Adapted from Ref, 5,16.) 


5-3, vary from zero at the free end of the member to a maximum at the fixed 
end. Hence at any intermediate section there exists a shear force in each 
flange equal to : 


Vy = — Oe (5.3) 


in which A, is the flange bending moment and the wunus sign indicates that 
Me increases as z decreases. Since the flanges bend in opposite directions, the 
shear forces in the two flanges are oppositely directed and form a couple (see 
Fig. 5-3). This couple, which acts to resist the applied torque, is called 
warping torsion, 

The axial stresses that produce warping torsion are brought about by the 
resistance of the member to free warping of its cross sections. By comparison, 
St. Venant torsion is due to the resistance of adjacent cross sections to rotate 
relative to one another. 

A member that is not permitted to warp freely will resist an applied 
torque by a combination of St. Venant and warping torsion. Thus 


T=T,+T. (5.4) 


in which J., is St. Venant torsion and 7. is warping torsion. The type of 
behavior described by this equation is referred to as nonuniform torsion. 
The part of the total resistance to twist due to St. Venant torsion is given 
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by Eq. (5.1). Thus 


T,, = os B (5.5) 


A similar expression for the warping torsional resistance can be obtained if 


we consider the differential bending of the flanges that ari mem 
is not permitted to warp freely. a 1 * 
For the I section in Fig. 5-3, the warping torsion is 
T. = V (5.6) 
or, in view of Eq. (5.3), 
aM 
T, = — = h (5.7) 


Letting the lateral displacement of the flan i i 
the ge centerline be 
shown in Fig. 5-3, the bending moment in the upper flange is n 


E. Ëx 
M; El TE (5.8) 
in which J, is the moment of inertia of the flange about its strong axis. Since 
h 
x= bh (5.9) 


Eq. (5.8) becomes 


14 Elh of (5.10) 


Substitution of this expression into Eq, (5.7) gives 


T,= E De (5.11) 


The term I/ is a property of the cross section, 


i ; called the 
By introducing the notation dhe warping constant. 


Lhe 
r= 7 (5.12) 
Eq. (5.11) can be rewritten as 


To = er n (5.13) 


In this expression for the warping torsion, the term ÆT is the warping 
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rigidity of the section, analogous to GJ, the St. Venant torsional stiffness. 

Although it was derived here specifically for a symmetrical 1 section, Eq. 
(5.13) is perfectly general and can be used for any open thin-walled section. 
However, the expression for the warping constant given by Eq. (5.12) applies 
only to an I section. Expressions for the warping constant of other open 
thin-walled sections can be found in Refs, 1,2, 1.12, and 5.17. A derivation of 
Eq. (5.13) more general than the one presented here and applicable to any 
section can be found in Ref. 1.2. 

The differential equation for nonuniform torsion is obtained by com- 
bining the expressions in (5.5) and (5.13). Thus 


ott pp 
T= 679 — ergg (5.14) 


The first term represents the resistance of the section to twist and the second 
term the resistance to warping. As pointed out by McGuire (Ref. 3.8), it is 
important to keep in mind that the second term is caused not by the warping 
of the member but by its resistance to warping. The two terms together 
represent the internal resistance of the member to an applied torque. 


5.3 STRAIN ENERGY OF TORSION 


The strain energy stored in a twisted member can be broken down into two 
parts, that due to St. Venant torsion and that due to warping torsion, 


St. Venant Torsion 


The increment of strain energy stored in an element dz of a twisted member 
due to St. Venant torsion is equal to one half the product of the torque and 
the change in the angle of twist. Hence 


40. 746 (5.15) 
Since dp = a dz (5.16) 
Eq. (5.15) becomes 

40. 28545 (5.17) 


or if the expression in (5.1) is substituted for T, one obtains 


1 „aß 
. 207 404 (5.18) 
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Integrating over the length gives the strain energy in the entire member due to 
St. Venant torsion. Thus 


TES 2. cI (2E) az (5.19) 
Warping Torsion 


Foran I beam, the strain energy stored in the member due to its resistance 
to warping is assumed to be equal to the bending energy of the flanges. Asin 
ordinary beam theory, the shear energy associated with nonuniform bending 
is assumed to be negligible in comparison with the bending energy. 

The bending energy stored in an element dz of one of the flanges of an I 


beam is equal to the product of one half the moment El Ad*x/dz*) and the 
rotation (d*x/dz*) dz. Thus 


dU, = +El, (33) dz (5.20) 


In view of Eqs. (5.9) and (5.12), this expression becomes 


dU, = 4 r () de (5.21) 


Integrating over the length and multiplying by 2 to account for both flanges 


gives the strain energy due to warping resistance for the entire member. That 
18, 


L r 
U=} J er 704% (5.22) 


The total strain energy stored in a twisted member is obtained by adding the 
expressions in (5.19) and (5.22). It is equal to 


Us + ‘i os (4B) dz + 2 J. er( ) a (5.23) 


5.4 TORSIONAL AND TORSIONAL-FLEXURAL 
BUCKLING OF COLUMNS 


In this article we shall determine the critical load of columns that buckle by 
twisting or by a combination of bending and twisting. Since open thin-walled 
sections are about the only sections that are susceptible to torsional or 
torsional-flexural buckling, the investigation is limited to these shapes. The 
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study will also be restricted to elastic behavior, small deformations, and 
concentric loading.“ 

The problem of torsional buckling in columns has been studied extensively 
by many, including Goodier (Ref. 5.4), Timoshenko and Gere (Ref. 1.2), and 
Hoff (Refs, 1.3 and 5.5). In these investigations the critical load is determined 
cither by integrating the governing differential equations or by making use 
of an energy principle. The analysis presented here uses the Rayleigh-Ritz 
method to determine the critical load. The calculations follow the general 
outline of those given by Hoff (Ref. 1.3). 

Let us consider the thin-walled open cross section of arbitrary shape given 
in Fig. 5-4. The deformation taking place during buckling is assumed to 


Fig. 5-4 Torsional-flexural buckling deformations. (Adapted from Ref. 
5.5.) 


consist of a combination of twisting and bending about two axes. For the 


purpose of expressing the strain energy in its simplest form, it is desirable to 


reduce the deformation to two pure translations and a pure rotation. This can 
be accomplished by using the shear center O as the origin of the coordinate 
system. The shear center is that point in the cross section through which 
lateral loads must pass to produce bending without twisting. It is also the 
center of rotation when a pure torque is applied to the section, The x and y 
directions are assumed to coincide with the principal axes of the section, and 
the z direction is taken along the longitudinal axis through the shear center. 
As indicated in Fig. 5-4, the coordinates of the centroid are denoted by x, and 


Fot information on inelastic buckling, postbuckling behavior, and eccentric loading, 
the reader is referred to a series of investigations recently undertaken at Cornell University 
(Refs. 5.2 and 5. ). 
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Yo. As a result of buckling, the cross section undergoes translations u and v in 
the x and y directions, respectively, and a rotation p about the z axis. The 
geometric shape of the cross section in the xy plane is assumed to remain 
constant throughout. 

As far as the boundary conditions are concerned, it is assumed that the 


displacements in the x and y directions and the moments about these axes 
vanish at the ends of the member. That is, 


uw=v=0 at z = O and / 


du 


T= G0 at z= 0 and / G25) 


The torsional conditions that correspond to these flexural conditions are zero 
rotation and zero warping restraint at the ends of the member, Thus 


p= 0 at 2 = 0 and 7 (5.25) 


It is assumed that the warping restraint vanishes when the longitudinal 
stresses that accompany warping torsion vanish. The condition d= = 0 
thus follows from Eq. (5.10). 


The boundary conditions will be satisfied by assuming a deflected shape 
of the form 


u=C, sin 7 
v= Cy sin f (5.26) 
B= Cy ein Af 


The strain energy stored in the member consists of four parts, the energics 
due to bending in the x and y directions, the energy of the St. Venant shear 


stresses, and the energy of the longitudinal stresses associated with warping 
torsion. Thus ~ 


um $f ae) aed f ag 
c esy f ere a 


Substitution of the assumed deflection function into the strain energy 


(5.27) 
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expression gives 


5 f reift un: n.. ec N sin? 2 de 2 
1 I ` 
+g f, CCR con Rtas +4 f" ETOR an: ai 


Making use of the definite integrals 


J. cos Fdz = T sin? I de — + 
Eq. (5.28) simplifies to 


Uma Tle + cE eos E) G 


The potential energy of the external loads is equal to the negative product 
of the loads and the distances they move as the column deforms. Figure 5-5 


4 


atx 


Fig. 5-5 Axial shortening of tongi- 
* tudinal fiber due to bending. 


shows a longitudinal fiber whose ends approach one another by an amount 
A, when the fiber bends, The distance A, is equal to the difference between 
the arc length S and the chord length L of the fiber, If the cross-sectional 
area of the fiber is dA and the load it supports is g dA, then the potential 
energy of the load acting on the fiber is A. dA. The total potential energy 


for the entire member is obtained by integrating over the cross-sectional area. 
Thus 


2 JA. e 44 (5.30) 


To determine A,, consider fiber AB in Fig. 5-6, whose coordinates in the 
undeformed state are x and y. We shall direct our attention to an element dz 
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Fig. 5-6 Lateral deformations of 
longitudinal fiber due to bending. 
(Adapted from Ref. 1.5.) * 


of this fiber. After deformation has taken place the x and y displacements of 
the lower end of the element are ũ̃ and ë, and the corresponding displacements 
at the upper end are i -+ d and d + dé. From the Pythagorean theorem, the 
length ds of the deformed element is 


ds = (dù + dë? + 2) = 1 + (y + Jé dz (5.31) 


It has previously been shown (Article 2.2) that the expression ( -+ 1)" 
can be replaced by 1 + In if j < 1. In view of this relationship and because 
chifdz and dũſd are very small quantities, Eq. (5.31) reduces to 


e el o» 


Integrating the left-hand side of this equation from 0 to $ and the right-hand 
side from 0 to L gives 


JC A e an 


eu- IG yl oan 


The translations ij and è of a fiber whose coordinates are x and consist of 
the translation of the shear center, u and v, plus an additional translation due 
to the rotation of the fiber about the shear center. These latter translations, in 
the x and y directions, are denoted, as shown in Fig. 5-7, by —a and b. From 


from which 
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Fig. 5-7 Lateral translation of longitudinal fiber P duc to rotation about 
shear center, (Adapted from Ref. 1.5.) 


the geometry of the figure it is evident that 


a g sing (5.35) 
b = rf cos a 
and since 
sin a = „ cos c = & (5.36) 
one can also write 
—a = —yß, b=xp (5.37) 
The total displacements of the fiber at (x, y) are therefore 
n (5.38) 
d = u xf 
and the expression for A, given in (5.34) becomes 
I CTA „ (dr\? , ps apy? 
å, = T . 1 + (3) + (x? + »)(¥) (5.38) 


0% + eE) J 


The potential energy of the external loads can now be obtained by substituting 
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(5.39) in Eq. (5.30). Thus 


A L1G) + Gi) some , 
e) + (E) (B) Jaa ac 1 
To simpliſy this expression, we make use of the following relations: 
f 4 =A 
f dA = yA 
(5.41) 
f * = xod 


0 (x? + y*)dA =r A 


in which x, and y, are the coordinates of the centroid and ra is the polar radius 


of gyration of the cross section with respect to the shear center. 


Substitution of the relations in (5.41) in Eq. (5.40) gives 
J. [G+ Gy ray 
~ vel) (ZB) + 2=o($2) (ZB) Ja 


Ifthe assumed expressions for u, v, and £, given by (5.26), are now introduced 
and the indicated integration carried out, one obtains 


(5.42) 


2 
Vm EC HCH Chr acc + cc (543) 


Combining this expression with the strain energy given in (5.29), we finally 
obtain the total potential energy of the system, Thus 


U+V= 0 el D, P) 
+ c + * * P| (5.44) 


* 20 C, Pye = 2C:C, P.) 
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ch. 5 
At this point it is useful to introduce the following notation: 
E] 
P, = or 
2 
Rm ten , (5.45) 


We are already familiar with the first two expressions. They are, of course, the 

flexural buckling loads about the x and y axes, respectively. The third term is 

as yet unfamiliar. However, it is seen to contain the St. Venant and warping 

stiffnesses, and it can therefore be expected to pertain to torsional buckling. 
By means of expressions (5.45), Eq. (5.44) is reduced to the form 


U + V = 2 ICKP, — P) + CXP, — P) 
glei ) + CH (5.46) 
+ Cir P, — P) + 2C,C, Py, — 2C,C, Pxel 


The critical load is defined as the load at which equilibrium is possible in 
a slightly deformed state. Hence it is the load for which the total potential 
energy of the system has a stationary value. Since U +V is a function of 
three variables, it will have a stationary value when its derivative with respect 
to each of these three variables vanishes, Taking the derivative of the expres- 
sion in (5.46) with respect to C, Cn and C, and setting them each equal to 


zero gives 
——4— = C\(P, — P) + CP) = 0 


aur) = CP, — P) c =0 (5.47) 
L 
won) = C, H= Cz Fr, + C (P, ) =0 


This is a set of linear homogeneous equations. They have a solution C=C 
= C, = 0, indicating that equilibrium is possible at any load provided the 
member remains straight. There is also a nontrivial solution possible when the 
determinant of the equations vanishes. This latter solution is the one that 
interests us, It corresponds to equilibrium in a deformed configuration, and 
that is of course the type of equilibrium that exists only at the critical load. To 
determine the critical load, we therefore set the determinant of Eqs. (5.47) 
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equal to zero. Thus 


P,— P 0 Ry, 
~ P=P =m |=0 (5.48) 
Py, xo ri(P, — P) 


Expansion of (5.48) gives 


3 1 
(P,— . PXP, — P) — (P, — PES . -= 
0 ` 
(5.49) 
This is a cubic equation in P, whose roots are the critical loads of the member. 
If the cross section has two axes of symmetry or if it is point symmetric, 


the shear center coincides with the centroid and x, = y, = 0. For this case 
Eq. (5.49) reduces to 


(P, — P)(P, — P)(P, — P) = 0 (5.50) 


It is obvious that the three roots of this equation are 


see sf ai 

P= P, = ŻEL (5.51) 
= l A EL 

P= P, = (GI + aR) 


Ifeach of the three roots is substituted into Eqs. (5.47), the following informa- 
tion regarding the mode shapes is obtained: 


P= P, C, #0, C =C,;=0 
PaP: #0, C. c 0 (5.52) 
P = P,: C #0, C =C,=0 


These results-indicate that the loads P, and P, correspond to pure flexural 


buckling about the p and x axes, respectively, and that P, corresponds to pure 
torsional buckling. 


It can thus be concluded that columns whose shear center and centroid 
coincide, such as I beams and 2 sections, can buckle either by bending about 
one of the principal axes or by twisting about the shear center, Combined 
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torsional-flexural buckling does not occur for these sections. Depending on 
the shape and dimensions of the cross section, one of the loads given by (5.51) 
will have the lowest value and will determine the mode of buckling of the 
members. For example, the flexural buckling load about the weak axis is 
almost always the lowest of the three possible buckling loads for hot-rolled 
wide-flange stecl shapes. It is for this reason that the Euler load is used 
almost exclusively to design wide-flange shapes. 

When the cross section has only one axis of symmetry, say the x axis, the 
shear center lies on that axis and y, = 0. For this case Eq. (5.49) reduces to 


(P, — PC, P. P) — 725 =0 (5.53) 
This relation is satisfied either if 


== (5.54) 


or if 


(P, — G. P) — FE = 0 (5.55) 


The first expression corresponds to pure flexural buckling about the y axis. 
The second is a quadratic equation in P, whose roots both correspond to 
buckling by a combination of bending and twisting, that is, torsional—flexural 
buckling. The smaller of the two roots of Eq. (5.55) is 


Km 2607. + P, — AP, TFE (5.56) 


in which k = [1 — (x,/r,)*). 

It is thus evident that a singly symmetric section, such as an angle, a 
channel, ora hat, can buckle cither by bending in the plane of symmetry or by 
a combination of twisting and bending. Which of these two modes is critical 
depends on the shape and dimensions of the cross section. 

The behavior of a singly symmetric section can be summarized as follows: 
An imperfect column that is centrally loaded tends to bend in one of the 
principal planes containing the centroidal axis. Lf this plane also contains the 
shear center axis (xz plane in our example), bending can take place without 
simultaneously inducing twist. However, if the plane of bending does not 
contain the shear center axis (YZ plane in our example), bending must 
necessarily be accompanied by twisting. 

If the cross section of a member does not possess any symmetry ut all, 
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neither x» nor 5% vanishes and Eq. (5.49) impli 
ö hes J. (2.47) cannot be simplified. In thi 
pemg 33 either ee axis is coupled with both ee and 8 
r principal axis, and each of the three roots to 

Goon ashe ppc sem buckling. A nonsymmetric 8 
er orsional-flexural mode regardless of its shape or dimen- 
ià The critical load of such a section is the smallest root of Eq. (5.49). Since 

s equation is a cubic, its solution involves a large amount of numerical 
work. However, nonsymmetric sections are rarely used and their design does 


symmetry, such as angles and channels which 
Structures and other lightweight constructi Erike d 


flexural buckling load can be signi 
i $ aniſicantiy below the F ‘ 
Nexural buckling must be considered in their ma = 


5.5 LATERAL BUCKLING OF BEAMS 


A transversely loaded member that 
sideways if its compression flange is not laterally supported. The reason 


and by Timoshenko (Ref. 5.8) on I beams. Si 

l y ; . 5. s. Since then nume i iga- 

8 Te by Winter (Ref. 5.9), Hill (Ref. 5. 10) eee 
ont} have been conducted on both clastic and inelastic buckli 

various shapes. In the following sections we shall consider a few oe vote 

aspects of lateral beam buckling uncovered in these investigations. 
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B 
Fig. 5-8 Lateral buckling of beams. 


5.6 LATERAL BUCKLING OF RECTANGULAR 
' BEAMS IN PURE BENDING 


Let us consider the rectangular beam in pure bending shown in Fig. 5-9a, It 
is assumed that the material obeys Hooke's law, that the deformations 
remain small, and that the geometry of the cross section does not change 
during buckling. The critical load will be determined by finding the smallest 
load at which neutral equilibrium is possible. To establish equilibrium in a 
deformed configuration, we shall satisfy the governing differential equations. 
These equations are derived using the procedure outlined by Timoshenko 
and Gere in Ref. 1.2. 

A set of fixed coordinate axes x, y, and z, as shown in Fig. 5-9b, is chosen. 
In addition, a second set of coordinate axes x’, y’, and z’, whose directions 
are taken relative to the deformed member, is also established. The x’ and y' 
directions coincide with the principal axes of the cross section, and the 2’ axis 
is tangent to the centroidal axis of the member. Deformation of the member at 
any section can be broken down into three distinct motions, a lateral displace- 
ment u in the x direction, a vertical displacement v in the y direction, and a 
rotation g̊ about the z axis. The rotation fis positive when clockwise, looking 
toward the origin, und u and v are positive when in the positive directions of 
the x and y axes. Thus the three displacements shown in Fig. 5-9b are all 
positive. 

The ends of the member are assumed to be simply supported as far as 
bending about the x and y axes is concerned. Hence 


„ . 
14 da dst 0 atz = 0, J (5.57) 
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Fig. 5-9 Lateral buckling of simply Supported rectangular beam in pure 
bending, 


In addition, the ends of the member are prevented from rotating about the z 
axis but are free to warp. Thus 


p=Th —0 ats =: 0,1 (5.58) 


Assuming that the positive directions of the moments My M,, and A,, 
acting on an element of the deformed member, are as shown in Fig. 5.9c, and 
the positive directions of the displacements are as indicated previously, the 
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Lateral Buckling of Rectangular Beams 215 
differential equations of bending and twisting are 


dy 
El, Ja = M, (5.59) i 
dtu 
EI, = M, 5.60 i 
2 =M, 6 a 
d 1 
6700 . (5.61) 
The first two equations are the familiar equations of beam bending written fo) X=Y Plone 
about the x’ and y’ uxes. The third equation is an analogous expression for 
twisting about the z’ axis. Since the warping stiffness of a rectangular section 1 


is negligible, the twisting relation is obtained from Eq. (5.14) by dropping the 
warping term. The negative sign in Eq. (5.59) indicates that a positive 
moment M,- corresponds to a negative curvature d*v/dz*. By comparison, in 
Eqs. (5.60) and (5.61) positive moments M, and M, correspond, respectively, 
to a positive curvature d?u/dz? and a positive slope dB/dz. 

The quantities M, M,, and M, that appear in Eqs. (5.59), (5.60), and 
(5.61) are the components of the applied moment M, about the x’, *, and 2’ 
axes. To determine these components, it is necessary to know the angles that 
the x’, Y, and 2 axes make with the x axis. As shown in Fig. 5-10a, the angle 


ae 
— 
a” 
— 


between the x and x axes is equal to the rotation B, and the angle between (bW X -Z Plone 
the y and x axes is g + 90. The moments about the x’ and y’ axes, denoted by Fig. 5-10 Components of Ma along X’, Y”, and Z- 
vectors in the figure, are therefore given by Ref. 4.8.) xes, (Adapted from 
d, 
41. = M, cos 6 = M, (5.62) GIG . 9 = 0 (5.67) 
My = M, cos (B + 90) = —M, sin f = —M,p (5.63) 


The first of these three equations contains 
The z’ axis is tangent to the deflection curve of the member. As indicated in i 
Fig. 5-10b, the angle between the z’ axis and the z axis is therefore equal to 
dujdz, and the angle between the 2 axis and the x axis is 90 — (dujdz). Hence 


du\ dtu du 
Me = M, cos (90 — $4) = il. sin . = m, d (5.64) 


In line with the assumption of small deformations, the cosines of smali angles 
have been replaced by unity and the sines by the angles. 

Substitution of the expressions in (5.62), (5.63), and (5.64) into Eqs. 
(5.59), (5.60), and (5.61) leads to the following differential equations: 


; in analyzi l 

i 22 — (5.65) the lateral buckling of beams in this chapter, the most general form fie i 
- eee Containing all possible components, was emplo „and the 
77 70 U (5.66) ge poi a equation as well as the buckling equations therefore appears 
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The variable u can be eliminated between Eqs. (5.66) and (5.67) if Eq. 
(5.67) is differentiated and the resulting expression is substituted for @uldz? 
in Eq. (5.66). Thus one obtains 


CB, mM 
as TE + FB =0 (5.68) 
or vf +B 0 (5.69) 


where k? = M3/GJEI,. The solution of Eq. (5.69) is 
B=Asinkz B cos Kr (5.70) 
Substitution of the boundary condition B = 0 at z = 0 into Eq. (5.70) gives 
B=0 
and from the condition 8 = 0 at z = / one obtains 
A sin kl = 0 . (5.71) 


For neutral equilibrium, the member must be in equilibrium in a deformed as 
well as in the undeformed configuration. Equilibrium in the undeformed 
configuration is possible at any load, since A = 0 satisfies Eq. (5.71) for any. 


value of k. However, equilibrium in a deformed configuration is possible only 
when 


sinkl = 0 
This gives 
4 = 
from which 
Ma H, (5.72) 


Equation (5.72) gives the critical moment for a simply supported rectangular 
beam subject to uniform bending. Since lateral buckling is a combination of 
twisting and bending about the y axis, it is not surprising that the critical 
moment is proportional to the torsional stiffness GJ and the bending stiffness 
EI, 

The extreme fiber stress at which buckling occurs is obtained by dividing 
the critical moment by the section modulus. Thus 


Cy = Me 
or — F. VE, ; (5.73) 


. 
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For the rectangular cross section being considered, 


hb? u _ we 
2. S. . J. 77 


In view of these expressions, Eq. (5.73) becomes 


Ou = SCE fE 2 me 2 GE Vt (5.74) 


This relation indicates that the critical stress is proportional to the ratio of the 
Principal rigidities, /., and inversely proportional to the ratio of Span to 
width. Hence lateral buckling will occur in beams that are relatively deep, 
nutrow, and long. 


5.7 BUCKLING OF | BEAMS BY 
ENERGY METHOD 


In this article we shall consider the lateral buckling of an | beam. Following 
the general lines of an analysis presented by Winter (Ref. 5.9), the Rayleigh- 
Ritz method will be used to determine the critical load of the member, 


Uniform Bending—Simple Supports 


Let us consider the simply supported | beam, subject to a uniform bending 
moment M, shown in Fig. 5-11, The x and y coordinate axes are taken along 
the principal axes of the cross section, and the z axis coincides with the 
longitudinal centroidal axis of the member. The flexural and torsional 
boundary conditions Corresponding to simple supports are 


du dau 
1 n atz=0,/ 
(5.75) 
B= Tho „ 0, 


where vand v are the displacements in the x and y directions and £ is the angle 
of twist about the z axis. The condition @ Bidz? = 0 indicates that the section 
is free to warp at the supports. 

At the critical moment, the member can be in equilibrium in a slightly 
buckled form, To determine the critical moment by the energy method, it is 
therefore necessary to find the moment for which the total potential energy 
of the buckled system has a stationary value. We have seen in the investigation 
of the rectangular beam (Article 5.6) that the final deformation of the member 
consisting of a vertical displacement v, a horizontal displacement v, and a 
rotation f is reached in two distinct Stages. First, the member bends in the 
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Fig. 5-11 Lateral buckling of a simply supported J beam in pure bending. 


vertical plane, and then at the critical load it twists and bends laterally. It has 
also been shown that during the first stage of the deformation, when only 
vertical bending takes place, the member is in equilibrium for any and all 
values of the applied moment. Hence the part of the variation of the total 
potential enerty that corresponds to vertical bending will be identically equal 
to zero and does not have to be included in the analysis. Omitting the vertical 
bending energy in the beam is analogous to omitting the energy of axial 
compression in the column. 

_ The strain energy stored in the member as it buckles consists of two parts, 
the energy due to bending about the y axis and the energy due to twisting 
about the z axis. Thus the strain energy is 


9 sel, f (0 4 yor f (&) aes yrf (40 az 


(5.76) 


* 
The I beam, unlike the rectangular beam considered in Article 5-6, has a 
significant warping stiffness. The twisting energy therefore consists of two 
parts, that due to St. Venant torsion and that due to warping torsion. The 
torsional cnergy expressions used in Eq. (5.76) are derived in Article 5.3. 
To the strain energy (5.76) must now be added the potential energy V of 
the external loads. For a beam subject to pure bending, the potential energy 
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V is equal to the Negative product of the | 
move through as the member buckles, The ad iia 


V = —2My (5.77) 
where w is the angle of rotation about the x 


As shown in Fig. 5-12, buckling causes t ee eg 


he ends of longitudinal fibers in 
| 


Fig. 5-12 End rotations due to lateral buckling. (Adapted from Ref. 5.9.) 


the beam to approach one another. if i 
> If the deformation consi t 

asoa bending, the ends of every fiber in the beam would sg onthe a 
say r the same distance. However, laterul bending is accompanied b 
— st ret = upper fibers therefore approach one e 

i an do the ends of the lower fibers. This gi i | 
rotation w of the end cross sections of the member, Letti nf sat i< 
the uppermost fiber at cuch end of t 5 . e ee 

) the beam be given b 

sponding movement of the lowermost fiber by Mg ee ii W 


y= Mos (5.78 


where „ is the depth of the cross section. In view of Eq. (2.2), 


4, = + f ' 490 az (5.79) 
and 4,=4 f 49 a: (580) 


U 


The quantities u, and My appearing in these expressions are the lateral displace: 
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—.—— 


Fig. 5-13 Lateral deflection of 
flanges due to twist. 


ments of the top and bottom of the web, respectively. From Fig. 5-13 these 
displacements are seen to be 


1 =u + 6 (5.81) 
and wy =u — pt (5.82) 
Thus 4.—4 T 4 (u + 230 a: (5.83) 
and 4. — 4 ; f(u — p>) a: (5.84) 


Substituting these expressions in Eg. (5.78) and simplifying leads to 


L f" dudB 
voy f gka (5.85) 


Thus the potential energy of the external loads given by Eq. (5.77) becomes 


~“ 
— | du dB J. (5.86) 


ads 


Finally, combining the expressions in (5.76) and (5.86), one obtuins for the 
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total potential energy of the system 
| dau l ag 4. 
U+V= 257, , ($3) 4. 0% (#) d: 


+ perf (G) -m [eB a 


It is now necessary to assume suitable expressions for the buckling defor- 
mations v and f. The boundary conditions given in Eqs. (5,75) will be 
satisfied if u and 2 are approximated by 


(5.87) 


u= Asin (5.88) 
B = B sin ZE (5.89) 


If these shapes are substituted in Eq. (5.87), one obtains the total energy of 
the system expressed as a function of the two variables A and B. One can then 
determine the critical moment by solving the two equations that result if the 
variation of U + V is made to vanish with respect to both A and B. An 
alternative approach is to express A in terms of B, using Eq. (5.66), and thus 
reduce the total energy expression to a function of the single variable B. This 
alternative procedure involves less computations than the foregoing method 
and will therefore be followed here. The first Procedure must of course be 
followed if a relation between u and B is not available. 
From Eq. (5.66) 


92 — ee (5.90) 


Substitution of the expressions in (5.88) and (5.89) into this relation gives 


SEF (5.91) 
* 
The assumed function for u can now be written in the form 


2 
wie 2 a sin . (5.92) 


Using (5.89) and (5.92), the total potential energy becomes 


| Bag? 2 1 2 
E n Farce | en. 


lippi vii 7 — mag f" — (5.93) 
+F en % A [cos TE 
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and since 


Jism fa f wand 
Eq. (5.93) reduces to 
9 9 14 e 4 ETBn 8. (5.94) 


E-S 


The critical moment is reached when neutral equilibrium is possible, and the 
requirement for neutral equilibrium is that the derivative of U + y with 
respect to B vanish. Hence 

* 


If equilibrium is to correspond to a deformed configuration, B cannot be 
zero. Instead, the term inside the brackets must vanish. Thus 


ETL!“ M 0 
TTI 


3 TCE c + Er) (5.96) 


from which 


warping rigidity as well as St. Venant stiffness, whereas only St. Venant stiff- 
ness is present in the torsional stiffness of the rectangular beam. 


Uniform Bending—Fixed Ends 


In the preceding analysis, the ends of the member were assumed to be 
restrained against twisting and lateral translation, but free to warp and free 
to rotate about the principal axes. These conditions were said to be analogous 
to those existing at hinged Supports in simple flexure, We shall now consider 
a member whose ends are free to rotate about the horizontal axis, but fully 
restrained against all other displacements. The analytical formulation of 
these boundary conditions is . 


v=" = O atz=0,/ 
u=u=0 atz=0,/ (5.97) 
&=f'=0 az=0,1 


Art. 5.7 Buckling of | Beams by Energy Method 223 


The boundary conditions of (5.97), as well as the hinged conditions 
considered Previously, may not appear at first sight to be very realistic. 
However, these conditions, like the cortespondin 
flexure, are studied not because of their similarity to su 


actual structures, but because they provide a set of limits between which most 


u= A(1 — cos 282) fo 
= B( | — cos 22) (5.98) 


Substitution of these 


leads to shapes into the energy expression given by Eq, (5.87) 


9 zE SGE f cos? (72) 45 
+ 20 sin? (282) dz 
n als 
- 1 sin? (742) as 


Since J ; sin? (275) a; = . cos? (272) dz = L 


Eq. (5.99) can be reduced to 


(5.99) 


2 2 ' , 
Uta ™ (IEEE + Grp 4 haf 2) c 


To determine the critical moment, we again find the value of M 
for which equilibrium in a deformed configuration is possible. For 
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equilibrium 
AUEK) 8 USE, — 2 0 
U-+-V x? ** - gan 
2 20% Err 2m | =0 
or (Ar) -(M)B 0 
(5.102) 


—(M)A 4- (GJ aer r) 0 


If equilibrium is to correspond to a deformed configuration, the determinant 
of Eqs. (5.102) must vanish. Hence 


4815; (GJ + 4eT 72) — M? = 0 


2x r? 
41, zj EL{ GI | 4ET Fr) (5.103) 


Comparing this expression for the critical moment of a fixed beam with 
the one for a hinged beam, given by Eq. (5.96), it is evident that the critical 
moment of the fixed beam can be anywhere from two to four times as large as 
the critical moment of the hinged beam. If the warping stiffness is negligible 
compared to the St. Venant stiffness, the strength of the fixed beam is twice 
that of the hinged beam. However, if the St. Venant stiffness is negligible 
compared to the warping stiffness, the strength is increased fourfold in going 
from hinged to fixed-end conditions. The reason the beam behaves in this 
manner is that the lateral bending strength and warping strength depend on 
the length of the member, whereas the St. Venant torsional strength does not. 
The warping and lateral bending strength are thus affected by changes 
in the boundary conditions, whereas the St. Venant torsional strength is not. 


from which 


Concentrated Load—Simple Supports 


Let us now return to the simply supported beam considered at the 
beginning of the article, and determine its critical moment if the member is 
bent by a concentrated load at midspan, as shown in Fig. 5-14a, instead of 
being subject to uniform bending, It is assumed that the concentrated load is 
applied at the centroid of the cross section and that the load remains vertical 
as the beam buckles. As before, the x and y directions coincide with the 
principal axes of the cross section. the = axis is taken along the centroidal 
axis of the member, and the origin is at the right-hand support. 


Art. 5.7 Buckling of | Beams by Energy Method 225 


Fig. S-14 Lateral buckling of I Beam with concentrated load. 


The strain energy stored in the member during buckling has the ame form 
it had in the preceding computations. It is therefore given by Eq. (5.76). A 
new relation must, however, be determined for the potential enetgy of the 
external loads. This expression will consist of the negative product of the 
force P that is applied to the member at midspan and the vertical distance that 
P moves through during buckling. The manner in which P moves as the mem- 
ber deforms is indicated in Fig. 5-14b. Prior to buckling, as the member bends 
in the vertical plane, P moves from 1 to 2. Then, as buckling occurs, P moves 
from 2 to 3. The movement from 2 to 3, which is the only one we are con- 
cerned with in calculating the energy of buckling, consists of a horizontal 
displacement i, and a vertical motion ws. The subscripts O denote the fact 
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that the displacements being considered are at midspan. In calculating the 
strain energy, only that part of the total energy caused by u, the horizontal 
displacement, was included. The part due to w, being very small, was 
neglected, However, of the two components u and w that make up the buck- 
ling displacement, only w contributes to the potential energy of the applied 
load, and even though it is small, it therefore cannot be neglected in this case. 

To determine wą, let us consider an element dz of the beam located a 
distance z from the right support, as shown in Fig. 5-14c. Due to lateral 
bending, there is a horizontal deviation du at the right support between the 
tangents drawn to the two ends of this element, The value of the deviation is, 
according to the moment-area theorem, given by- 

. 


M. 
du = E dz 
El, 


For small deformations, the increment in the vertical displacement dw that 
corresponds to du is 


M 
dw = f du = zdz 
B FPA 
Thus the vertical displacement wg ut midheight is 
2 2 M 
We = f dw = i ETP. dz (5.104) 
0 o * 
In accordance with Eq. (5.63) and the sign conventions adopted in Article 5.6, 


M, = . = 4p (5.105) 


z Ls dz 
Hence NA 5.106 
í c w 0 . 7 ( ) 


and the potential energy of P is 
72 
— = — . Pap az (5.107) 
0 r 


Combining the expressions in (5.76) and (5.107), one obtains for the total 
potential energy of the system 


vavo f EN aes f SB) a 


+f C e- [SEP ae 


(5.108) 
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As before, it is desirable to express u in terms of and thus reduce the 


number of variables in the problem. Substitution of M i 
into Eq. (5.60) leads to as given by (5.105) 
£1,545 5 
du _ Pz 
* dz = 250 (5.109) 


r 


Making use of this relationshi 
terms of 2, one obtains 


U+Ve= . e J. 2 0 J. ) ae (5.110) 


We now assume that £ can be approximated by 


P to rewrite the first term in Eq. (5.108) in 


B = Bsin™ (5.111) 


and substitute this shape into Eq. (5.110). Thus 
pipe C 
OFP in? 22 
+ FET, . z? sin? F dz 
GJB? n? 
* e J. cos 7 dz (5.112) 


ETB? x* | 201 AZ 
+ 3 d. 
E sin T 2 
Using the definite integrals 


‘i $ sin? dz = rale + 1) 


(5.113) 
Jf sine 83 ae = [cot tear = 4 
Eq. (5.112) becomes 
Urve ee (E+ 1) + CIRE 4 ST Bim (5.114) 


At the critical load the first variation of U + V must vanish. Hence 


AGS ebinl +1) ehe ee 
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from which 


4n? / 3 x 


Comparison between the critical load of (5.115) and the critical moment given 
by Eq. (5.96) indicates that both are functions of the same beam properties. 
In fact, the two expressions differ by only a constant. 


5.8 LATERAL’ BUCKLING OF CANTILEVER BEAM 
BY FINITE DIFFERENCES 


\ 
eortorzy 


We shall now consider the buckling of a cantilever beam bent by a concen- 
trated load acting at the free end, as shown in Fig. 5-15a. The beam has a 
rectangular cross section, and the applied load is assumed to act at the 
centroid of the cross section. It is also assumed that the load remains vertical 
during buckling. To obtain the critical load, we shall derive the governing 
differential equations in much the same manner as was done in Article 5.6 
and then solve them using the finite-difference method. The calculations 
follow the general outline of those given by Salvadori (Ref. 2.4). 

‘As before, we make use of a fixed x, y, and z coordinate system and a set 
of axes x’, „, and z“ that move with the member as it deforms, Positive 
directions for the displacements wu, v, and f and for the bending and twisting 

moments are shown in Figs. 5-15b and c. 

As a result of buckling, the free end of the member deflects an amount 6 
in the x direction, This induces a moment M, = Pô at the fixed end. There 
is of course also a vertical reaction P and a moment M, = Vl at the fixed 
end. At a section a distance z from the fixed end the moments are 


a = —PIl+ Pz = —P(I — =) (5,116) 
M,=0 (5.117) Fig. 5-15 Lateral buckling of cantilever beam. 
M, = Pô — Pu ( — u) (5.118) My == —M(p) — M” = PU ~ 2)(B) — P(S — 100. (5.120) 
Since it is convenient to write the equations of equilibrium in the x’, y’, 2’ i 4 : dü 
system, it is necessary to obtain the components of the moments in (5.116) M; = . J. tM = r= DT Flo — u) (5.121) 
and (5.118) about the x’, „, and z“ axes, The angles between the axes of the 
two systems are shown in Fig. 5-16. Also shown in the figure are vectorial Neglecting terms that contain deformations to a higher order than one, these 
representations of the moments M, and M, and their components about the relations reduce to 
x’, y’, and 2’ axes. Replacing the cosines of small ungles by unity und the M, = —P(l — 2) * (5.122) 
sines of small angles by the angles themselves, one obtains M, = Pl—2)8 (5.123) 
d. 
My =M. — M. Și FU 2) — P . (5.119) My = —PU— . 4 PO — u) (5.124) 
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B 
— 
h Tx M, 
U ee j ‚= -M B 
/ M. = M, * s 


Mpm -m S 


Fig.S-16 Components of M, and A, along X’, Y’, and Z“ axes. (Adapted 
from Ref, 4.8.) 


For the positive directions of moments and deformations assumed in Fig. 
5-15, the equations of bending and twisting about the x’, y’, and z’ axes are 


ELS =—M, (5.125) 
d? 

ESS 1 (5.126) 

G 745 2. (5.127) 


Substitution of the moments in (5.122) through (5.124) into Eqs. (5.125), 
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(5.126), and (5.127) leads to 

21. 20090 (5.128) 

EISS — Pl - = 0 (5.129) 

0% 4- pa D — P(6—u)=0 (5.130) 


As was the case in Article 5.6, Eqs. (5.129) and (5.130), which govern the 
buckling displacements 1 and B. are independent of Eq. (5.128), which 
describes the vertical bending of the beam that takes place before the member 
becomes unstable. 

Before attempting to solve Eqs. (5.129) and (5.130), it is convenient to 
eliminate u by differentiating (5.130) and combining the resulting expression 
with (5.129). Thus one obtains ; ' 


d? I — 2} 1 


or of + (1 - 702 =0 (5.131) 


where 2 CTET, (5.132) 


Equation (5.131) is linear, but it does not have constant coefficients. Its 
solution is therefore considerably more complicated than, for example, that 
of Eq. (5.69). By making several changes of variables, Eq. (5.131) can be 
transformed into a Bessel equation whose solution is known, This procedure 
is followed by Timoshenko and Gere (Ref. 1.2) and-will not be reproduced 
here. Instead, the finite-difference method will be used to obtain an approxi- 
mate solution, 

To obtain the finite-difference formulation of the problem, the member is 
divided into two equal segments of length / = e (Fig. 5-17). The ends of the 


i=3 2 1 0 


Bs B, B, 
Fig. 5-17 Cantilever beam divided on oe = 
into two segments, 2 2 2 
segments thus formed are denoted by i = 0, I. and 2. The point i O is at 
the fixed end and į = 2 is at the free end of the member. An additional seg- 
ment extending from i = 2 to i = 3 is formed by prolonging the axis of the 
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member a distance //2 beyond the free end. It is necessary to imagine the 
member to be extended in this manner, because the second difference ratio of 
B at i = 2 involves the value of f at points on either side of i = 2. 

The difference equation at any point z = / is obtained by substituting the 
difference ratio for the second derivative, given by (2.78), for the second 
derivative in Eq. (5.131). Thus 


Bisa = 28 + Pics + 10 ee 70 5. =0 (5.133) 
Writing this equation at i = gives 
Bs — 28, + fl. + (1-4) SB, = 
and at į = 2 one obtains 
Bs — 257 + Br + 20) 8. = 0 


Combining terms, these equations become 


Ba + (Ae 2). + Br =0 (5.134) 
i B, — 2B. + p 0 (5.135) 


At the fixed end of the member the angle of twist is zero. Hence 


6. =0 (5.136) 


A second boundary condition is obtained from the requirement that the 
twisting moment must vanish at the free end of the member. Thus 


M, = G48 = 0 1 7 


or dB _ 9 atz=/ 
dz 


which requires that 
f: = P, (5.137) 


In view of (5.136) and (5.137), Eqs. (5.134) and (5.135) reduce to 
(1. = 2005 + B, =0 
2p, — 2B, 0 


To obtain the nontrivial solution to these equations, from which the critical 


Art. 5.9 Design Simplifications for Lateral Buckling 233 


load is determined, we set their determinant equal to zero. Thus 


rere 
wA Hý 
2 —2 
or 204g —2)-2=0 
Taking the positive root of the equation gives 
124 
ſrom which 
Pu fr. (5.138) 


The exact value of the critical load, calculated by Timoshenko and Gere 
(Ref. 1.2) is (4.013/P),/GTET,. 


5.9 DESIGN SIMPLIFICATIONS FOR 
LATERAL BUCKLING 


In the preceding articles we determined the critical loading for several 
different beams. A simply supported I beam subject to uniform bending was 
shown to buckle when the applied moment reaches the value 


Ma = Zaf EI(GI + BS) (5.139) 


It was also found that the same beam, bent by a concentrated load at 
midspan, buckles when the load is equal to 


42 ETZ 
Pam oh 270 a *) (5.140) 


The similarity of these two expressions leads one to suspect that a single 
design formula valid for both loading conditions may exist. Such a rélation 
can in fact be obtained if one substitutes the criterion of a critical internal 
bending moment for that of a critical applied loading. Accordingly, the crit- 
ical moment for uniform bending is given by Eq. (5.139) and that for a 
concentrated loud at midspan is 


Mg 4 we 1367 fE(03 + a) (5.141) 
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It is now evident that a suitable design relationship is 


My C. T5 fer GJ + Bre’) (5.142) 


where the loading coefficient C, is equal to 1.0 for uniform bending and 1.36 
for a concentrated load at midspan. 

The results of numerous theoretical studies have shown that Eq. (5.142) is 
ulso valid for other loading conditions beside the two considered here. For 
example, the constant C, in Eq. (5.142) has been found to be equal to 1.13 
for a uniformly distributed load and 1.04 for concentrated loads at the third 
points. These values of C,, as well as others, corresponding to various 
different loading conditions, are listed in a survey article by Clark and Hill 
(Ref. 5.12). Included in the article is a bibliography of the investigations 
from which these data were taken, 

Having demonstrated that the expression for the critical moment of a 
simply supported I beam subject to uniform bending can be made valid for 
other loading conditions by means of the factor C,, we shall now show that 
this equation can be made applicable to different boundary conditions as well. 
In Article 5.7 the critical moment was determined for a uniformly bent I beam 
with fully restrained ends. The result of that analysis, given by Eq. (5.103), 
can be rewritten in the form 


M., = 901 GJ + 46 80 | (5.143) 


Comparison of this relation with the corresponding one for hinged ends, Eq. 
(5.139), indicates that full fixety at the supports can be accounted for by an 
effective-length concept similar to the one used in columns. Thus the design 
relation given by Eq. (5.142) can be rewritten in the form 


Ma C. x es] GS +4 an (5.144) 


where & is an effective-length factor that is equal to | for simply supported 
ends and equal to 4 for fully fixed ends. Boundary conditions other than 
hinged-hinged and fixed-fixed can also be accounted for by using the effective- 
length concept. Based on results obtained by Vlasov (Ref. 5.13), Galambos 
(Ref. 4.8) lists values of the cffective-length factor for several such end 
conditions. 

For design purposes, Eq. (5.144) is sometimes simplified by omitting 
either one or the other of the two terms under the radical sign. For example, 
it is reasonable to neglect the warping term in comparison with the St. 
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Venant torsion term when dealing with members tha raced 
j t have I b 
spans, the reason being that the warping term decreases as the 3 5 
whereas the St. Venant torsion term does not. For thin-walled members just 
2 sear is true. The St. Venant torsion term, which varies as the cube of 
c i r 
pres = is usually much smaller than the warping term and is therefore 
Many hot-rolled wide-flange structural-steel beam i 

s fall into the first of 
the above two categorics. The critical stress in pure bending for these mem- 
bers can accordingly be approximated by 


M, 
0. = F gq VELGI (5.145) 


The expression for ø., can further be simplified if 
ex | the area of the web i 
neglected when calculating the section properties of the member. Thus e 
S. = bid 


3 
=% 


261? 
2 
NFAT ; 
and Eq. (5.145) reduces to 


where b and ¢ are the width and thickness of the flan i 
are | i ge and d is the depth of 
the section. Dividing this relation by a safety factor of 1.65, one nen the 


allowable stress given in the 1969 AISC specificati ; 
ling (Ref. 1.17). That is, pecifications for clastic lateral buck- 


Gin = 


12 x 10 
E (5.146) 


A corresponding design expression for li i 
i ght- 1 beams 
neglecting the St. Venant torsion term, Thus úi n 


4% _ 2n [El 
ou 2M = 2, [ELET (5.147) 


In view of Eq. (5.12), the warping constant of an I section is given by /,d?/8. 
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The critical stress can accordingly be written as 


Er? I 
Te = FAF J. 
74 x 10% 
Or Ca = “aa (2) 


where r, and r, are the radii of gyration about the x and y axes. The AISI 
specification uses a safety fuctor of 1.85 and assumes that d/r, = 2.5 is a 
representative value for light-gage I sections (Ref. 5.18). Thus 


247 x 10° 
Ur, 


(5.148) 


on = 


Since stress was assumed to be proportional to strain throughout this 
chapter, the critical moment given by Eq. (5.144) is valid only as long as the 
maximum stress at buckling is below the proportional limit of the material. 
As with columns, this will be the case for long members, but not for short 
ones. For short beams, the maximum stress reaches the proportional limit 
prior to buckling, and as soon as this occurs, the stiffness of the member 
begins to decrease. As a consequence, the stiffness of short members at 
buckling is considerably smaller than it would have been had no yielding taken 
place, and the actual inelastic criticul moment is less than the one based on 
elastic behavior. A design curve for beams, indicating that the inelastic 

„critical moment becomes a smaller and smaller fraction of the elastic one as 

the length decreases, could be obtained for beams just as it was for columns 

in Article 1.18. The calculation of the inelastic critical moment is, however, 
fairly complex and will not be considered here. The reader interested in the 
subject is referred to the following work done in this area (Refs. 5. 1, 5.14, 
and 5.15). 
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Problems 


S.1 Determine the critical loading for a simply supported I beam subjected to a 
uniformly distributed load w. For this loading condition the constant C, in 


Eq. (5.142) has been found to be equal to 1.13. How does this compare with the 
results obtained here? 


5.2 Using the finite-difference method, determine the critical moment of a simply 


supported rectangular beam subjected to uniform bending. Obtain solutions 
with the member divided into three and four segments, and extrapolate these 
results using Richardson's method, 


warm regards: Haider. sa & gmail.com 


dar. 6 
— BUCKLING 
OF PLATES 


6.1 INTRODUCTION 


in the preceding chapters we dealt with the buckling of one-dimensional 
members such as beams and columns. The analysis of these members is 
relatively simple because bending can be assumed to take place in one plane 
only. By comparison, the buckling of a plate, which is the subject of this 
chapter, involves bending in two planes and is therefore fairly involved. From 
a mathematical point of view, the main difference between columns and 
plates is that quantities such as deflections and bending moments which are 
functions of a single independent variable in columns become functions of 
two independent variables in plates. Consequently, the behavior of plates is 
described by partial differential equations, whereas ordinary differential 
equations suffice for describing the behavior of columns. 

A significant difference between columns and plates is also apparent if one 
compares their buckling characteristics. For a column, buckling terminates 
the ability of the member to resist axial load, and the critical load is thus the 
failure load of the member. The same is, however, not true for plates. These 
structural clements can, subsequent to reaching the critical load, continue to 
resist increasing axial force, and they do not fail until a load considerably in 
excess of the critical load is reached. The critical load of a plate is therefore 
not its failure load. Instead, one must determine the load-carrying capacity 
of a plate by considering its postbuckling behavior. 
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The theory of plate stability developed in this chapter is applicable to t 
distinct groups of plates. One includ pt ppl o two 


es the relatively small plate elements of 
which structural shapes such as l beams, channels, and angles are composed. 


When such an clement buckles only that clement and not the enti 

kles, entire member 
becomes deformed, Buckling of a plate element of-u member is usually 
referred to as focal buckling. The other category of plates to which the 


material in this chapter applies is ordinary flat panels, such as may be found 
in any structure having large flat surfaces. 


Small- Deflection Theory of Thin Plates 
Let us consider the plate of uniform thickness h shown in Fig. 6-Ia. The 


Fig. 6-1 Plate coordinates and stresses, 


x and y coordinate axes are directed along the edges of the plate and the z 
axis is directed vertically downward, The xy plane midway between the two 
faces of the plate is called the middle surface. Figure 6-1b depicts a differential 
element of the plate. On each side of the element there can exist a normal 
stress g and two shearing stresses t. It is Customary to designate planes in a 
physical body by the direction of their normal. The normal stress acting on 
a plane then carries the same designation as the plane. The designation of a 
Shear stress consists of two parts; the first denotes the plane on which it acts 
and the second the direction of the stress. 


Plates can be Separated into three categories: thick plates, thin plates, and 
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membranes. If the thickness of a plate is sizeable compared to the other 


dimensions, transverse shear deformations tend to be of the same order of 
magnitude as bending deflections and must be considered. Such plates are 
called thick plates. By comparison, plates are considered thin plates if their 
thickness is small compared to the other dimensions and transverse shear 
deformations are negligible compared to bending deflections. A third group, 
known as membranes, consists of plates whose thickness is so small that the 
bending stiffness tends to vanish, and transverse loads must be resisted almost 
entirely by membrane action. Of these three types, only thin plates will be 
considered in this chapter. 

It is customary to make the following two assumptions regarding the 
behavior of thin plates; 


. The shear strains y,, and y, are negligible, and lines normal to the 
middle surface prior to bending remain straight.and normal to the 
middle surface during bending. 

2. The normal stress ø, and the corresponding strain e, are negligible, and 
therefore the transverse deflection at any point (x, y, 2) is equal to the 
transverse deflection of the corresponding point (x, y, 0) along the 
middle surface. 


In addition to limiting the analysis to thin plates, the following idealiza- 
tions are made. 


3. The transverse deflections of the plates are small compared to the 
thickness of the plate. Thus middle-surface Stretching caused by 
bending can be neglected; that is, membrane action resulting from 
flexure is negligible compared to the flexure. 


4. The material of the plate is homogeneous, isotropic, and obeys Hooke's 
law. 


As a consequence of assumptions ! and 2, the plate can be treated as a 
two-dimensional stress problem, and assumptions 3 and 4 make it possible 
to describe the behavior of the plate by linear differential equations with 
constant coefficients. 


6.2 DIFFERENTIAL EQUATION OF PLATE 
BUCKLING: LINEAR THEORY 


To determine the critical in-plane loading of a flat plate by the concept of. 


neutral equilibrium, it is necessary to have the equation of equilibrium for the 
plate in a slightly bent configuration. This equation will be derived here for 
a loading condition consisting of constant biaxial compression forces and 
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Fig. 62 Applied middie-surface 
forces—positive when acting as indi- 
cated. (Adapted from Ref. 6.1.) Y z 


constant in-plane shears, as shown in Fig. 6-2. The forces are considered to be 
positive when acting in the directions indicated. As is customary in plate 
theory, the unit of force used is load per unit length; that is, M, is equal to the 
axial stress g, multiplied by the thickness J. 

An element of a laterally bent plate is acted on by two sets of forces, 
in-plane forces equal to the externally applied loads and moments and shears 
that result from the transverse bending of the plate. In developing the equa- 
tion of equilibrium it is convenient to consider these two sets of forces 
Separately and then to combine the results.“ 


Equilibrium of In-Plane Forces 


A differential element of a laterally bent plate is shown in Fig. 4.3, The 
sides of the element are of length dx and dy, and its thickness is equal to that 
of the plate, 4. Acting on the element are the in-plane forces V.. My. Nays 
and N,,. Since middle-surface strains caused by bending are neglecled. the 
in-plane forces are solely due to the applied constant in-plane loads and do 
not vary with x or y. The lateral deflection w does, however, vary with x and 
y, giving rise to the slopes and curvatures indicated in the figure. 

For small lateral deflections, the cosines of the angles between the forces 
and the horizontal are approximately equal to unity, and the sines of the 
angles can be replaced by the angles. The sum of the moments about the x 
and y axes and the sum of the forces along these axes are thus all identically 
equal to zero. In the z direction the components of the , forces are equal to 


2 
or simply 
2 
N. dx dy (6.1) 


The derivation of the plate equation presented here follows the general outline of the 
derivation given by Gerard (Ref. 6.1). 
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Equilibrium of Bending Moments, Twisting 
Moments, and Shears 
In addition to the in- 
of a slightly bent plate 
in Fig. 6-4. All forces 


plane forces shown in Fig, 6-3, a differential element 
will have acting on it the moments and shears shown 
and moments are considered positive when acting in 


Fig. 63 in-plane forces on plate element—small deflections. (Adapted 
from Ref, 6.1.) 


Similarly, the z direction components of the remaining forces acting on the 
element are 


tw d'w gw . . 
{ N, 71 + N ae = Naa 5) dx dy {6.2) Fig. 6-4 Bending moments, twisting moments, and shears on plate ele- 


; ment, (Adapted from Ref. 6.1.) 
In determining the z components of the shear forces, the curvature of the 

edges on which they act is neglected. It is permissible to do this because the 
terms that would result from including the curvature are of higher order than 


the direction indicated, Com 


: ponents of the shear fi i 
directions are negligible. In th orces in the x and y 


e direction the components of the shear forces 


are 
the remaining terms in the expression. P 
Noting that V., = V, for moment equilibrium about the z axis, and ( + 902) dx dy (6.4) 
adding the terms in (6.1) and (6.2), one obtains for the resultant of the * 
middle: surface forces in the z direction Addition of these terms to the z components of the middle-surface forces 
given by (6.3), leads to the equation of equilibrium in the z direction: 
(n dw . N 9 2% 9 ) dx dy (6.3) : 
Kl op "Ox dy : 


Diw d'w e * 
e+ oe N. . Mega + 2, rd = 0 (6.5) 
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The condition that the sum of the moments about the x axis must vanish 
gives 


am OM, a, 0. dx dy dr 8 = 
Gdy dx — lfd dy 92. de dy dy C, dx dy . dy dy = 0 


If the higher-order terms are neglected, this relation reduces to 


OM, du. 


e 0 l (6.6) 


Similarly, moment equilibrium about the y axis leads to 


ðM, dl, 


. — 0 (6.7) 


Equations (6.5), (6.6), and (6.7) are three equilibrium equations of plate 
buckling. As is often the case, it is possible to combine these equations and 
thus eliminate some of the variables in the problem. Differentiation of (6.6) 
and (6.7) gives 


a aM, CM, 
= “Gy! Ixy (6.8) 
oO, @M, PM, 

= = oe oxy (65) 


If one now substitutes the expressions in (6.8) and (6.9) into Eq. (6.5), one 
obtains a single equation of equilibrium from which the shear forces have 
been climinated. Thus 


PM. 50%, „ , M yw dw aw 
> 2 29 0% 5 + 2 + Nua + N yi + Wax pr O (610 


Equation (6.10) contains four unknown functions, M,, M., M., and w. 
To obtain a solution, it is obviously necessary to have three relations, in 
addition to (6.10), among these variables. Since it is not possible to write any 
more equations of equilibrium, the additional relations will have to be 
obtained by considering the deformation of the plate. 


Moment-Displacement Relations 


Equations that express the moments in terms of the displacements will be 
obtuined by relating the moments to the stresses, the stresses to the strains, 
and finally the strains to the displacements. The moments M,, Mp and M., 
are due to normal and shear stresses whose magnitude is proportional to the 
distance of the stress from the neutral surface (Fig. 6-5), Consequently, 
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Fig. 6S Normal and shear stresses corresponding to bending and twist- 
ing moments. (Adapted from Ref. 6.1.) 


* 
M,= E. o,zdz (6.11) 
2 
M, = i. 0,2 dz (6.12) 
A2 
M., = * Taz dz i (6.13) 


The negative sign in Eq. (6.13) indicates that M. 
are positive. By comparison, M, and M, in Eqs. (6.11) and (6.12) are Positive 
when z and the normal stress are positive. The moments and stresses are 
positive when in the directions indicated in Figs. 6-4 and 6-5. 


, As a result of assuming elastic behavior and negligible stresses in the z 
direction, the stress-strain relations for the plate are 


is negative when z and 2 


e. = to, — 1, (6.14) 


= Fbe, — Ha,) (6.15) 


„. OA, (6.16) 


Solving for the stresses in terms of the Strains, one obtains 


E 
= Tj ue. (6.17 


warm regards: Haider. sa @ gmail. com 


246 Buckling of Plates Ch.6 


o= roa 7 (€, + ue. (6.18) 
E 
Tap ™ AF py” (6.19) 


These expressions arc equally valid for relating bending stresses to bending 
strains, which is what we are doing, or for relating total stresses duc to in- 
plane forces as well as bending to the corresponding total strains. 

To obtain a set of bending strain-displacement relations, we denote the 
x, y, and z components of the bending displacement of a point in the plate by 
un, U,, and w. The subscripts are used to differentiate the bending displace- 
ments from the total displacements. At any point in the plate, the total dis- 
placement consists of two parts: that due to in-plane forces, which is constant 
over the thickness, and that due to bending, which varies from zero at the 
middle surface to a maximum at the outer surfaces. Thus 


u = Ug + u, (6.20) 

V= V, -+ u. (6.21) 

where u and v are the total displacements made up of the displacements w, 

and v, of the middle surface plus the displacements u, and v, relative to the 

middle surface due to bending. Since e, is neglected, w is constant over the 
thickness, and no expression is required for w. 

During bending of the plate, a thin lamina abcd located a distance z above 

the middle surface undergoes the displacement and distortion shown in Fig. 


6-6a. From the definition of strain it is evident that the strain of fiber ab in 
the x direction is given by 


— a'b — ab _, dx — My + wy + 2 45 — dx 
7 ab x 
or simply 
e,m 35 (6.22) 


and the strain of fiber ad in the y direction by 


65 97 (6.23) 
—— 
The shear strain is equal to the change in the angle dab. This is given by 
Yay = 2 (6.24) 
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{b} X~Z plone 
Fig. 6-6 Bending displacements in a plate, 
During bending, plane sections are a 


placement u, of point e located at a di ` ; 
b) is t eas al a distance z above the middle surface (Fig. 
dw 
re (6.25) 
Similarly, in the direction 
Ow 
s- (6.26) 


ssumed to remain plane, The dis- 


The negative sign indicates that a negative z and a positive slope correspond 
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to a positive displacement. Substitution of the expressions for the displace- 
ments given by (6.25) and (6.26) into Eqs. (6.22), (6.23), and (6.24) leads to 


= TITA (6.27) 
7 1955 l (6.28) 


Y» = 3 (6.29) 


These expressions are the bending strain-displacement relations for the plate. 
Their substitution into Eqs. (6.17), (6.18), and (6.19) gives 


— 


Ez 68 ax) 


9. a Ja + 4 0 (6.30) 
Ez: fou d'w 
0, = EE (55 + 1955) (6.31) 
3 


Finally, by substituting (6.30), (6.31), and (6.32) into Eqs. (6.11), (6.12), and 
(6.13) and carrying out the indicated integrations, the following moment- 
curvature relations are obtained: 


M, = —D($% + u$s) (6.33) 
* 9055 + 1952 (6.34) 
Muy = DU — wri. (6.35) 
in which 
2 Af i (6.36 


The quantity Dvis the flexural rigidity per unit width of plate. It corresponds 
to the bending stiffness E/ of a beam. Equations (6.33), (6.34), and (6.35) are 
the plate moment-curvature relations analogous to the beam equation 


M = —ElI(d*y/dx*). Comparison of the beam rigidity with that of the plate’ 


indicates that a strip of plate is stiffer than a beam of similar width and depth 
by a factor of / — u°). The difference in stiffness exists because the beam 
is free to deform laterally, whereas the plate Strip is constrained from deform- 
ing in this manner by the adjacent material, 
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Differential Equation of Plate Buckling 
Substitution of Eqs. (6.33), (6.34), and (6.35) into Eq. (6.10) gives 


gw w Otw\ „ Fw aw Ow 

909 + nt 52) = MEAT NGS 2, iy (6.37) 
This is the differential equation of plate buckling under the action of in-plane 
forces V., N,, and ., Setting N, = N,, = 0, the critical load for uniaxial 
compression can be determined. In a similar manner the critical load under 
pure shear or due to a combination of compression and shear can be found. 
At the beginning of the section it was pointed out that a primary difference 
between plates and beams was the existence of two independent variables in 
the former as opposed to a single independent variable in the latter. Thus 
removal of the y-dependent deformation terms from Eq. (6.37) results, us is 
to be expected, in a relation that is very similar to Eq. (1.34), the column 


' buckling equation. 


6.3 CRITICAL LOAD OF A PLATE UNIFORMLY 
COMPRESSED IN ONE DIRECTION 


Let us consider a simply supported rectangular plate with sides a and b units 
long, as shown in Fig. 6-7. The plate is acted on by a compression force, V., 


Fig. 6-7 Simply supported plate uniformly compressed in x-direction, 


per unit length, distributed uniformly along the edges x = O and x = a. It is 
assumed that the edges of the plate are free to move in the plane of the plate 
and that no in-plane forces in addition to the applied load can therefore 
develop as the plate is axially compressed. Letting N, = N., = 0, and noting 


that M, is negative, Eq. (6.37), the differential equation of plate bending, 
reduces to 


ow ðw tw dw 
D(a 2 7%. + 9) + W. <0 (6.38) 


Since all four edges of the plate are simply supported, the lateral deflection 
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i i edge. Taking the coor- 
well as the bending moment vanishes along cach dg 
2 axes as shown in the figure, the boundary conditions are 


v= ga 0 atx=0,a (6.39) 
x 
„N e 0 at y = 0, 5 (6.40) 


In view of the condition of zero lateral deflection along cach of the four 
boundaries, 


aw a 28 
JP O atx a 


d*w 


= =0,6 
x O aty 


Making use of these relations, the boundary conditions in (6.39) and (6.40) 
can be reduced to 


w= 55 =0 at x O. a (6.41) 
280 sty 26 (6.42) 
w wy O aty 


i is limi all deformations, only 

i bending of the plate is limited to sm 
833 ad be considered. The in-plane strains caused by flexure are 
assumed to be negligible, In view of this fact only the boundary — 
dealing with transverse deformations are required. The in-plane boun std 

nditions were needed to determine whether or not in-plane forces ot 

10 he applied ones would be induced during the axial compression of the 
aise They are, however, not reqbired from here on, when we shall be 
p 55 

i ly with the bending of the plate. 
„ the critical loading of a system by means of the ane ar 
neutral equilibrium requires that one obtain the nontrivial solution o t 
governing lincar differential equation. In the case of a — eee, 

A A is 

ial differential equation, and since we have not conside i 0 
ene ee a few introductory words regarding its solution are in 
3 main difference between an ordinary and a partial differential — 

ion i orme satisfied ly one function, whereas 
tion is that the fi r can be dy on 5 3 
i functions that can satisfy the latter. s a conseq ; 

peona of a partial diferential equation is more difficult to — 
2 that of an ordinary differential equation and of less practical va 7 
Whereas the general solution of an ordinary differential equation gives the 
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dependent variable to within one or more arbitrary constants, the general 
solution of a partial differential equation only describes the dependent 


variable in general terms and docs not give its specific form. For these 


reasons it is not worthwhile to obtain the gencral solution of a partial differ- 
ential equation, Instead, it 


is Customary to solve the equation by the use of a 
series. 


Let us assume that the solution to Eq. (6.38) is of the form 


See e. 


6.43 
= 22 (6.43) 


in which m and n are the number of half-waves that the plate buckles into in 
the x and y directions, respectively. The assumed solution already satisfies the 
boundary conditions, and there remains only the task of ensuring that it also 


satisfies the differential equation. Substitution of the appropriate derivatives 
of w into Eg. (6.38) leads to 


2 = Agi 2 7 t = Noting?) P 
SEL aeg. .- Meme lan MR sin MY o 


(6.44) 
The left-hand side of (6.44) consists of the sum of an infinite number of 


independent functions. The only way such a sum can vanish is if the coeffi- 
cient of every one of the terms is equal to zero. Thus Y 


Anal x! (E. + 370 z 5 . =0 (6.45) 


This expression can be satisfied in one of two ways, either An. = O or the 
term in the brackets vanishes. If Ama = 0, N, can have any value. This is the 


trivial solution of equilibrium at all loads, provided the plateremains perfectly 
Straight. The nontrivial solution that leads to the critical load is o 


btained by 
setting the expression in the brackets equal to zero. Thus 
Dan (im? , n*\2 
N. me ( + 55 
Dx mb , Pay 
or N, = * 2 (z * 755) (6.46) 


According to (6.46), N, depends on the dimensions 
Properties of the plate and on m and n, 
plate buckles into. Since the critical val 
satisfies Eq. (6.46), 
determined. It is ob 


and the physical 
the number of half-waves that the 
ue of N, is the smallest value that 
the values of m and n that minimize (6.46) must be 
vious that M, increases as u increases and that n=l 
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therefore results in a minimum value of V.: that is, the plate buckles in a 
single half-wave in the y direction. The number of half-waves in the x 
direction that correspond to a minimum value of N, is found by minimizing 
Eq. (6.46) with respect to m. Thus 


Ai) IRE (8150 =0 
from which 


m= $ (6.47) 


Substitution of this result into (6.46) leads to 
(N) = 422° (6.48) 


Since a simply supported plate must buckle into a whole number of half- 
waves, a/b, which according to (6.47) is equal to m, must be an integer. The 
critical load given by Eq. (6.48) is thus valid only when a/b is a whole number. 
For plates in this category, the buckling pattern consists of a single half-wave 
in the y direction and a/b half-waves in the x direction. In other words, the 
plate buckles into a/b square waves. 

The more general case, where a/b is not an integer, will now be considered, 
Equation (6.46) can be rewritten in the form 


k Dgr? 
: N s™= PRE (6.49) 
mb mah 


- The factor k depends on the aspect ratio a/b and on m and n, the number of 
half- waves that the plate buckles into, As before, n = leads to the smallest 
value of N.; that is, the plate buckles in a single half-wave in the y direction. 
To determine the buckling pattern in the x direction, one must consider how 
k varies with a/b for different values of m. Letting m = | in Eq. (6.50), the 
variation of k with a/b given by the curve labeled m = | in Fig. 6-8 is obtained. 
In a similar manner, by letting m in Eq. (6.50) take on successively higher 
values, the curves for m = 2, 3, 4. are obtained. It is evident from these 
curves that there exist an unlimited number of values for k, corresponding to 
any given a/b, that satisfy Eq. (6.50). Of these we are interested in only the 
smallest one, because this is the value of k that will minimize V. in Eq. (6.49), 
The solid line in Fig. 6-8 obtained by connecting the lower branches of the 
various curves gives the critical value of k as a function of a/b. In addition, 
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a/b 
Fig. 6-8 Buckling stress coefficient & for uniaxially compressed plate, 


the solid line indicates the number of half-waves into which the plate buckles, 
Corresponding to a given a/b, For example, the buckling stress coefficient k is 
obtained from the curve for m = 1 for all plates with a/b Z. These 
plates therefore buckle into a single half-wave in the x direction. For plates 
with a/b between Z and ./6, k is taken from the curve for m = 2, and 
these plates accordingly buckle into two half-waves in the longitudinal 
direction, 

As long as a/b is relatively small, & varies considerably with the aspect 
ratio, and a curve like the one given in Fig. 6-8 is required to obtain the correct 
value of k, However, for a/b > 4 the variation of k from 4.0 is almost 
negligible, and k = 4.0 is therefore a satisfactory approximation for plates 
with a/b > 4, 

Having determined the critical load of a uniaxially loaded plate, it is 
worthwhile to compare it to the critical load of a column, This is best accom- 


plished by replacing D in Eq. (6.49) with EIN — u?) and N, with a,r. Thus 
one obtains 


EXE 1 


a= wi DA (6.51) 


The equivalent expression for the column is 


— oe j (6.52) 
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lengths. The plate stress varies inversely as the flat width ratio squared, (b/1)?, 
and the column stress is inversely proportional to the slenderness ratio 
squared, (//r)*. The critical stress of the column thus depends on its length, 
whereas that of the plate depends on the width of the plate and is independent 
of the length. 

The investigation of the stability of a simply supported, axially compressed 
plate considered in this article dates back to 1891 when Bryan (Ref. 6.2) 
presented one of the first solutions to the problem. At the beginning of the 
twentieth century, plate buckling was again considered by Timoshenko, who 
not only investigated the simply supported case, but various other boundary 
conditions as well, Many of the solutions he obtained are giVen in his textbook 
on stability (Ref. 1.2). 


6.4 STRAIN ENERGY OF BENDING IN A PLATE 


In Chapter 2 the energy method was used to determine the critical load of a 
column. To apply the same method to plates, it is necessary to obtain an 
expression for the strain energy in a bent plate. Since the strain energy stored 
in a deformed body is equal to the work done by the external forces, the strain 
energy in an element of a bent plate can be obtained by determining the work 
duc to the stresses acting on the clement. For thin plates it is assumed that 
Or» Yan and y,, are negligible, Consequently, only the stresses shown acting 
on the differential clement in Fig. 6-9 need be considered. The total strain 


-—¢x:—_-| 
ft 


j 


Fig. 6-9 Stresses on plate element. 


energy due to these stresses will be obtained by applying the stresses one at a 
time and adding the energy thus produced. 

At first let the element be acted on only by the stress .. The energy stored 
in the clement due to this stress is equal to one half the force g, dz dy multi- 
plied by the distance, (¢,/E)dx, through which the force moves. Thus 


dU, = 2e 3 dx dy dz (6.53) 


Now let the stress g, be applied to the element on which g, is already 
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sieg at its full value. Due to a, deformations occur in the xand directions 
- work is done by both the new stress o, and the existing stress g. In the 
direction the force o, dx dz and the deformation ( E)dy increase simul- 


taneously from t i i i i 
2 an * o their final value. This results in an increase of strain 


i ` 
dU, = Eo. dx dy dz (6.54 


In the x direction the force g. d. i i ) 
x dy dz remains constant while the deformati 
changes by an amount ~Ha,/E. The resulting strain energy is * 


dU, = e. o, dx dy da (6.55) 


To obtain the total strain 


dU,. Thus energy due to o. and o, we add dU, and dU, to 


l 
dU, = TASE + o) 2e. o dx dy dz (6.56) 


energy is equal to 


I 
dU, = z (Ta dx dz)(y,, dy) = A, dx dy dz (6.57) 
The total strai : s 
and 40, i saa energy stored in an element of a bent plate is the sum of dU, 


l 
dU = xgle: + 0} — 2yo,0, + U1 + Ath) dx dy dz (6.58) 


For an entire plate, whose length and width 
f k are 
whose thickness is /, the strain energy is a and b, respectively, and 


* m 
oF, 1 
* -a2 j 153 lo: + oF 24.0, + 201 + Ai dx dy d: (6.59) 


he a consequence of neglecting Tis Yan and y,,, this expression is limited to 
n plates. However, it ts not limited to small deformations. As a matter of 

fact, Eq. (6.59) will give the strain energy duc to either bending or membrane 

action or a combination of the two, depending on what stresses are used 
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At present it is desired to obtain an expression for the strain energy due to 
bending only. Twisting that accompanies bending in a plate is here considered 


to be part of bending. Substitution of (6.30), (6.31), and (6.32), which relate 
the bending stresses to the lateral displacements, into Eq. (6.59) leads to 


xu. I. u-) + Gey 
+ 24 921 95 +21 — DES) dx dy dz 
which, after integrating with respect to z and combining like terms, reduces to 
ua f . G0) + Gay + 232 95 
+21 ) las dy 


Equation (6.61) gives the strain energy due to bending in a thin plate. 


(6.60) 


(6.61) 


6.5 CRITICAL LOAD OF A UNIAXIALLY 
COMPRESSED PLATE, FIXED ALONG ALL 
EDGES, BY THE ENERGY METHOD 


To illustrate the use of the energy method in plate analysis, the critical 
compression load of a square plate fixed along all four edges will be deter- 
mined. The plate, shown in Fig, 6-10, has sides of length a and is compressed 


—.— 


— — * 
N, — = 

— — Pa 
—— — — — 


Fig. 6-10 Fixed plate uniformly 
Y 


compressed in x-direction, 
by a uniformly distributed force N, acting along two opposite edges. Taking 
the coordinate axes as shown in the figure, the boundary conditions are 
= dw = = 
aaa O at x =, 4 (6.62) 


wa 0 aty = 0,0 (6.63) 
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In accordance with these conditions the plate is prevented from moving in 
the z direction or rotating at the boundaries. The edges of the plate are, 
however, free to move in the xy plane. 

Boundary conditions (6.62) and (6.63) are satisfied if w is assumed to be of 
the form 


w= Al! — cos 2%) (1 — cos 222) (6.64) 


a 
The total potential energy of the system consists of two parts, the strain 


energy due to bending and the potential energy of the external loads, The 
former, derived in Article 6.4, is given by 


-. LI 0 GI ag 
+ Al — D] dx dy 


To evaluate this expression, the following derivatives of w are needed: 


(- 20 1) 


(6.65) 


ox 

5 (0 ont) 

a b) be 
$= SA (mt) (1 2 
55 994 (ott) in?) 


Substitution of these expressions into (6.65) leads to 
U 


u= RIEA . . cr) 2 


a*t 
bee ee 
oat 28 (28 e 


+21 — 1) (sin? ins) (sin? 82) |ax dy 


(6.67) 
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Making use of the following definite integrals, 
fi sin? 22 dx = 5 
JF cost 2n dx = $ (6.68) 
. cos 2x dx = 
the expression for the strain energy reduces to i 
y = 2 ( S) 4+ U 70 20%) + 201 — o] 


from which 
U= 16Dr*A? 
a 


(6.69) 


To determine the potential energy of the external loads, the plate is 
considered to be made up of a series of longitudinal strips, as shown in Fig. 
6-11. For any strip the potential energy is equal to the negative product of the 


— 


* 
*. Nd 


z 


Y Fig. 6-11 


force N, dy and the shortening of the strip in the x direction due to bending. 
That is, 


dV = —(N, oy . (20 ax] 


The total potential energy ſor the entite plate is obtained by adding the 
potential energies for all the individual strips. Thus 


es . Z, . (5) ax dy (6.70) 


Substitution of the expression for q dx from (6.66) into this relation leads to 


r= -EE J.. (N22. 


＋ cos? 2z») dx dy 


(6.71) 
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which can, in view of (6.68), be reduced to 
v= MAS (a+ 4)] 
or oe 8 — (6.72) 


The total potential energy of the system is obtained by adding the expres- 
sions in (6.69) and (6.72). Thus 


U + Vm MDEA? eee (6.73) 


In accordance with the Concept of neutral equilibrium and the principle 
of stationary cnergy, the critical loading can be determined by finding the 


slightly bent configuration for which the total potential energy hasastationary 
value. Hence 


art 2. l — V4 =0 
from which 
N, = 32Dx? = 10.67Dx* (6.74) 


Using an infinite series for w, Levy (Ref. 6.3) obtained an exact solution to 
the same problem. His critical load is 


i — (6.75) 


6.6 CRITICAL LOAD OF A PLATE IN SHEAR 
BY GALERKIN METHOD 


For buckling to take place, it is not necessary that a member be loaded in 
axial compression. All that is necessary is that compression stresses exist 
in some part of the member. Thus we have seen that instability can occur in 
transversely loaded beams duc to the compression stresses that are present in 
the compression flange of the member. Another structural member that is not 
loaded in axial compression, but may nevertheless become unstable, is a plate 
loaded in shear. In this case, compression exists on planes that make a 45- 
degree angle with the loaded edges, and when these stresses become suffi- 
ciently large, buckling will take place, 

Let us consider the simply supported square plate shown in Fig. 6-12, The 
plate is loaded by uniform shearing forces V., applied along the four edges. 
To determine the critical loading of the plate, we make use of the Galerkin 
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Fig. 6-12 Simply supported plate in 
pure shear, 


method outlined in Article 2.8. As is the case when using the energy method, 


one must first choose an expression for the deflected shape of the member that 
satisfies the boundary conditions. Thus we let 


w= A, sin ™ sin 22 4. A, sin 22 gin 22. (6.76) 
a a a a 


Next, the Galerkin equation, whose general form is given by (2.72), must be 
written. For a plate subject to pure shear, whose deflection is assumed to be 
given by (6.76), the Galerkin equation is of the form 


. . O r dy, I= 12 (6.77) 
= Iw d'w d'w din 
g(x) = sin zx sin = (6.79) 
g(x) = sin 25 sin Pry (6.80) 


Since there are two terms in the assumed deflection function, two Galerkin 
equations must be written. Substituting the appropriate derivatives of w into 
Q(w), these equations take the form 


. J. LA sine er an- 22 v GARY ig Be n x an Day my 
J.. a a a a a a a a 
+ The (AF cos in sin in cos BY an T (6.81) 
444 F eos e sin BE cop BUE sin 22) | dy 
a a a a a 


1.42 sin ™ sin 2 zin RY sin 22. -+ Ar- sin? 24% gins 2zy 
edeli 7 a a a a a a 
4 a 


+ SARE cos PEE sin BEE cos 2EY sin 282) ay dy 


+ EE in er g 2 a 
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The definite integrals appearing in Eqs. (6.81) and (6.82) have the following 
values: 


«3 MRX aoe 
f imta 2 


sin mrX sin nex dx =0 
0 a : 


cos max sin mee dx = 0 (6.83) 
a 
0 
y 2a 
ee 


Hence the equations can be reduced to 


ett) « Mette =o 


San (g) ah U) -0 


a‘ 
B * ae alt (6.85) 


To determine the critical load, we set the determinant of Eqs. (6.84) and 
(6.85) equal to zero. That is, 


a EA =0 (6.86) 
Expanding (6.86) leads to 
Nano 110 (6.87) 


Using a more precise analysis than the one presented here, Stein and Neff 
(Ref. 6.4) obtained for the critical load r 


Non, = 9.34% D (6.88) 
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6.7 FINITE-DIFFERENCE METHOD 
APPLIED TO PLATE BUCKLING 


In Article 2.10 the finite-difference technique was used to approximate the 
buckling load of a column. The same method is also applicable to plate- 
buckling problems. To extend the finite-difference method from one-dimen- 
sional to two-dimensional problems, it is necessary for us to obtain expressions 
for difference ratios corresponding to partial derivatives. Specifically, we are 
interested in the partial derivatives that appear in the plate equation. 


Difference Ratios for Partial Derivatives 


Consider a plate represented by a network of discrete points as shown in 
Fig. 6-13. The points are evenly spaced a distance h apart in both the x and y 


Fig. 6-13 Finite-difference mesh in two dimensions. 


directions. According to Eqs. (2.78) and (2.80), the second and fourth dif- 
ferences with respect to x of a function w(x, y) at point (j, k) are 


(0, s 2w, at Wye (6.89) 

ğü 650, = Pima eee - LE (690 
Similarly, the second and fourth differences with respect to y are 

(50, - Pate Iye E Wass (6.91) 

8 (0, I — 4 oon + ów, p — 4Wyaen + Wir- (6.92) 
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The fourth mixed difference with respect to x and y is obtained by applying 
the operator for the second difference in the x direction [Eq. (6.89)] to the 
second difference in the y direction (Eq. (6.91)). Thus 


allo f un 2. H n 2% — 2% (693) 
E Wy ana) + (e 2% + Wyena-a)] 
Critical Load of a Biaxially Compressed Plate 


To illustrate the analysis of a plate by means of the finite-difference 
technique, let us calculate the critical Joad of the biaxially compressed plate 
shown in Fig. 6-14. The plate is assumed to be Square and the edges of the 


—— 


N 
AMAA 
iy (=n o : 
= a” a 
Fig. 6-14 Simply supported plate b,, EEL 
uniformly compressed in x and y 


directions. Y 


plate are taken as simply supported. Acting on cach edge is a uniformly 
distributed compression force of magnitude N, = N, = N. Taking the 


coordinate axes as indicated in the figure, the differential equation of bending 
is 


a'w d'w Fw fene, dw 
22 1 2 ++ (05 4 0) 0 
This equation is obtained from the general equation of plate bending under 
the action of in-plane forces [Eq. (6.37)) by dropping the nonexistent shear 


forces ., and changing the sign of the axial forces. The boundary conditions 
for a simply supported plate were shown in Article 6.3 to be 


(6.94) 


w= Ge =O at x = O, a 
w= Seo at 5 = O, a 


To formulate the governing difference relations, each side of the plate is 
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3 sists Oe of size h = a/n. To obtain the difference equation 
formed, one substitutes the 0 pad egi = the e of nodal points thus Substitution of (6.96) into (6.96a) gives 
the derivatives i tos in (6.90), (6.92), and (6.9 
e derivatives in Eq. (6.94). Thus at a point (j, k) the difference oe Wyo % (6.966) 
20w, — i 
tok le + Wyong + Wheat Wy oa) Thus we see that for a simply supported edge the deflection at a point im- 
+ 20 u u + W e + Wyn es) mediately outside the boundary is the negative of the deflection at the corre- 
+ iw + Wasnt ae + Wj ayn) (6.95) sponding point inside the boundary. 
Ps Dp saa + Wiona E Wy „ + 6 1 Awya) =0 First Approximation n = 2 
Using computati : : As a first attempt, let the plate be subdivided into four equal squares, as 
as shown 28 * guys this equation can be represented pictorially shown in Fig. 6-16a. This network results in a single interior point whose 
È rst molecule corresponds to the biharmonic lateral deflection is denoted by w,. The deflection is zero along the boundary 


and equal to —w, at the exterior points opposite the centers of the four edges. 


}-2h j-h j jth j+2h 


n 1 ia 
Fig. 6-15 Plate equation in molecule form. 
operator V* and the second mol 
the x and y directions. olecule to the sum of the second differences "E “14-2 


The values of w at each of the inder 
unknowne in the eee se n interior nodal points are the n x n 


. mel sansa ebnisninat 
1 
= 


7 ue of %% al è 
= Of edge outside the boundary. To obtain 3 l EEE 
2 one uses the given boundary conditions. From the conditi “ior ma yan 
flection along the edge x = j — j ition of zero 


i 
= 


—— 2 44 eT 


i 
= 


Wina = 0 (6.96) 


and iti 
from the condition of zero curvature in the x direction at the same edge 


Yarasa — Bwose + wya 0 E | 
2 (6.962) Fig. 6-16 Plate subdivided into . 


(a) four sections and (d) nine sec- 
tions. 
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Writing Eq. (6.95) at the interior point gives 


bee 
ſrom which 


16 
Na = or 


This approximation differs from the exact solution 2#?D/a*, given by 
Timoshenko and Gere (Ref. 1.2), by about 20%. 


Second Approximation n = 3 


If the plate is subdivided into nine equal squares, the nodal deflection 
pattern depicted in Fig. 6-16b results. Due to symmetry, the same deflection 
exists at all four interior points, and only one independent equation can be 
written, This equation is 

w,(4— 255) =0 


95 
from which 


18D 
Na = 2 


Comparison of this solution with the exact value of the critical load 2c Dja? 
indicates that the error is now 10%. A decrease in the mesh size from h = a/2 
to 4 == a/3 hus thus halved the size of the error, 


6.8 PLATE BUCKLING BY FINITE ELEMENTS 


The matrix method, developed in Articles 2.14 and 4.5 for determining the 
‘critical loading of columns and frames, is equally well suited for the solution 
of plate-buckling problems. As was done in the case of columns and frames, 
the plate to be investigated is subdivided into a number of discrete clements, 
and the element stiffness matrix relating clement nodal forces to deformations 
is constructed. The stiffness matrix for the entire plate is then formed by 
combining the individual element stiffness matrices. Finally, the critical load 


is calculated by requiring the determinant of the structure stiffness matrix to 
vanish, 


Element Stiffness Matrix 


Let us consider a plate divided into a number of rectangular elements, as 
shown in Fig. 6-174. The individual elements are assumed to be connected to 
one another only at the corners. A typical element. like the one in Fig. 6-17b, 


— — 
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fad 


lo) Rectengutor piote (d) Typicol element 


w 


* * 


27 


* 
(c) Nodal displocements 
Fig. 6-17 Finite-clement analysis of rectangular plate, 


therefore has four nodal points at each of which we define three displacements. 


These include a vertical deflection w and rotations about the x and y axes 
dwidy and ðm 


Jax (Fig. 6-17c). Thus the element displacements at the first 
node are 


ð 

2 
[5,] = | dw (6.97) 
Oy 


w, 
and the clement displacements for the nth clement are 
5, 
ő 
[5] = 8 (6.97a) 
* 
5, 
Corresponding to these displacements, there exist element forces at node l. 


M. 


lg] =| M, (6.97b) 
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and forces for the entire nth clement, 
71 
72 
19. = (6.970) 
75 
qa 


These forces and deformations are related to each other by 


l.] K. Ils. 


in which the 12 x 12 matrix [k,] is the stiffness matrix for the nth element. 
Using the energy method, in a manner similar to that employed in Article 

2.14 for columns, the plate element stiffness matrix will now be developed. Let 

the moments and torques acting on a differential element of the plate, ex by 


dy, be denoted by 
M, 
[4] = 6 (6. 


., 
and the corresponding curvatures and twists by 


ew 


oxi 
[ġ] = 975 (6.97 ) 


2 dw 
ox dy 


The strain energy of bending for the differential element can then be written 
as 
| dU = l Fiel dx dy 


and the bending strain energy of an entire plate element, of size 2a x 2b, as 


U= ., T. lr ur dy 


In view of the moment-curvature relations for a plate, given by Eqs. (6.33), 
(6.34), and (6.35), [M] can be expressed as 


[M] olle 
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in which [D], a matrix consisting of material constants, is given by 
D uD 0 
* 


[p}=|#2 D 0 (6.97f) 
0 o0 Fa — 4) 


Thus the strain energy becomes 


5 ., J. trio ax ay 


The external work for the nth element consists of two parts, one due to 
the nodal forces la.] and another due to the in-plane forces [N]. The first of 
these is given by 


W, Ae. FIS. = HOT U. Ils. 
und the second by l 


Wa ., J. [OFUN] dx dy 


in which 
(6.97g) 


and [N] = is ck 1 (6.97h) 
Thus the total external work for the nth element is 
W = AFEMI + 4 f”, I. aF INe) ax dy 


Equating the strain energy for the nth element to the external work and 
rearranging terms, one obtains 


EFEM = ., f lor toll ar a f° J. HNA (66800 


To evaluate IK. ] in this expression, we assume that the deflection w at 
any point on the element can be approximated by a 12-term polynomial, 


warm regards: Haider. sa & gmail.com 


270 Buckling of Plates Ch. € 


Thus 


w= A, + A,x “+ Ay -+ A,x? + Asxy + Asy? 1 A,x? 


6.99 
TA. x A. xy + Arp? + Any + Anax 2 


Using the boundary conditions at the four corners of the nth clement, the 
constants in (6.99) can be expressed in terms of the nodal displacements [d.]. 
and w can be rewritten in the form 


All.] 3 (6.99a) 


The 12 x 12 matrix IA] relates the deflection w at any point on the element to 
the nodal displacements of the element. Differentiation of Eq. (6.99a) makes 


it possible to obtain relations for ſa] and lol in terms of lo. J. Differentiating . 


once we obtain 
[a] I.] 


and differentiating a second time leads to 


l$] = (C){6,) 


in which ſa] and [ġ] are defined in (6.97g) and (6.97c), and [8] and IC] are 
obtained by differentiating [A]. 
Substitution of the preceding expressions into Eq. (6.98) leads to 


be. Ie ls l | MM icrioci ar 


J. I. torten ac n] log 
from which 


° . 
4 J 2 FDC dx dy — * fer (N][B]dx dy (6. 100) 
or (kn) = [k] — le] (6.100a) 


As was the case with columns, the plate stiffness matrix consists of two parts. 
The first, Ic. l. is the stiffness matrix for pure flexure and the second, LK is 
the initial stress stiffness matrix, which accounts for the influence of in-plane 
forces on the flexural stiffness. 

To obtain the numerical values of the coefficients in [kt] and [kt], it is 
necessary to evaluate the matrices [4], [8], and IC] and then carry out the 
integrations indicated by Eq. (6. 100). Since this procedure involves a con- 
siderable amount of numerical work, it is not included here. However, the 
final forms of both [k1] and [k}] are given in Tables 6-1, 6-2, and 6-3. In 


ks’ 


Table 6-1 Permutation matrix for [k4] and [ 
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Table 6-2 Stiffness coefficients for node 1 for IA 
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Table 6-3 Stiffness coefficients for node I for Ii I for axial compression 


in x direction 

Kas 276 

ku kn 42 112 

kn ya kn 66 0 24 
Ker hax ka 102 21 39 
ks ks (455 21 36 0 
kei ker key =N; b| —39 0 -ig 
kn kn kn | 4 —102 —21 —39 
4% kmn kn 21 —14 0 
4% ker ku 39 0 18 
Kio. Kiar Kiros —276 —42 —66 
Kina Kena Bins 42 —28 0 
kini kina kna -66 0 —24 


presenting these matrices, use is made of the fact that for both (AS) and IK] 
the stifness coefficients for nodes 2, 3, and 4 can be obtained from those of 
node | by the proper permutations and sign changes. Table 6-1 gives the 
permutations and sign changes for obtaining the coefficients for nodes 2, 3, 
and 4 from those of node 1, and Tables 6-2 and 6-3 give the values of the 
coefficients for node 1 for L.] and [kt], respectively. The data presented in 
these tables are taken from Refs. 6.14 and 6.15. Table 6-3 gives the coefficients 
for node 1 of lx when a uniform compression N, is acting. Similar data for 
N, and ., can be found in Ref. 6.14. 


Calculation of the Critical Load 


As an illustration of the procedure for calculating the critical load of a 
plate, let us consider the buckling of a sitnply supported square plate under 
uniform edge compression in the x direction. The plate is subdivided into 16 
clements, with the nodal points numbered as indicated in Fig. 6-18. Due to 
symmetry, only a quarter of the plate, that is, four elements, need be 
considered. 

To obtain the structure stiffness matrix for the quadrant of the plate 
being considered, we combine the corresponding four element stiffness 
matrices in the manner described in Article 2.14. Accordingly, any influence 
coefficient in the structure stiffness matrix is obtained by adding all the 
influence coefficients from the four element stiffness matrices that carry the 
same subscripts as the desired structure stiffness coefficient, The structure 
stiffness matrix obtained in this manner is a 27 x 27 matrix. 

The next step is to reduce the size of the stiffness matrix in accordance 
with the boundary conditions 
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Fig. 6-18 Nodal point designations. 


Ww, = Wy = Wy = Wy = We — 0 
Ow, _ Ow, _ dw, _ dw, Divs _ 
ix dy Y ox 7 
Owe dee, Ows _ Ows _ dw, 
yaaa lees Fl ade aa 
Deleting the rows and columns corresponding to these conditions, the 
stiffness matrix reduces to the form given in Table 6-4 (Ref. 6.16). 


To determine the critical loading, it is necessary to obtain the nontrivial 
solution of the cquations 


HK] — VN H= (6.101) 


in which [x-] and N,[K"] are the flexural and initial stress stiffness matrices 
given in Table 6-4 and la] consists of the structure nodal deflections, If the 
order of the system of equations in (6.101) is relatively small, suy three or less, 
the critical load can be obtained by setting the determinant of the equations 
equal to zero and solving for the smallest root of the resulting polynomial 
equation. However, when one is dealing with a large number of equations, as 
We are, it is usually best to obtain the critical load by iteration. Prior to 
carrying out the iteration, it may be desirable to put Eq. (6.101) into the more 
commonly encountered form where the eigenvalue appears only along the 
main diagonal. This is accomplished by premultiplying the cquation by 
(&, Thus Eq. (6.101) becomes 


HK TMN — NAIA] = 0 (6.101a) 
in which [/] is the identity matrix. 


Table 64a Flexural stiffness matrix ix 
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Table 6-4b Initial stress matrix VIX“ 


1104 Symmetric 


— 


—39 o 18 —24 o 24 
—21 204 0 78 0 42 0 552 
—14 0 112 0 0 —28 0 0 224 
0 —552 —84 0 39 0 39 102 —21 552 
0 0 0-48 18 0 —18 -39 0 048 
0 —102 —21 -39 0 0 0 276 —42 102 39 276 


‘If the eigenvalues of the matrix in (6.1018) are found by iteration, the 
highest eigenvalue is obtained first. However, the critical load corresponds to 


the lowest eigenvalue. Hence it is convenient to invert the matrix in (6.10 la), 
leading to 


cr * v. U =0 (6.101b) 


Now iteration gives the highest value of 1/N,, or the lowest value of N,, first. 
| An alternative procedure for determining the critical load is to assume 
ever-increasing values of V, and to evaluate the determinant at each step. The 


critical load then corresponds to the value of N, for which the determinant 
reduces to zero. 


6.9 PLATE-BUCKLING COEFFICIENTS 
FOR VARIOUS CASES 


If the results obtained in the previous articles are compared, it becomes 
evident that for cach case studied the critical stress is of the form 


E. Toa (4) (6.102) 


where Fe, is either the critical normal stress or the critical shear Stress and k 
is a numerical coefficient that depends on the Specific case being considered. 
Furthermore, it can be shown that Eq. (6.102) is valid for other cases not 
studied here as well. In each instance, regardless of the plate geometry, the 
boundary conditions, or the type of loading, the critical stress has the same 
form. Only the numerical value of k varies from case to case. 
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The most important loading conditions for which Eq. (6.102) is valid are 
uniform compression, pure shear, and pure bending. Values of k for plates 
with several different Boundary conditions and subjected to these loadings 
are shown in Fig. 6-19. The data presented in the figure are taken from Ref. 
6.5. In addition to the cases contained in Fig. 6-19 numerous combinations 
of edge and loading conditions have been investigated over the years. For a 


Both looded edges simply 
supported 


Unlooded edges 


Unioxiol compression Both simply supported 


- One fixed, one simply 
supporied 
Both fixed 
it 
One simply supported, 
one free 


One fixed, one free 


All edges simply 
supported 


All edges fixed 


All edges simply 
supported 


. Looded edges simply 
supported 


Unlooded edges fixed 


Fig. 6-19 Plate buckling stress coefficient k for various cases. 
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summary of many of these studies the reader is referred to an article by 
Stowell, Heimerl, Libove, and Lundquist (Ref. 6.6). 


6.10 INELASTIC BUCKLING OF PLATES 


For plates as well as columns and beams, it is not unusual for the proportional 
limit of the material to be exceeded prior to reaching the critical stress. If this 
occurs, the clastic theory presented in the preceding articles must be replaced 
by an analysis capable of dealing with the inelastic behavior that exists 
between the proportional limit and the critical stress. As would be expected, 
a thegry of this type is extremely complex and beyond the scope of this book. 
However, the conclusions that have been drawn from inelastic plate-buckling 
studies are simple and straightforward and will be briefly considered here. 
The reader interested in the theory itself is advised to consult Refs. 6.1, 6.5, 
6.6, or 6.17. 

Investigations of inelastic plate buckling indicate that Eq. (6.102), the 
elastic buckling relationship, can be extended into the inelastic range, 
provided Young's modulus is replaced by a reduced modulus, Thus the 
inelastic critical stress for plates is usually given in the form 


E. h) (6.103) 


where y is a plasticity reduction factor, or AE a reduced modulus. Since 
inelastic behavior always decreases the stiffness of a plate, 7 < J, and the 
inelastic critical stress given by (6.103) is always less than the corresponding 
elastic stress given by (6.102). S 

The results obtained from inelastic plate studies indicate that the factor y 
is a function of the shape of the stress-strain curve, the type of loading, the 
length-to-width ratio of the plate, and the boundary conditions. No generally 
applicable expression, like the tangent modulus in columns, therefore exists 
for the reduced modulus of a plate. If a long rectangular plate is uniaxially 
compressed and simply supported along both unloaded edges, Gerard (Ref. 
6.1) shows the plasticity reduction factor to be 


E 11 RY E, 
1 FG 
in which E, is the secant modulus und Æ, is the tangent modulus of the 
material. For the same plate, if only one edge is simply supported and the 
other is free, j 
E, 


=F 


Values of y for several other cases are tabulated in Ref. 6.6. 
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The preceding expressions for were obtained using a fairly rigorous 
theory, and they lead to critical loads that agree well with test results. How- 
ever, these expressions are not very suitable for routine calculations. A 
relation for considerably more suited for design purposes than the foregoing 


ones has been derived by Bleich (Ref. 1.12). Using an approximate theory, he 
obtained the simple expression 


The advantage of this relation is that it leads to conservative results for any 
long plate, regardless of the boundary conditions, and that it can be used for 
shear as well as axial compression. 


6.11 FINITE DEFLECTION THEORY OF PLATES 


Introduction i 


Experience has indicated that plates, unlike columns, do not collapse 
when the critical load is reached. Instead, plates are usually able to resist 
increasing loads subsequent to the onset of buckling and may not fail until 
the applied load is considerably in excess of the critical load. It is thus obvious 
that the postbuckling behavior should be considered in formulating design 
criteria for plates. If one is solely interested in determining the critical load of 
a member, an analysis limited to infinitesimally small deformations suffices. 
However, if one desires to study the behavior of the member subsequent to 
the onset of buckling, as is the case with plates, it is necessary to consider 
deformations of finite magnitude, 

Ifa plate is bent into a nondevelopable surface or if its edges are restrained 
from approaching one another during bending, membrane strains will be 
induced in the middle surface of the plate. As long as the transverse deflec- 
tions of the plate are small compared to the plate thickness, these membrane 
strains may be safely neglected. However, once the transverse deflections 
become of the order of magnitude of the plate thickness, stretching of the 
middle surface is no longer negligible. The main difference between the 
finite-deflection theory to be developed in this article and the infinitesimal- 
deformation theory considered in the previous articles is that middle-surface 
Strains, due to bending, that were neglected previously will now be considered. 

A finite deflection is one that is of the same order of magnitude as the 
thickness of the member. It is, however, small compared to the other dimen- 
sions of the member. The assumptions regarding small angles, that is, sin 
a= tan a a and cos g = 1, usually made in infinitesimal-deformation 
theory are therefore equally valid for finite deformations. Likewise, it is 


Permissible to approximate the curvature with the second derivative when 
considering finite deflections. 
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Derivation of Equations 


In deriving the equations governing the finite deformations of plates, all 
the idealizations made previously in the linear theory, except the one per- 
taining to membrane strains, will be assumed to be valid. 

Equilibrium 

A differential element of a laterally bent plate is acted on by two sets of 
forces: (1) The in-plane forces V., N, and V., and (2) bending moments, 
twisting moments, and transverse shear forces. In going from infinitesimal to 
finite deformations no change occurs in the nature of the bending moments, 
twisting moments, and transverse shears, All equations pertaining to these 
forces derived in the linear analysis in Article 6.2 apply equally well to the 
finite-deflection theory. On the other hand the in-plane forces are effected 
significantly in going from infinitesimal to finite deformations. Whereas the 
externally applied middle-surface forces are the only in-plane forces that 
exist when the deflections are small, there are in-plane forces due to membrane 
action in addition to the forces applied along the edges of the plate when 
large deflections are considered. 

The in-plane forces acting on a differential element of a laterally bent 
plate are shown in Fig. 6-20. It has been assumed that the deformations are 
smail enough so that the cosines of the angles between the deflected surface 
and the horizontal are approximately equal to unity. The projections of the 
in-plane forces on the horizontal xy plane are therefore equal to the forces. 
Equating the sum of the forces in the x direction to zero gives 


oN, + 20 =0 (6.104) 


Similarly, for the y direction 


5 + oN =0 (6.105) 


Letting the sine of angles such as dw/dx in Fig. 6-20 be approximated by 
ðwjðx, one obtains for the z components of the N, forces 


y Ow aN ðw , Pw 
Naga dy + (V. + Goede) (FE + Nr dx) dy 
which after simplifying and neglecting terms of higher order reduces to 


N. 25 dx dy + ON, 92 dx dy (6.106) 
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Fig. 6-20 In- plane forces acting on plate clement—large defections. 
(Adapted from Ref, 6.1.) 


In a similar manner, the z components of the V, forces are found to be 


aw ON, ðw 
V. i d dy + y y i ay (6.107) 


and the z components of the shear forces , and M. are 


gw ON,, dw 
Nasi dx dy + “Ox oy dx dy (6.108) 


and .-) dx dy + 50 9 dx dy (6.109) 


By adding the terms in (6.106) through (6.109) and taking cognizance of Eqs. 
(6.104) and (6.105), one obtains for the z components of all the middle-surface 
forces 

aw 


dw Ow 
(n.35 * ga + Wipers) dx dy (6.110) 
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To write the equation of equilibrium in the z direction, the z components 
of the in-plane forces must be added to the transverse shear forces caused by 
bending. The latter were obtained in Article 6.2. They are given, according to 
Eqs. (6.4), (6.8), and (6.9), by 


By using the moment-curvature relations in (6.33), (6.34), and (6.35), this 
expression can be rewritten in the form 


dw ð'w a 
-o(a 25 % + Fa) GHD 


Combining (6.110) and (6.112), one obtains for the equation of equilibrium 
in the z direction 


aw d'w d'w n Ow n 
28 + 25655: +$*) . 28 i 2. yo (6.113) 


At first glance, Eq. (6.113) appears to be identical to Eq. (6.37), the 
equation of equilibrium for small deformations. However, there is one all- 
important difference between the two equations. In Eq. (6.37) the terms V,, 
N,, and N,, represent constant applied edge forces. The equation is thus a 
linear differential equation with constant coefficients, and it has only one 
dependent variable, w. By comparison, the terms V.. N „and N,, that appear 
in Eq. (6.113) are unknown functions of x and y. They represent both the 
variable membrane forces and the constant applied edge loads. Equation 


(6.113) is therefore nonlinear, and it contains four dependent variables, w and 
the three in-plane forces. 


Compatibility 


The equations of equilibrium, (6.104), (6.105), and (6.113) derived in the 
previous section contain four unknown functions N,, Np N,,, and w. To 
evaluate these functions, a fourth equation is obviously needed. The situation 
is similar to that encountered in an indeterminate structure, where the 
equations of equilibrium must be supplemented by one or more equations 
dealing with the deformation of the system in order to evaluate all the 
unknown forces and displacements. In the case of the plate, the additional 
equation is obtained by considering the middle-surface strain- displacement 
relationships. 

As indicated in Article 6.2, the displacements u and v of a point (x, y, z) in 
the plate consist of two parts: (1) the displacement u, and v, of the corre- 
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sponding point (x, y, O) in the middle plane and (2) the bending displacements 


u, and v, that the point (x, Y, z) experiences relative to the point 
Article 6.2 we dealt with the relati point (x, y, 0). In 


Consider a linear elemen 


A t AB of the middle surface the pi 
in Fig. 6-21, Due to bendin of the plate, as shown 


E Of the plate, the element assumes the configura- 


; — 
Fig. 6-21 Axial strain in plate 
large deflections. u, + = dx 


tion 45. The length of the element is 
ment in the x direction and due to 
direction. As a result of the Uy 


changed due to the in-plane displace- 
‘ the transverse displacement in the z 
displacement, the elongation of the element is 


oe dx (6.114) 


The change in length of the clement due to the w displacement is equal to the 
difference in length between the curved clement 4 and its Projection on the 
horizontal plane. According to Eq. (2.2), this is given by 


+ (35) ae (6.115) 


Thus the middle-surface stra 


in in the x direction, that is, the total change i 
length per unit length, is * 


Eis 42. * 20325) (6.116) 


Similarly, the middie-surface strain in the y direction is 


1 


dv 
tn = Gt + 26350 (6.117) 


The shear strain is the chan 


l ge in the angle between two perpendicula 
lines, such as OB and OA in Fig “Like 


- 6-22, that occurs as the plate deforms. Like 
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(b) Shear strain due to w 


Fig. 6-22 Shear strain in plate—large deflections. 
the normal strains, the shear strain consists of two parts, one due to the in- 


plane deformations us and v, and the other due to the transverse deflection w., 
As is evident from Fig. 6-22a, the shear strain due to % and v, is 


ge + Bs (6.118) 


The shear strain due to w (Fig. 6-22b) is equal to the difference between 
angle BOA and angle B’O'A’. Accordingly, angle B'O'A’ can be written as 
(/) — y, and A’B’ is given by 


(A'B'Y = (O'A'P + (O'R — 2(0'A')(0'B") cos ($ — J (6.119) 
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in which 
(OAY = dx? + (ax 95) 
OB} = dys + (dy ) ER 
4 an + dy + (Seay — 92 45). 
(O'A'(0'B') = dx dy 


Recognizing that cos{(x/2) — y] = y for small angles y, Eq. (6.1 19) reduces 
to 


12 92 97 (6.121) 
Thus the total middle-surface shear strain is 
Yan = Hin + Se 4. Se de (6.122) 


Equations (6,116), (6.117), and (6.122) relate the middle-surface strains to 
the middle-surface displacements and the transverse displacement w. The 
middle-surface strains can also be expressed in terms of the corresponding 
middle-surface forces. That is, 


fn HUN. 1 (6.123) 
‘= a, A (6.124) 
Yon = ALE Dy, (6.125) 


Expressions (6.123), (6.124), and (6.125), the three strain- displacement 
relations (6,116), (6.117), and (6.122), and the equilibrium equations (6,104), 
(6.105), and (6.113) constitute a set of nine equations in nine unknowns. 
These equations completely describe the behavior of the plate and cbuld be 
used to solve for all the unknown forces and displacements. The equations as 
they stand are, however, cumbersome to deal with. It is therefore desirable 
to uncouple some of the unknowns and thus reduce the number of equations 
that must be solved simultaneously. 

One can eliminate the variables vand v by differentiating Eq. (6.116) twice 
with respect to y, Eq. (6.117) twice with respect to x, and Eq. (6.122) succes- 
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sively with respect to x and y. The resulting expressions are then combined to 
give 
ae, , de g’? d'w \ dw d2w 
tat a o) ay 69 
Equation (6.126) is a deformation compatibility equation. There are many 
solutions for the in-plane forces that satisfy the equilibrium cquations. 
However, only the one that satisfies Eq. (6.126) in addition to equilibrium 
leads to continuous displacements that are compatible with the physical 
constraints of the system. ‘ 
To further reduce the number of equations that must be solved simul- 
tancously, a stress function is introduced. Equations (6.104) and (6,105) wiil 


be satisfied if the in-plane forces are defined, in terms of a function F(x, y), as 
follows: 


1 ngs (6.127) 
News not (6.128) 
. es (6.129) 


Making use of these expressions, Eqs. (6.123), (6.124), and (6.125) can be 
rewritten as 


I/F P 
En = 265 — a Pe) (6.130) 
%% . 
= 50925 8 1050 (6.131) 
1 u) OF 
Yon = -ALEA bea (6.132) 


i 
Finally, by substituting the relations in (6.130), (6.131), and (6.132) into 
Eq. (6.126) and those in (6.127), (6.128), and (6.129) into Eq. (6.113), one 
obtains 


9. oF oF dw\? dle d 
Sa tye t+ Gam laa) — 5 ! 6.5 
and 
dtw tw dw M (Faw din. 
72 ta + D 5 ( ast 9 0 aia 
aR 2 FF d'w ) = 0 
Ox dy Ox dy 


We have thus reduced the number of equations that must be solved 
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simultaneously to two. Equations (6.133) and (6.134) were first derived by 
von Kármán, and they are accordingly referred to as the von Kármán large- 
deflection plate equations. These equations are very useful. They are, however, 
by no means the only set of equations thut can be used for describing the 
finite-deflection behavior of plates. As long as electronic computers were 
unavailable and it was necessary to have equations as compact as possible, 
the von Kármán equations were used almost exclusively. This is, however, no 
longer the case. The availability of the computer makes it possible to deal 
effectively with almost any set of equations, and plate cquations other than 
the von Kármán equations are now in general use. For example, if the 
boundary conditions ute specified in terms of displacements, it is advan- 
tageous to use equations in u. v, and w, Starting with the equations of equilib- 
rium (6.104), (6.105), and (6.113), a set of equations in wu, v, and w can be 
obtained by expressing the middle-surface stresses in terms of strains and then 


using relations (6.116), (6.117), and (6.122) to express the strains in terms of 
displacements. 


6.12 POSTBUCKLING BEHAVIOR OF 
AXIALLY COMPRESSED PLATES 


Introduction 


The finite-deflection plate cquations derived in Article 6.11 do not have an 
exact closed-form solution. To study the postbuckling behavior of plates, one 
must therefore employ approximate methods of analysis, If a high-order of 
accuracy is required, a numerical procedure must be used. The disadvantages 
of this type of solution are that it usually involves lengthy computations, and 
because no explicit relation among the variables is obtained, it is difficult to 
gencralize the results. Solutions of this sort have been obtained by Levy (Ref. 
6.7), Cheng (Ref. 6.8), and Hsueh (Ref. 6.9). 

Another type of solution, less accurate than the numerical analysis, but 
also without the latter's shortcomings, has been employed by Timoshenko 
and Gere (Ref. 1.2), Marguerre (Ref. 6.10), and Volmir (Ref. 6.11). Timo- 
shenko’s analysis is based on a straightforward application of the minimum- 
energy principle. He assumes simple functions for u, v, and w, expresses the 
total potential energy of the system in terms of these functions, and then 
evaluates the arbitrary constants in u. v, and w by minimizing the energy with 
respect to them. A somewhat more accurate procedure is employed by 
Marguerre. Like Timoshenko he assumes a simple expression for w, but 
instead of also assuming the form of u and v, he solves Eq. (6.133) for F in 
terms of the assumed w. Having F and w, he then writes an expression for the 
strain energy, which he minimizes to obtain the arbitrary constant in w. The 
analysis used by Volmir is very similar to that employed by Marguerre. A 
suitable expression is chosen for w and Eq. (6.133) is used to express F in terms 
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of v. However, the arbitrary coefficient in w is evaluated by using the Galerkin 
method instead of by minimizing the energy of the system. The results 
obtained by Volmir are identical with those of Marguerre. 

The three methods have one important characteristic in common: they all 
lead to a closed-form solution, In other words, each analysis produces an 
explicit expression for the lateral deflection and in-plane stresses of the plate 
in terms of the applied loading. The solutions are not of a very high order of 
accuracy, They do, however, entail a minimum amount of numerical work, 
and they give a fairly good picture of the essential characteristics of the 
postbuckling process. 

In this article we shall consider in detail the solution obtained by Volmir. 
As indicated before, the method of approach js to assume a simple function 
for w, solve Eq. (6.133) for Fin terms of w, and then evaluate the arbitrary 
constant in w by means of the Galerkin method. 


Analysis 


Let us consider the simply supported Square plate subjected to a uniaxial 
compression force N, shown in Fig. 6-23. The origin of the coordinate system 


Fig. 6-23 Simply supported plate 
compressed in x direction. 


is assumed to be located in the lower left-hand corner of the plate. Since a 
finite-deflection analysis involves the deformations in the plane of the middle 


w= 0 atx 0, % (6.135) 


wa Ze 0 at y = O, a 
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With regard to the in-plane boundary conditions, the following assumptions 
are made: 


1. All edges remain straight and the plate retains its rectangular outline 
during bending, as indicated by the dashed lines in Fig. 6-23. 

2. The shear forces N,, vanish along the four edges of the plate. 

3. The edges y = 0, a are free to move in the y direction. 


The restraint assumed to exist along the edges y = 0, a represents an 
intermediary condition between the case of total fixety and the case of zero 
restraint. For total fixety to exist there can be no movement whatsoever, that 
is, v = 0, and for zero restraint there cannot be any stress, that is, V, = 0. In 
our case the edges are permitted to move, provided that they remain straight. 
Thus only the average value of N, and not N, itself must be equal to zero, As 
far as the loaded edges, x = 0, a, are concerned, nothing is assumed regard- 
ing the distribution of the applied load, only that the displacement u remain 
constant in the y direction. This condition is realized if the plate is compressed 
in a controlled deformation type of testing machine. 

For convenience we denote the average value of the applied compression 
Stress by g.. Thus 


l 
On = -Af M. (6.136) 


Since N, has already been defined as positive when tension, the negative sign 
in Eq. (6.136) denotes that ø, is positive when compression. 

The first step in the analysis is the choosing of a suitable function for the 
lateral deflection. Thus we assume that 


w= Ssin = sin . (6:137) 


This expression represents the exact deflection at the instant of buckling, and 
should therefore be a fairly good approximation of the deflection in the 
postbuckling range. Having assumed the form of w, we next solve Eq. (6.133) 
for the stress function F. Substitution of the expression in (6.137) into Eq. 
(6.133) gives 


4 + 4 
OF 20°F | 


mx Lis + 9 AX r 
ae taap + 5 Cost conte — aint E sin 2) 


a 
(6.138) 
which, in view of the identities 


cos? a = 4(1 -+ cos 2a), sin? æ = 4(1 — cos 2x) 
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can be reduced to 


32 * 255 cr + 25. 4. (cos 28% toost) (6.13) 


The solution of this equation consists of a complementary and a particular 
part. That is, 


F = F. F, 


To obtain the complementary solution of Eq. (6.139), one sets the right-hand 
side of the cquation equal to zero. But this is equivalent to letting w = 0. 
Thus the complementary solution of (6.139) corresponds to the in-plane 
stress distribution that exists in the plate just prior to buckling. At that 
instant the in-plane stresses are known to consist of a uniform stress N, and 
N, = N,, = 0. Hence a complementary solution of (6.139) is 


F, = Ay? (6.140) 


In view of Eq. (6.127) and the fact that N, = ., e, Eq. (6.140) can be re- 


written as 


Having established that the complementary, solution represents the in- 
plane stress distribution that exists prior to buckling, it is obvious that the 
particular solution corresponds to the changes in the in-plane stress distribu- 
tion that result from buckling, Considering the form of the right-hand side of 
Eq. (6.139), the particular solution can be written as 


(6.141) 


F, = B cos ZX +. C cos 282 (6.142) 


Substituting this expression into (6.139) and equating coefficients of like 
terms, one obtains 


, 1 457 (6.143) 
Ef? xx 2x 
Thus 5 (o 28 + cos 72) (6.144) 
and the complete solution of Eq. (6.139) is 
- (cos FEE + cos 22) — Sag)" (6.145) 
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Up to this point, two steps in the analysis have been completed. We have 
assumed an expression for w, and by satisfying Eq. (6.133) we have obtained a 
corresponding expression for F. There remains one final calculation, the 
evaluation of the coefficient f in accordance with Eq. (6.134). A relatively 
simple and direct way of carrying out this last step is to solve Eq. (6.134) by 
means of the Galerkin method outlined in Article 2.8. For the problem under 
consideration the Galerkin equation takes the form j 


. 1 O(/)a(x, y) dx dy = 0 (6.146) 


where as) is the left-hand side of Eq. (6.134) and &(x, y) is the variable part 
of w. Substituting (6.137) for w and (6.145) for F, Q( f) can be written as 


en- SO (r 
— 6. ar | sin ZZ sin BY 


(6.147) 


and the Galerkin equation takes the form 
* 40 D. R\(. sax. N 
J. J. C - o.r) (sins 2 sine 2) 
Ehf? 


BEE (ea at 


2K z 
+ cos “RE sin? ZE sin 22) | dw dy = 0 


(6.148) 


Making use of the definite integral 
° x a 
i sin? 1 dx = py 
we can reduce Eq. (6.148) to 


beg) — 


To further simplify, we note that 
xx 


5.3 KK l 2x x 2x. 
cos == sin? == 2 (cos 7 — cost 225) 
d | Zu x a r 
an — dx = T. J. dx =0 
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Thus we obtain 5 

Dx‘ R? EAN. 
E out + AEE 0 
from which 
_ 4Dn? ENA 
Se hae Fes 
or Oss = Oa + aed : (6.149) 


since 4 DR is the critical stress of the plate. 

Equation (6.149) gives the relationship between the average applied stress 
, and the maximum lateral deflection J subsequent to the onset of buckling. 
A graphical representation of the relationship is shown in Fig. 6-24. As one 


Fig. 6-24 Load-deflection curve for 
f — postbuckling region. 


would expect, the plate begins to deflect laterally at the critical load predicted 
by the linear theory. Beyond that point, as long as the lateral deflection is 
infinitesimally small, the stiffness of the plate is zero; that is, the load- 


structures. Because of it, thin plates, even though they may buckle at very 
small stresses, are able to resist sizeable loads without collapsing, The post- 
buckling behavior of the plate is thus completely different from that of the 
as the critical load is reached, 
the plate continues to resist load subsequent to the onset of buckling, and 
failure may not occur until the applied load is considerably in excess of the 
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To understand why the plate exhibits postbuckling strength, it isnecessary 


to consider the middle-surface stresses that exist subsequent to buckling. The 
longitudinal stress o, is 


5. FEL e E yn 5 (6.150) 


From (6.149) 
S? = Bal — 04) 
Thus 0; = 005; + (On — ou) cos 22 (6.151) 


Similarly, the transverse stress ø, is found to be 


O, = (Ora .) COS tnx (6.152) 


The stress distributions given in (6.151) and (6.152) are shown plotted in 
Fig. 6-25. If one compares these stresses with the longitudinal and transverse 


Fig. 6-25 Stress distribution in postbuckling range. 


stresses that existed prior to buckling, two essential differences are apparent. 
There are transverse stresses, , present subsequent to buckling, whereas 
none existed prior to buckling; and the longitudinal stress, a. which was 
constant up to the onset of buckling, varies across the width of the plate after 
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buckling has begun. The transverse stresses that are present in the postbuck- 
ling range vary from a maximum compression stress at the edges x = O, a to 
a maximum tension stress at the center of the plate. Of these the tension stress 
is by far the more important. Its presence tends to stiffen the plate against 
lateral deflection and to prevent collapse from occurring after the critical load 
has been reached. The postbuckling strength exhibited by the plate can thus 
be attributed to the middle-surface tensile stress, o,. that arises subsequent to 
the onset of buckling. 

Prior to buckling, all longitudinal fibers have the same stiffness, and the 
applied stress is uniformly distributed across the width of the plate. However, 
in the deformed configuration subsequent to buckling, the fibers near the sup- 
ported edges have a greater resistance to lateral deflection tban do those in 
the center of the plate. The longitudinal stresses in the postbuckling range are 
therefore distributed across the width of the plate, as indicated in Fig. 6-25. 
They vary from a maximum at the edges v = O. a to a minimum at the center 
of the plate. A major portion of the increase in load that takes Place subie- 
quent to buckling is thus resisted by the relatively stiff portion of the plate 

adjacent to the longitudinal edges. 

The foregoing results are based on an approximate analysis and therefore 
contain some minor inaccuracies. For example, a precise investigation would 
indicate that in-plane shear stresses exist in addition to transverse tensile 
stresses after buckling has begun. A very accurate analysis would also show 
variations in g, and g, that the simplified analysis was unable to detect. 
However, regarding the basic aspects of the postbuckling process, nothing 
new would be learned by carrying out a more refined study than that 
presented here. The main conclusions would still be that 


. Plates can continue to carry increasing load subsequent to reaching the 
critical stress; that is, they exhibit postbuckling strength. 

2. Transverse tensile stresses that arise subsequent to the start of buckling 
are primarily responsible for the presence of postbuckling Strength in 
plates. 


3. The material near the longitudinal edges of the plate resists most of the 
increase in load that occurs in the postbuckling range. 


6.13 ULTIMATE STRENGTH OF 
AXIALLY COMPRESSED PLATES 


In Article 6.12 it was shown that plates do not fail when the critical load is 
reached. Instead, they are able to support increasing axial load well beyond 
the instant at which buckling begins. To make use of this postbuckling 
strength in the design of plates, it is necessary to know at what load collapse 
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actually occurs. A theoretical investigation of the ultimate strength of plates is 
possible. However, it would have to include both the nonlinearities of 
inelastic behavior and those resulting from finite deflections, and would be 
extremely complex. As a consequence, the collapse load of plates is usually 
determined by a semiempirical method. 

It has been observed, in theoretical as well as in experimental investiga- 
tions, that failure of a plate usually occurs very soon after the maximum 
longitudinal stress at the edge of the plate reaches the yield strength of the 
material. Accordingly, it is customary in determining the failure load to 
assume that collapse coincides with the onsct of yiclding. In the approximate 


analysis presented in the previous article the maximum longitudinal stress at 
the edge of the plate was found to be 


Ona = 20. — Oa (6.153) 


Substitution of c,, the yield strength of the material. for Gian in this 
relation gives 


0 = Tee, — Gu) (6.154) 


where ay, is the average longitudinal stress at failure. 
It is useful to rewrite Eq. (6.154) in the form 


= Ce. 1) (6.155) 


and plot the variation of ¢,,/o,, with Calo, 


Such a curve is shown in Fig. 
6-26, and it indicates that the ratio 0 Cees 


which is a measure of the amount 


Fig. 6-26 Variation of postbuckling 
strength with ratio of aer to o/ 


warm regards: Haider.sa@ gmail.com 


296 Buckling of Plates Ch. 8 


of postbuckling strength present in a plate, increases as the ratio Oula, 
decreases, In other words, relatively thick plates that buckle at a high stress 
and begin to yield very soon thereafter do not exhibit a significant amount of 
postbuckling strength, whereas relatively thin plates that buckle at a low 
stréss and do not yield until much later can be expected to have considerable 
postbuckling strength. 

The approximate relation given in (6.155) is adequate for Providing us 
with a general picture of postbuckling strength in plates. However, a more 
refined expression is needed for design purposes. To develop such a relation 
from the actual nonuniform stress distribution that exists in a plate, as was 
done above, is usually not practical. Instead, it is customary to employ the 
concept of an effective width introduced by von Kármán, Sechler, and Donnell 
(Ref. 6.12) in 1932. As shown in Fig. 6-27, the actual nonuniform stress that 


Actual nonuniform Equivotent uniform 
Stress distribution Stress distribution 


b | Fig. 6-27 Efective-width concept for 


determining postbuckling strength. 


acts over the entire width of the plate, b, is replaced by an equivalent uniform 
Stress distributed over a reduced effective width, 5, The magnitude of the 
uniform stress is assumed to be equal to the actual stress existing at the edge 
of the plate, and the two rectangles of width b,/2 are assumed to have the same 
area as the actual stress distribution, Thus the ultimate load carried by the 
plate is 


P, = bya, (6.156) 


To evaluate P by means of Eq. (6.156), an expression for b, is needed. 
Von Kármán suggested the following approximate relation for simply 
supported plates: 


b, = b,/ 2 (6.157) 
95 


Art. 6.14 Design Provisions for Local Buckling 297 


Comparing this expression with (6.155), the approximate relation obtained in 
Article 6.12, it is seen that in both instances the ultimate load depends on the 
parameter olo, A slightly different expression has been proposed by 
Winter (Ref. 6.13). Based on extensive test results he suggests using the 


expression 
i= „- = 0.25,/22) (6.158) 


This relation is similar to the one Suggested by von Kármán except that an 
additional term accounting for initial imperfections has been added. 

If the expression in (6.1 58) is substituted into Eq. (6.156) and the buckling 
Stress coefficient in g., is taken as 4.0, one obtains for the ultimate load 


P, = 1900, JE(i — 77 „ (6.159) 


6.14 DESIGN PROVISIONS FOR 
LOCAL BUCKLING 


In designing hot-rolled struetural. steel shapes consisting of flat plate elements, 
it is Common to proportion the member so that overall failure occurs prior to 
local buckling. Beams designed in accordance with allowable-stress theory 
are proportioned so that the yield stress is reached prior to the local buckling 
stress. Similarly, columns can be designed so that their resistance to Euler 
buckling is less than their local buckling strength, In the AISC specifications 
the local buckling stress is kept above the yield stress for columns as well as 
beams, thereby making it possible to have a single design provision for both 
types of members. 
If local buckling is not to occur at a stress smaller than the yield stress 


F., >F, 


where F, is the critical plate buckling stress and F, is the yield strength of the 
material. Substitution of Eq. (6.102) into this relation gives 


(0 > 


For E = 29 x {0 ksi and # = 0.3, one obtains 


2 4 f (6.160) 
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The limit on the width-to-thickness ratio necessary to prevent local buckling 
is thus seen to depend on the plate-buckling coefficient and on the yield 
strength. For a flange of an angle it is customary to assume one edge to be 
simply supported and one free. Thus k = 0,425, and the limiting expression 
for b/t becomes 


b — 106 
8 
g * 


To ensure that failure of an actual member containing initial imperfections 
and residual stresses is overall and not local, the preceding requirement for 
bjt is reduced in the 1969 AISC specifications (Ref. 1.17) to 


b — 16 


7 TF, (6.161) 


To obtain the corresponding design criteria for the flange of a box 
section, one substitutes the plate-buckling coefficient for simple supports 
along both unloaded edges, k = 4.0, into Eq. (6.160). Thus 


Ü.. 322 

=< 

E ~ 2 2 
which is reduced in the AISC specifications to 


b _ 238 
Ze 6.162 
7 JE ( ) 


The small b/t ratios commonly found in hot-rolled sections make it 
feasible to ensure that overall failure occurs prior to local buckling in most 
of these shapes. However, thin-walled sections like those used in cold-formed 
steel construction and aircraft framing are composed of elements with rela- 
tively large width-to-thickness ratios. In these shapes it is well nigh impossible 
to prevent local buckling from taking place prior to overall failure, and the 
allowable stress is accordingly based on the local buckling stress and on the 
postbuckling strength. 

Depending on the manner in which the plate elements of a section are 
supported along their longitudinal edges, two types of elements ate distin- 
guished. Plates supported along both edges are referred to as stiffened 
elements and plates supported along only one edge are called unstiffened 
elements, A distinction between unstiffened and stiffened elements is made 
because unstiſſened elements exhibit considerably less postbuckling strength 
than stiffened elements. Accordingly, the allowable stress of unstiffened ele- 
ments is obtained by dividing the local buckling stress by a suitable safety 
factor, whereas the allowable load of a stiffened element is based on the 
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ultimate load of the element. The calculation of the allowable load for both 
stiffened and unstiffened elements is illustrated in Ref. 3.8. 
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Problems 


6.1 Determine the critical loading for a simply Supported, square plate loaded in 
two perpendicular directions by uniformly distributed loads as shown in Fig. 


P6-1. Obtain an exact solution by solving the governing differential equation 
(Na = 27? Dfa?), 


as 
e 


1 
T 
| 


Fig. P6-1 


6.2 Using the energy method, determine the critical loading of a simply supported, 
square plate loaded in the x direction by a linearly varying distributed load, 
as shown in Fig. P6-2. 


No — No 
7 . 
— — 
| — tod 
o Na — 
L3 j 
H f 
og 
* 


Fig. P6-2 


63 Using the method of finite differences, determine the critical loading of a 
square plate, simply supported along two opposite edges and clamped along 
the other two edges. The plate is loaded by a uniformly distributed load N, 


— a mee 


-em cae 
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along the simply supported edges, as shown in Fig. P6-3, Divide the plate into 


nine elements yielding four interior points. Compare the result obtained with 
the exact solution N., = 7.6922 D/a?. 


— 


ä Fixed — 
— — 
| * — 
o N, — atime N, 
| — — 
— — 
l Fixed ? 
Fig. P6-3 ' 


64 Using the finite-element method, determine the critical loading of a square 
plate clamped along all four edges and uniformly compressed in one direction. 
Divide the plate into 16 elements and consider a quarter of the plate, as was 


done in Article 6.8, Compare the solution obtained with the result given in 
Article 6.5. 


6.5 Using the energy method, determine the critical load for the one-degree-of- 
freedom model of a flat plate shown in Fig. P6-4. The model consists of four 


y eae 


Fig. P6-4 


rigid bars pin connected to each other and to the supports, At the center of the 
mode! two linear rotational springs of stiffness C = M/@ connect opposite 
bars to each other. Also, each of the two transverse bars contains a linear 


warm regards: Haider. sa & gmail.com 


302 Buckling of Plates Ch. 6 


extensional spring of stiffness x. For small lateral deflections the energy in the 
extensional springs can be neglected. (Pee = 4C/a) 


6.6 Using the model in Fig. P6-4, obtain and plot relationships for the load P versus 
the lateral deflection d when 
(a) the lateral deflection is large, 
(b) the lateral deflection is large and the loads are applied eccentrically to the 
plane of the undeformed model. 
Which fundamental buckling characteristics of an actual plate are demon- 
strated by these models? (Note: For large deflections the energy in the exten- 
sional springs must be considered.) 


Haider.SA@Gmail.com@™ ) 
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BUCKLING OF 
AXIALLY COMPRESSED 
CYLINDRICAL SHELLS 


7.1 INTRODUCTION 


A thorough treatment of shell stability should include a study of spherical 
shells under external pressure as well as cylindrical shells subject to axial 
compression, external pressure, and torsion. However, due to the introduc- 
tory nature of this book, only axially compressed cylindrical shells will be 
considered. Axially compressed cylindrical shells have been singled out for 
study because their buckling characteristics differ radically from those of the 
columns and plates studied heretofore. Whereas real, slightly imperfect 
columns and plates do buckle at the critical stress predicted by the linear 
theory, real imperfect axially compressed cylindrical shells buckle at a stress 
significantly below that given by the lincar theory. It is this aspect of the 
behavior of axially compressed cylinders that makes them especially worthy 
of our attention. 

Before considering the stability of axially compressed thin cylindrical 
shells, a few words regarding the behavior of thin shells in general are in 
order. The primary difference between a shell and a plate is that the former 


has a curvature in the unstressed state, whereas the latter is assumed to be 


initially fat. As far as flexure is concerned, the presence of initial curvature 
is of little consequence. However, the curvature does affect the membrane 
behavior of the surface significantly. 
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Membrane action in a surface is caused by in-plane forces. These forces 
may be primary forces caused by applied edge loads or edge deformations, or 


stability analysis, primary middle-surface forces must be considered regardless 
of whether initial curvature exists or not. However, the same Cannot be said 
regarding secondary middle-surface forces, If the surface js initially flat, 
secondary in-plane forces do not give rise to appreciable membrane action 
unless the bending deformations are fairly large. It was for this reason that 
membrane action due to secondary forces was neglected in the small- 
deflection plate theory, but not in the large-deflection plate analysis, On the 
other hand, if the surface has an initial curvature, membrane action caused by 
secondary in-plane forces will be significant regardless of the magnitude of 
the bending deformations. Membrane action resulting from secondary 
middle-surface forces is therefore accounted for in both small- and large- 
deflection studies of shells, 


7.2 LINEAR THEORY oF CYLINDRICAL 
SHELLS—DONNELL EQUATIONS 


is, however, no firm agreement as to which terms one should neglect. The 
result of the situation is that there have been developed various shell equations 
each based on a different set of simplifications. 

In our investigation of the behavior of shells, we shall make use of the 
Donnell equations (Ref. 7.1). These equations are relatively uncomplicated, 
and they have been shown to give satisfactory results when used to deal with 


because Secondary membrane forces must be considered in a linear shell 
theory, and these are included only in the large-deformation plate theory, 
In deriving the shell equations we shall make the following assumptions: 


1. The thickness of the shell is small compared to the other dimensions of 
the shell; that is, the shell is thin. 

2. Lateral deflections are small compared to the thickness of the shell. 

3. The material from which the shell is Constructed is homogeneous, 
isotropic, and obeys Hooke's law. 


7 


— — — 
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4. Lines normal to the middle surface before bending remain Straight and 
normal during bending. 

5. The shell is initially a perfect cylinder, and it is loaded concentrically 
at every cross section. 


Let us consider a differential shell element of thickness A and having a 
radius of curvature R, as shown in Fig. 7- la. The Coordinate system is chosen 
so that the origin is in the middle surface of the shell, the x axis is Parallel to 
the axis of the cylinder, the y axis is tangent to a circular arc, and the z axis is 


Fig. 7-1 Cylindrical shell displace- 
ments and forces, 
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normal to the median surface. Use of the circumferential coordinate y 
instead of an angular coordinate facilitates comparisons between the shell and 
the plate. Displacements of the shell are described by their components u, v, 
and w in the x, y, and z directions as indicated in the figure. The forces acting 
on the shell clement consist of the in-plane forces depicted in Fig. 7-1b and 


the transverse shears, bending moments, and twisting moments shown in Fig. 
-le. 


Equilibrium 


The equations of equilibrium in the x and y directions afe considerably 
simplified if the curvature of the surface in these two directions, both initial 
and due to bending, is neglected. In other words, we assume that the trans- 
verse shear forces have negligible components in the x and y directions and 
that the components of the in-plane forces in these directions are equal to the 
forces themselves, Thus the equilibrium equations in the x and y directions 
for the shell are identical to those obtained for the plate [Eqs. (6.104) and 
(6. 105). For convenience these equations are repeated here: 


ons 4 ot — (7.1) 
ON, , aN. 
Ot =* 
To obtain the equation of equilibrium in the z dircction, it is necessary to 
take the curvature of the element into account. Both the initial curvature and 


the curvature duc to bending must be considered. Due to the initial curvature 
of the shell, the N, forces, as indicated in Fig. 7-2, have a component in the z 


(7.2) 


2 8 
= d 
i Some 
t dy 
| RN 
| Fig. 7-2 Radial component of in- 
2 plane forces due to initial curvature. 
direction equal to 
l 23 
N, R dx dy (7.3) 


| 
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None of the other in-plane forces has components in the z direction due to the ; 
initial curvature. However, all the in-plane forces have z components due to 
the curvature that results from bending. These components are identical to 
the ones that exist for a bent plate element Eq. (6.3)]. Thus the z components 
of the in-plane forces for a cylindrical shell element are obtained by adding 
the terms given in (6.3) to the term in (7.3). This leads to 


dw 0 aw, 1 
[v. 28 + 2, . 5 , (% + ) Ia (7.4) 


To the z components of the in-plane forces must be added the transverse 


shear forces given by 
(+ 9B) dea 


Since the equations of moment equilibrium about the x and y axes do not 
change in going from the plate to the shell element. Eqs. (6.6) and (6.7) are 


valid for the shell as well as the plate, and the shear forces in (7.5) can be 
rewritten in the form 


(7.5) 


(5721 ËM 


3 
2 95 + GM) dx dy 


Combining the terms in (7.4) and (7.6), one obtains for the equation of 


(7.6) 


equilibrium in the z direction 
PM M aM dw tw 1 , Pw 
Gat ady tat + Negar + Weary + Ng + Ft) <0 
(7.7) 
Force~Deformation Relations 
As was done when analyzing a plate, the displacements and strains are 
separated into middle-surface and bending terms. Thus 
u = Uo + u. 
v v ＋ u, 
E= En + 6, 
t, = e + e, 
Var = Vin T Yin 


where the subscript 0 denotes middle-surface terms and the subscript 6 refers 
to bending terms. Since ¢, is assumed to be negligible, w = wg. 
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Moment-Curvature Relations 


The relationships between bending moments and curvatures in the shell 
can be assumed to be the same as those existing between these quantities in a 


plate. Thus 
M,= f + 1951) (7.8) 
M, = 352 + 1925 (7.9) 
M,, NK — pi) ih (7.10) 


These expressions were derived in Article 6.2, where they appear as Eqs. 
(6.33), (6.34), and (6.35). 


Middle-Surface Force-Deformation Relations 


The middle-surface force-deformation relations for a shell differ somewhat 
from those in the plate, and we shall therefore need to revise the plate 
expressions wherever necessary in order to obtain the desired shell expressions. 
A shell fiber oriented in the x direction is initially Straight. Its behavior is 
therefore similar to that of a corresponding plate fiber. The middle-surface 
Strain ¢,, for a plate is given by Eq. (6.116). For large deflections, both of the 
terms in this expression must be considered. However, when the deflections 
and consequently the slopes are very small, as in our case, the second term is 
negligible compared to the first. Thus we conclude that for shells with small 
deformations 


En, = ee (7.11) 


In the y direction the shell has an initial curvature not Present in the plate. 
To obtain the strain e, for the shell, we must therefore add to the first term 
of the plate strain, given by (6.117), the strain due to transverse bending when 
initial curvature is present. As shown in Fig. 7-3, element AB is displaced to 


| 


A 5 0 


Fig. 7-3 Tangential strain due to 
radial displacement. 


—— — 
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A'B’ duc to the radial deformation w. The resulting strain in the element is 


AB — A'B' _ ee 
[a 


(7.12) 
= 
R 
in which the negative sign denotes that positive displacements w lead to 
negative strains. The total strain in the y direction is the sum of the first term 


in (6.117) and the expression in (7.12). Thus 


dv 
6 =- Kk (7.13) 


The initial curvature of the shell has no influence on the middle-surface 
shear strain. Hence y,,, is obtained from the corresponding plate strain [Eq. 
(6.122)] by dropping the higher-order term. That is, 


Yan = He + He (7.14) 


Since the two-dimensional stress-strain relations used for thin plates 
[Eqs. (6.17), (6.18), and (6.19)] apply equally well to thin shells, the middle- 
surface shell forces are given by 


N. = onh be- + wey) (7.18) 
N, =0,,h= oat + uen) (7.16) 

3 7.17) 
V., = Tap h a+ ( 


Substitution of (7.11), (7.13), and (7.14) into these relations gives 


v. n 97 + we ~n%) (7.18) 
ene ou 
- oa 


The middle-surface forces in the shell consist of two parts: (1) primary 
forces caused by the applied loads, which are present prior to buckling, and 
(2) secondary forces, which arise as a result of buckling, Since the latter are 
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N, = P, i (7.21) 
N, = P, (7.22) 
N., = Sy (7.23) 


the total middle-surface forces are 


Eh 
. rimh + age- a) +p, (7.24) 
Eh (av 
N= rE al- H+ ae) + r, (1.25) 
EW(\ — p)(du, do 
N = A (Si +S) +5, (7.26) 


Differential Equations 


The equilibrium equations will now be expressed in terms of displace- 
ments, Substitution of the appropriate derivatives of (7.8) through (7.10) and 
(7.24) through (7.26) into Eqs, (7.1), (7.2), and (7.7) gives 


et + a y Le e _ wae (7.21) 

Set per eee ee am 
0 25 + 5) Un bog; 

OD) 20, + Sy) $5 = — 


where V., N5, and N’, stand for the secondary middle - surſace forces, 

In Eq. (7.29) the initial curvature and the primary middle-surface forces 
are quantities of finite magnitude, By comparison, the curvatures due to 
bending and the secondary middle-surface forces are infinitesimally small. It 
is therefore possible to neglect some of the terms in Eq. (7.29) and reduce it 


— — 2 
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to the form 
d G.. d'w dew Pw, P 
D(a + gaya + He) + P + P Se B 


(7.30) 
| Eh (dv w ĝu, Pw 
An A 95 + f 

Equation (7.30) together with Eqs. (7.27) and (7.28) constitutes a set of 
three equations in three unknowns that can be used to obtain the critical load 
of a cylindrical shell. Because secondary membrane forces are not negligible 
in linear shell theory as they are in linear plate theory, the in-plane equilib- 
rium equations are coupled to the equation of transverse equilibrium for the 
shell, and all three must be solved simultaneously. By comparison, the 
equation of equilibrium in the z direction is independent of the in-planc 
equilibrium equations for the plate, and the critical load can be obtained 
simply by considering the z-direction equation. 

For certain types of solutions it is easier to deal with one than three 
equations, Accordingly, Donnell (Ref. 7.1) has reduced Eqs. (7.27), (7.28), 
and (7.30) to a single equation in w. The transformation is carried out as 
follows. Operating with / dy on (7.28), and with d/x and d / on 
(7.27), one obtains three equations, which can be reduced to 


aw | ðw 
where V* denotes two successive applications of Laplace's operator in two 
dimensions. Similarly, operations with o/ dy on (7.27) and with d2/dx? 
and d*/dy* on (7.28) gives three equations that lead to 


Vey — 2 27 5 + + 955 (7.32) 


The operator v. is now applied to (7.30), which gives ' | 


1 2 v. 9 . In 
* n . r KV..) =O 


If (7.31) is operated on with dr and (7.32) with d/dy and the resulting 
expressions are substituted into (7.33), one finally obtains 


(7.33) 


dw dw d'w Eh d 
ov. — v. . + P f + Say) + 0 (734) 
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This linear cight-order equation in w is known as the Donnell equation. By 
letting P, = Sy = 0, it can be used to obtain the critical load of a cylinder 
subjected to axial compression. Similarly, by letting S., equal the applied 
shear force or by letting P, equal the hoop force caused by pressure, one can 


use the equation to obtain the critical load for cylinders subjected to torsion 
or external pressure. 


7.3 CRITICAL LOAD OF AN AXIALLY 
LOADED CYLINDER 


Classical Solution 


DV'w A + OAV! ir 0 (7.35) 


The boundary conditions corresponding to simply supported ends are 
g? 
w= = 0 atx = 0, 7 (7.36) 
These conditions ate satisfied if the lateral displacement is of the form 
w = wo sin TFE sin MAY (7.37) 


where m is the number of half-waves in the longitudinal direction and nthe 


number of half-waves in the circumferential direct; — 
lations, we let nta! direction. To simplify the calcu- 
1 
* (7.38) 
and rewrite (7.37) as 
w = w sin a sin Bzy (7.39) 


Substitution of (7.39) into (7.35) gives 


OCF) om + 7+ Fefe ere 
(7.40) 
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If we divide Eq. (7.40) by B/) and introduce two new parameters, we 
obtain 


(mè 4 py Ear k. mi + BY = 0 (7.41) 
where Z= F0 — 49. (7.42) 
4. = Zah (1.43) 


The nondimensional parameter Z is a shape factor. It is a measure of the ratio 
of length to radius and is useful for distinguishing between short and long 
cylinders. The other parameter, k,, is a buckling stress coefficient similar to 
the one that appears in the plate-buckling equation, [Eq. (6.49)}. 

Solving Eq. (7.41) for k,, one obtains 


= m? -+ ay: 122Z? m? 
* = m + m + (7.44) 


Differentiating this expression with respect to (m? -+ B*)?/m? and setting the 
result equal to zero shows that k, has a minimum value when 


— By * (5 (1.45) 


Substitution of (7.45) into (7.44) gives 
k, = 4/3 Z (7.46) 


from which 


NN N = 
or, if u is taken equal to 0.3, 


Eh 


Ou = 0.6 (7.48) 


Since Eg. (7.46) is not valid for all values of Z, the critical stress given by 
(7.48) does not apply to all cylinders. Solving (7.45) for g gives 


f ii CZD m * m (7.49) 


which indicates that Z can be smaller than 2.85 only if either m < 1 or Bis 
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imaginary. Since neither of these conditions can be Satisfied, we conclude 
that (7.46) and (7.48) apply only to cylinders for which Z > 2.85. 

If Z < 2.85, the critical stress Coefficient is determined by setting m = | 
and g = 0 in Eq. (7.44). This leads to 


a 
1.14 2 (7.50) 
The critical stress for cylinders with Z < 2,85 is thus given by 
0. 7 . (7.51) 


where &, is defined by Eq. (7.50). The expression in (7.51) indicates that the 
Critical stress of a short cylinder approaches that of a wide laterally unsup- 
Ported plate as Z approaches zero. 

In the foregoing analysis it was tacitly assumed that failure would occur 
as a result of local surface buckling. This assumption is valid only as long as 


New Solutions of Small-Deflection Equations 


Recent investigations of simply supported, axially loaded cylindrical shells 
of moderate length have shown that there exist solutions to the linear, small- 
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defection equations other than the classical solution given by Eq. (7,48). It 
has been demonstrated that the in-plane edge conditions have a significant 
effect on the critical load, and that the conditions on u and v assumed to exist 
in the classical solution constitute only one of several possible alternatives for 
simple supports. 

In the classical solution, boundary conditions appear to be stipulated only 
for the transverse deformations, that is, it is explicitly stated that w = d'wjàx? 
= 0 along the edges, but nothing is mentioned regarding the in-plane dis- 
placements. However, in the lincar theory of shells, in-plane displacements 
ure coupled to transverse displacements, and hence in-plane edge conditions 
are implicit in the assumption that the lateral displacement, w, is a double sine 
function. The conditions that this approximation implies are (1) no tangential 
motion along the edges, that is, v = 0, and (2) a constant axial Stress g, along 
the loaded edges during buckling. The solution given by (7.48) thus corre- 
sponds to a definite set of in-plane boundary conditions as well as simple 
Supports in the transverse direction. Once the foregoing conclusion is reached, 
it becomes obvious that the in-plane edge conditions assumed in the classical 
solution are not the only possibilities for a simply supported edge, and that 
the critical load given by Eq. (7.48) is therefore not the only possible solution 
to the linear equations for simply supported moderately long shells. For 
example, the edges of the cylinder instead of being prevented from moving 
tangentially may be free to move in this direction, and instead of stipulating 
that the axial stress remain constant along the edges, the in-plane displace- 
ment u may be required to remain uniform. 

Several extensive investigations into the effect of in-plane boundary con- 
ditions on the critical load of simply supported shells have been carried out 
(Refs. 7.3 and 7.4), and it has been concluded that critical stress is reduced 
drastically if the edges are permitted to move freely in the tangential direction. 
The critical stress obtained for simply supported edges that are free to move 
tangentially is roughly one half the critical Stress given by the classical 
solution for edges that are restrained from moving tangentially. However, 
freeing the edges in the tangential direction is the only change in the in-plane 
conditions of the classical solution that produces a significant change in the 
critical load. For all other variations in the in-plane edge conditions from 
those assumed in the classical solution there is no significant change in the 
critical load, 

In most experimental investigations of cylinders the edges are not free to 
Move tangentially, The aforementioned findings concerning the effects of 
boundary conditions, although extremely interesting, are therefore not 
believed to explain the discrepancy that exists between the classical theory and 
test results, 
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Historical Survey of the Problem* 


The classical solution to the linear small-deflection equations for axially 
loaded cylinders was first obtained by Lorenz in 1908 (Ref. 7.6). It was later 


(Ref. 7.8), and Flügge in 1932 (Ref. 7.9). The critical stress given by this 
solution could, however, not be substantiated by tests. Experiments made to 


as small as 30% of the load given by the classical solution were not unusual. 

Furthermore, the test results exhibited an unusually large degree of scatter. 
The first progress toward an understanding of the problem and toward an 

explanation of the discrepancy between the theoretical and experimental 


nonlinear finite-deflection theory was required. In other words, Donnell 
realized that it was not sufficient to determine the load at bifurcation, but 
that an investigation of the postbuckling behavior of the shell was required 
as well. 

To his now well-known small-deflection equations, Donnell added the 
same nonlinear terms that von Karman had already used in formulating the 
nonlinear plate equations, and thus arrived at the von Kármán-Donnell 
large-displacement shell equations. In addition to sensing the need for a 
large-displacement theory, Donnell was aware of the fact that the buckling 
pattern observed to exist during tests differed radically from the one assumed 


It was not until 1941 that the first meaningful solution to the problem was 
obtained by von Kármán and Tsien (Ref. 7.11). Using essentially the same 
large-deflection equations as were used by Donnell and approximating the 
lateral deflection with a function that adequately represented the actual 
buckle pattern of the shell, von Karman and Tsien obtained the first accurate 
picture of the postbuckling behavior of an axially compressed cylinder. Their 


he brief summary of the development of cylindrical shell Stability theory presented 
here is taken from a more detailed account of the subject by Hoff (Ref. 7.5) 
l 
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(a) (Adopted trom Ref 7.11) 
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Fig. 7-4 Postbuckling of axially 
compressed cylinder, (b} (Adopted from Ret. 716) 


results are best summarized by the curve of axial shortening Yersus axial 
compression depicted in Fig. 7-4a. The most Significant aspect of this curve is 
that the axial load required to maintain equilibrium drops sharply as the 
cylinder bends subsequent to reaching the critical load. As a consequence, 
there exist equilibrium configurations at finite deflections that tán be main. 
tained by loads considerably below the critical load. Based on these results 
and in an attempt to explain the discrepancy between the theoretically 
obtained critical load and the experimentally observed buckling load, von 
Kármán and Tsien put forth the following hypothesis. They conjectured that 
it was possible for the cylinder to jump from the unbuckled state. to the 
adjacent buckled configuration at a load far below the critical load, and that 
any slight disturbance, such as the vibration of the testing machine, would 
suffice to trigger such a jump. The maximum load that a real cylinder could 
support would thus be much smaller than the critical load. 
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Although the work of von Karman and Tsien was far from complete, it 
proved to be the cornerstone of the large-displacement theory of axially 
loaded cylindrical shells. In the years that followed several investigators, 
including Legget and Jones (Ref. 7.12), Michielsen (Ref. 7.13), Kempner 
(Ref. 7.14), and Hoff, Madsen, and Mayers (Ref. 7.15), enlarged and 
improved von Karmdn's theory. By including more terms in both the non- 
linear equations and in the assumed deflection function, they obtained more 
and more accurate postbuckling curves. 

The next step forward in the study of axially loaded cylindrical shells was 
made when Donnell and Wan (Ref. 7.16) in 1950 introduced initial imperfec- 
tions into the analysis, The results of this investigation ute summarized by the 
curves of axiul shortening versus applied stress given in Fig. 7-4b. The solid 
curve corresponds to an initially perfect shell and the dashed one to a shell 
with a very small initial imperfection. It is evident from these curves that the 
maximum load reached by a slightly imperfect cylinder, point 8, is much 
lower than the classically obtained critical load of the perfect cylinder, point 
A. While the possibility of a jump occurring before point B is reached cannot 
be ruled out, the incentive for adopting the jump theory is greatly lessened in 
the light of what initial imperfections do to the load-deformation curve. 
However, regardless of whether a jump does or docs not occur, it can be 
concluded that initial imperfections can appreciably reduce the maximum 
load that an axially compressed cylinder can support. 

As a consequence of the work of Donnell and Wan, initial imperfections 
are now generally believed to be the Principal reason for the discrepancy 
between the classical buckling stress and the experimentally observed failure 
stress. Until recently this conclusion was based solely on theoretical investi- 
gations. However, in the last decade experimental verification of the imper- 
fection theory has been obtained as well. Tennyson (Ref. 7.17), as well as 
several other investigators (7.18), by exercising extreme care, have for the 
first time been able to manufacture near-perfect shell specimens and thus 
minimize the effects of initial imperfections. For these near-perfect specimens 
the observed buckling load was very close to the theoretically obtained 
critical load, The test results also indicated that any small departures from 
the straightness in the perfect specimens resulted in a significant lowering of 
the buckling load. The belief that initial imperfections are the major reason 
for the discrepancy between the classical theory and test results thus appears 
at present to be more well founded than ever. 


Large-Deflection Equations 


All the idealizations previously made in the linear theory are assumed 
to remain valid, except that transverse deflections are no longer required to 
remain infinitesimally small. As a consequence of allowing deflections to 
become finite, termg that are quadratic functions of the deformations and 
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their derivatives are no longer negligible when formulating the governing 
differential equations. Since no such terms were omitted in the derivation of 
the equilibrium equations, these equations are valid for the large-deflection 
theory as well as the small-deformation theory. They are 


oN. 4: 5 =0 (7.52) 
95 + 2555 =0 (7.53) 
M, f , ÖM 95 aw 1. ow 
Oat 7 Gedy + ay + Nu ger + War ares + N(R + FH) = 0 
(7.54) 


Transverse deflections are no longer small compared to the thickness of 
the surface. They are, however, still assumed to be small in comparison with 
the other shell dimensions. Hence no change takes place in the moment- 
curvature equations in going from small to large deformations. These relations 


are still given by Eqs. (7.8), (7.9), and (7.10), and Eq. (7.54) can therefore be 
rewritten in the form 


g e zo. E) f 


* oy 
Ow | , dw 
+ Ne Fras + M(H + 570) =O 
The middle-surface Strain-displacement relations do, however, change as 
deformations become finite. As in large-deflection plate theory, the terms 
1 (dw\? 1 (dw\? dw dw 
emr) „ TF). tm Sede 


neglected in the lincar equations, must now be included. Thus the strain- 
displacement equations become 


(7.55) 


9% , 1 (dw\? 
—2 465 gs 
„99 K 2 97) (7.57) 
Yon = Se 4 Se 2 95 (7.58) 


The relations between middle-surface forces and strains do not change in 
going from small to large displacements. However, the secondary as well as 
the primary forces are now finite, and no distinction similar to the one drawn 
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in the lincar theory can now be made between these two quantities. These 
relations are 


gji (Ne AN (7.59) 
6, = 5 — A.) (7.60) 
Yn = T 1+ . (7.61) 


l Equations (7.52), (7.53), (7.55), and (7.56) through (7.61) are sufficient for 
investigating the postbuckling behavior of cylindrical shells. They can also be 
transformed into a more compact form. Differentiating (7. 56) twice with 
respect to y, (7.57) twice with respect to x, and (7.58) successively with respect 
to x and y, one obtains the compatibility relation 


Pen de, a Pw \? wow ia 
Oy + f R= (SH 5) rr ay N r (762) 
A further simplification is obtained by introducing a stress functi 
satisfies (7.52) and (7.53). Thus we let = ***. 
oF OF 
N — = 
=h DE N, =h Ri’ N, 
and rewrite (7.59), (7.60), and (7.61) in the form 


2 
,=—} 9c (7.63) 


| (a?F oF 
e Ce) 
| [PF 
= FA 555 9 
1 2 
Yon > Ata BF as 


Making use of these relations and of the expressions in (7.63), 7.55) and 
(1.62) become (7.63), Eqs. (7.55) an 


2 otw 4 ow 
dx? dy= * Oy 


2 * 
AE 2 F aw PF a 
DLS er 2255 paro + F(R + HF) |= 0 
OF OF OF dw \? Awg? 1 g? 
ae + Para + Se Gy) Sr RI] 58 


(7.67) 
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These equations were first derived by Donnell in 1934 when he combined 
the strain-displacement relations contained in the von Kármán large- 
deflection plate theory with his own linear shell theory. The equations are 
accordingly called the von Kérmdn-Donnell large - displacement shell 
equations. 

Equations (7.67) and (7.68) are applicable only to an initially perfect 
cylinder. To make the equations valid for a shell with initial imperfections 
of shape as well, several minor modifications must be made. First, we assume 
that the lateral deflection consists of an initial distortion w, in addition to the 
deflection w produced by the applied loads. Next we consider the changes 
brought about by the initial distortion in Eq. (7.67). This is an equation of 
equilibrium in the radial direction. The first three terms are shear forces that 
depend only on the curvature caused by bending. The initial distortion does 
not affect them. The remaining terms are components of middle-surface 
forces obtained by multiplying the forces by the surface curvature. Since the 
total curvature applies here, w must be replaced with w -+ w, in these terms. 
The equation of equilibrium for the initially imperfect*shell thus takes the 
form 


d'w d'w Ow TOF , dw 
axt taaa tay Dl get + 924) 
OF f dw tw, OF(1 ðw , ðw 
-2p + ) + GE * . )J 


To obtain the compatibility equation for an initially distorted shell, we 
must first rewrite the strain displacement relations to include the effects of an 
initial imperfection. If in the derivation of these expressions in Article 6.11 the 
lateral deflection w is replaced with w + Wa it can be shown that 


Qu I fdw\? | dwdéw 
97 (05) tiete 


(7.69) 


ðv w 1 (dw\? | ðw àw, 
„ N 20% + HF (7.70) 
: du , dv d Jwa d ðw 
rat 


Differentiating, as in the case of the initially perfect shell, we obtain 


He de g? Pw * dw, dw 
Ot + 5 e (eH 7 
Ge d 


(7.71) 
9 J? 9 a 1 g? 
— Fat pF D Ge a 25 
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which, after the stress function F is introduced, leads to 


OF . FF OF dw \? aw. Aw 
OF + Ge + aa = (5) 72 5 j 
wdw e dw Ge e 18w (7-72) 

Ox dy? — Ox? dy? — Sy? det R J 

+ 


Equations (7.69) and (7.72) are the governing differential equations for an 
initially imperfect cylindrical shell, ; 


Postbuckling Behavior of Cylindrical Panel 


The postbuckling behavior of a rectangular cylindrical panel is very 
similar to that of an entire cylinder. We shall therefore limit our considera- 
tions to such a panel and thus avoid the lengthy and complex calculations 
that an investigation of the entire cylinder entails. The analysis presented 
here follows the general outline of that given by Volmir (Ref. 6.11). It consists 
of solving the compatibility equation for Fin terms of w and then using the 
Galerkin method to solve the equilibrium equation for the coefficient of w, 

A cylindrical panel is essentially a section of an entire cylinder bounded by 
two generators and two circular arcs. Let us consider such a panel subjected 
to a uniform axial compression stress Px as shown in Fig. 7-5. The radius of 


# 


curvature of the panel is R, its thickness is , and the length of each edge is a. 
The x and y coordinate axes are taken along the generator and arc, as shown 
in the figure, 

As far as the boundary conditions are concerned, it is assumed that (1) the 
edges are simply supported, (2) the shear force N,, vanishes along each edge, 
(3) the edges y = 0, a are free to move in the y direction, and (4) the panel 
retains its rectangular shape during buckling. These conditions are satisfied 
if we let 


Fig. 7-5 Axially compressed cylin- 
drical panel, 


w= fsin = sin od (7.73) 
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The panel is also assumed to have an initial distortion given by 
We = fa sin = sin a _ (1.74) 


The first step in the anlaysis consists of evaluating Fin Eq. (7.72) in terms 
of the assumed deformation functions. Substitution of the expressions in 
(7.73) and (7.74) into (7.72) leads to 
577 + orgs + 27 EL + 2 flo (cos 2A 4 cos 282) 


a 
(7.75) 


A particular solution to this equation, obtained by using the method of 
undetermined coefficients, is 


Bz EUL E SNA) (cos 2x cos 7 + Flai (sin en 2) Gn 


The complementary solution is any function that satisfies both the homoge- 
neous equation vf = O and the boundary conditions on F. It also corre- 
sponds to the primary middle-surface stress that exists prior to buckling, that 
is, a uniform compression stress, p,, in the x direction and N., =N, = 0. 
Noting that N, = —p,h and taking cognizance of Eq. (7.63), one obtains for 
the complementary function 

F, = 2 6.77 


Thus the entire solution of (7.75) is 


E(f? + 2ff, 2nx 2n 
P = EE 7 (con PEE +. cos 282) 
Efa? f.: RX R 2 
+ igs (sin ZE sin 22) — Bayt 
By means of the Galerkin method a relation between f, fo, and p, will now 


be obtained from Eq. (7.69), For the problem being considered the Galerkin 
equation is of the form 


(7.78) 


J, J. Oats, ») dx dy =0 (7.19) 


where Q(f) is the left-hand side of Eq. (7.69) and g(x, y) = sin (xxſa) 
-sin (xy/a), Substituting the expressions in (7.73), (J. 74), and (7.78) for w, 
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We, and F, Eq. (7.79) Becomes 
These parameters are measures of the loading of the curvature and the 


Ch.7 
f p (urg: -p+ y 920 sin? 25 EX sin? 2 deflection. Substituting them in (7.82) leads to 
| 


Art. 7.4 Failure of Axially compressed Cylindrical Shells 325 


= ge I+ INS? 20 (cos EE sina ZE sina . = [ary F + 505. + 205 


(7.84) 
+ cos tay sin? — sin? * Ses +a) 658 = sin? 2 T) (7.80) * 80685 * . 
+ ji + 250 (e ZEE sin ZX sin 82) or, if u = 0.3, 

EHR + ffoes BE in tan 20 A, = [3.6 + gory + 1.2305" + 385, + 205 — 


Making use of the identities — O.405K(0.836 + 50% i 


The load-deflection relationship given by (7.85) is shown plotted in Figs. 
7-6 and 7-7. Figure 7-6 pertains to a panel with k = 0, thatis, a flat plate, and 
cos? ZX sin ZX sin Z — sins ZY 
a a a 
and carrying out the indicated integrations, Eq. (7.80) reduces to A 
Dfnx* hr? 2 
PEE Balt y+ fy) + Bela? 


Eh ‘ 
-RGE HAI) 7 20 0 
from which 


(7.81) i 


| 
H + gates + aS? + ½. + 2/2) 


-E Tar J; ii 


To simplify this expression and make it more meaningful, we introduce the 
following nondimensional parameters: 


X a? B+ Bo 
P: = 11 Fig. 7-6 Postbuckling curves for flat plates. 
2 

k= 13 Fig. 7-7 to a cylindrical panel with k = 24. The curves in each figure depict 
L (7.83) the variation of the load parameter 5, with the total lateral deflection para- 
ô = meter 6 + 5,. Curves for several different values of the initial imperfection 
6, are presented. Let us consider first the effect that initial imperfections have 
5, = h on the behavior of flat plates. As shown in Fig. 7-6, bending of an initially 


deformed plate begins as soon as the load is applied. The deflections increase 
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5 +8, 


Fig. 7-7 Postbuckling curves for cylindrical shells, 


slowly at first and then more rapidly in the neighborhood of the critical load, 
As in the case of the perfect plate, the critical load does not represent the 


valid for actual plates with their unavoidable minor imperfections. In this 
respect the behavior of the flat plate is similar to that of the column. It will, 


however, immediately become apparent that the same is not true for cylin- 
drical panels, 
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very significant effect on the buckling characteristics of cylindrical panels. 

If the curves obtained here for a cylindrical panel are compared with 
those for an entire cylinder obtained by Donnell and Wan (Ref. 7.16), it will 
be seen that the conclusions reached for the panel are equally valid for the 
entire cylinder. 

Interestingly enough, the postbuckling characteristics of axially com- 
pressed cylinders, described in the previous pages, are not typical of the 
behavior of cither cylinders under external pressure or cylinders loaded in 
torsion, For both of these latter cases small initial imperfections do not affect 
the buckling characteristics appreciably, and the failure stress is fairly close 
to the critical stress predicted by the linear theory. One can thus surmise that 
the behavior of circular cylinders loaded in torsion or subject to external 
pressure is similar to that of axially loaded columns. 


Design of Axially Compressed Cylindrical Shells 


The design of axially compressed cylindrical shells can be based on the 
classical buckling stress, Ga = 0.6Eh/R, provided one accounts for the 
reduction in strength resulting from initial imperfections and inelastic 
behavior. Regarding the effect of initial imperfections, it has been shown, 
both theoretically and experimentally, that the reduction in the buckling 
Stress increases as the ratio of radius to shell thickness increases. In other 
words, the thinner the shell, the greater the reduction in strength due to 
initial imperfections. The aforementioned investigations indicate that the 
classical buckling stress can be used to predict the strength of initially imper- 
fect cylindrical shells, provided it is written in the form 


Ou = CEF (7.86) 


in which C is a parameter that varies with R/h, as indicated in Fig. 7-8. 


Fig. 7-8 Buckling stress coefficient for initially imperfect circular cylinder, 
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For aluminum-alloy cylinders the reduction in strength caused by inelastic 
behavior can be accounted for by a plasticity reduction factor. Thus Gerard 
(Ref. 6.1) recommends that the buckling stress be given by 


6 10 (7.87) 


in which y EEE. E, and E, being the tangent and secant moduli of the 
material, 

For structural-steel cylinders inelastic buckling cannot be readily dealt 
with using a plasticity reduction factor. Instead, it is customary to use 
empirical formulas such as those listed in the CRC Guide (Ref. 1.20), 
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Problems 


7.1 Using the energy method, investigate the behavior of the one-degree-of- 
Saudis model of a curved plate shown in Fig. P7-1, The model consists of 
four rigid bars pin connected to each other and to the supports. At the center 
of the model two linear rotational springs of stiffness C H connect op- 
posite bars to each other. Also, each of the two transverse bars contains a 
linear extensional spring of stiffness K. Determine the load-deflection relation 
for finite deflections when the load P is applied 
(a) concentric with the axis of the longitudinal bars, 

(b) ceventric to the axis of the longitudinal bars, 
Which buckling characteristics of a curved plate do these models demonstrate? 
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Ch. 7 
| 
(From Ref. 3.2) 
| 
kl a. ay 
Fig. P7-1 SSS ——EE———EEES a 
0.00 4.0000 2,0000 
0.20 3.9946 2.0024 
0.40 3.9786 2.0057 
0.60 3.9524 2.0119 
0.80 3.9136 2.0201 
1,00 3.8650 2.0345 
1,20 3.8042 2.0502 
1.40 3.7317 2.0696 
1.60 3.6466 2.0927 
1.80 3.5483 2.1199 
2.00 3.4364 2.1523 
2.04 3.4119 2.1589 
2.08 3.3872 2.1662 
2.12 3.3617 2.1737 
2.16 3.3358 2.1814 
2.20 3.3090 2.1893 
2.24 3.2814 21975 
2.28 3.2538 2.2059 
j 2.32 3.2252 2.2146 
2.36 3.1959 2.2236 
2.40 3.1659 2.2328 
244 3.1352 2.2424 
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kt a ay 
—— — 
2.48 3.1039 2.2522 
2.52 3.0717 2.2623 
2.56 3.0389 2.2728 
2.60 3.0052 2.2834 
2.64 2.9710 2.2946 
2.68 2.9357 2.3060 
2.72 2.8997 2.3177 
2.76 2.8631 2.3300 
2.80 2.8255 2.3425 
2.84 2.7870 2.3555 
2.88 2.7476 2.3688 
2.92 2.7073 2.3825 
2.96 2.6662 2.3967 
3.00 2.6243 2.4115 
3.10 2.5144 2.4499 
3.15 2.4549 2.4681 
3.20 2.3967 2.4922 
3.25 2.3385 2.5148 
3.30 2.2763 2.5382 
3.40 2.1463 2,5881 
3.50 2.0084 2.6424 
3.60 1.8619 2.7017 
3.70 1.7060 2.7668 
3.80 1.5400 2.8382 
3.90 1.3627 2.9168 
4.00 1.1731 3.0037 
4.20 0.7510 3.2074 
440 0.2592 3.4619 
4.60 —0.3234 3.7866 
4.80 — 1.0289 4.2111 
S. 00 — 1.9087 4.7845 
5.25 —3.3951 5.8469 
5.50 — 5.6726 7.6472 
5.75 —9.8097 11.2438 
6.00 20.6370 21.4534 
| — 188.3751 188.4783 
6.50 29.4999 — 30.2318 


eee 
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A 


AISC specification, 69, 70, 235, 297-298 
AISI specification, 236 
Aluminum columns, 59-61 
Amplification factor: 
deflections, 148-149, 152-153 
moment, 149-150, 153-154 
Approximate methods: 
enemy method, 76-80, 80-82, 82-88 
finite differences, 106-110, 110-115, 115- 
119, 119-122 
Galerkin method, 103-106 
matrix methed, 122-133, 133-142 
Rayleigh-Ritz method, 94-99 
Axial shortening due to bending, 77-78 


Beam-<columns: 
concentrated lateral load, 146-150 
design formula, 168-171 
distributed lateral load, 150-154 
energy method, 150-154 


INDEX 


failure, 161-168 
inelastic behavior, 161-168 
interaction equation, 168-171 
Jezek's method, 161-168 

uope deſſection equation, 154-159 

Beams, lateral buckling: 

cantilever, 228-233 

concentrated load, 224-228 

design formulas, 233-236 

energy method, 217-228 

finite differences, 228-233 

fixed ends, 222-224 

l-beam, 217-228 

rectangular beam, 212-217 

simple supports, 212-217, 217-222, 224- 

228 

uniform bending, 212-217, 217-224 
Boundary conditions: 

beams, 212-223, 234 

columns, 8-14, 20-22 

plates, 249-250, 288-289 

shells, 314-315 
Buckling load /see Critical load) 
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c 


Calculus of variations, 88-94 
Columns: 
aluminum, 59-61 
boundary conditions: 
fixed-fixed, 8-11 
fixed-free, 11-12, 21-22 
hinged-fixed, 12-14 
hinged-hinged, 3-7, 20-21 
deflected shape, 6, 10,12, 14 
design formulas, 69-71 
double modulus theory, 37-42 
eccentrically loaded, 32-35, 50-58 
effective length concept, 17-18 
elastically restrained, 14-17 
enemy method, 76-80, 80-82 
euler load, 3-7 
failure, 56-59 
finite differences, 110-115, 115-119, 119- 
122 
Galerkin method, 103-106 
inelastic buckling, 35-59 
initial curvature, 29-32 
large deflections, 22-28, 44-50, 50-58 
linear theory, 3-22 
matrix method, 133-142 
multiple column curves, 70-71 
Rayleigh-Ritz method, 94-99 
reduced modulus theory, 37-42 
residual stresses, 62-65 
Shanley model, 44-50 
steel, 61-69 
tangent modulus theory, 4244 
torsional-flexural buckling, 201-211 
varying moment of inertia, 99-103, 119- 
122 
Compatibility equations: 
plates, 286 
shells, 320 
Conservation of energy, 76-80 
CRC column formula, 69, 70 
Critical load: 
beams, 212-217, 217-222, 222-224, 224- 
228, 228-233 
columns, 3-7, 8-14, 14-17, 18-22, 99-103 
enemy method, 76-80, 80-82 
finite differences, L10-115, 115-119, 119- 
122, 263-266 
finite clements, 273-276 
frames, 177-180, 180-182, 182-184 
Galerkin method, 103-106 


matrix method, 137-142, 184-188, 273- 
276 

plates, 249-254, 256-259, 259-261, 263- 
266 

Rayleigh-Ritz method, 94-99 

shells, 312-314 

Cylindrical shells in compression: 

boundary conditions, 314-315 

critical load, 312-314 

design formula, 327-328 

differential equations, 310-312, 318-321, 
321-322 . 

Donnell equations, 304-312 

inelastic buckling, 328 

initial imperfections, 318, 321-322, 322- 
327 

large defection theory, 318-322 

linear theory, 304-312, 314-315 

post-buckling behavior, 322-327 


Difference ratios, 107-110, 262-263 
Differential equations: 
bcam-column, 146-148 
beams, 212-216, 228-231 
columns, 3-5, 18-20, 22-24 
frames, 177-182 
plates, 249, 286-287 
shells, 310-312, 318-321, 321-322 
torsion, 200 
Donnell equations, 304-312 
Double · modulus theory, 37-42 


Effective length of columns, 17-18 
Effective width of plates, 296-297 
Eigenvalue problems, 7-8 
Elastically restrained column, 14-17 
Plastic theory (see Linear theory) 
Elliptic integrals, 26 
End conditions (see Boundary conditions) 
Energy method: 

beam-column, 150-154 

beams, 217-228 

columns, 76-80, 80-82 

plates, 256-259 
Euler column, 3-4 
Euler load, 6-7 


F 


Failure: 
beam-columns, 161-168 


plates, 294-297 
shells, 316-318, 322-327 
Finite deflections (see Large deflections) 
Finite difference method: 
beams, 228-233 
columns, 110-115, 115-119, 119-122 
plates, 262-266 
Finite elements, 266-276, lee also Matrix 
methods) 
Frames: 
design procedure, 190-193 
failure, 188-190 
inelastic behavior, 188-190 
matrix method, 184-188 
neutral equilibrium method, 177-182 
primary bending, 188 
sidesway mode, 177-180 
slope-deflection equations, 182-184 
symmetric mode, 180-182 


G 


Galerkin method: 
columns, 103-106 
plates, 259-261, 291 
shells, 323-324 


Imperfections (see Initial imperfections) 
Inelastic behavior: 

beam-<olumns, 161-168 

beams, 236 

columns, 35-59 

frames, 188-190 

plates, 278-279 

shells, 328 
Infinitesmal defections (see Lincar theory) 
Initial curvature (see Initial imperfections) 
Initial imperfections: 

columns, 28-35 

plates, 325-326 

shells, 318, 321-322, 322-327 
Interaction equation, 168-171 


L 
Large deflections: 
columns, 22-28 


plates, 279-287, 287-294 
shells, 318-322 
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3 Beams, lateral buck- 


Linear theory: 

columns, 3-22 

plates, 240-249 

shells, 304-312, 314-315 
Local buckling, 239, 297-298 


Matrix method: 

columns, 133-142 

frames, 184-188 

plates, 266-276 
Minimum enemy theorem, 82-88 
Multiple column curves, 70-71 


Neutral equilibrium method, 2-3 

Non-inear Theory (see Large deflections) 

Non-uniform torsion, 197-200 

Numerical methods (see Approximate 
methods) 


Parabolic formula, 70 
Plastic buckling (see Inelastic buckling) 
Plasticity reduction factors: 
plates, 278-279 
shells, 328 
Plates: 
buckling coefficients, 276-278 
compression, 249-254, 256-259, 263-266, 
273-276 
design formulas, 297-299 
effective width, 296-297 
energy method, 256-259 
finite difference method, 262-266 
finite element method, 266-276 
fixed edges, 256-259 
Galerkin method, 259-261, 291 
inelastic buckling, 278-279 
initial imperfections, 325-326 
large deflection theory, 279-287 
linear theory, 240-249 
local buckling, 239, 297-298 
post-buckling behavior, 287-294 
shear, 259-261 
simply supported, 249-254, 273-276 
stiffened elements, 298 
strain enemy, 254-256 
ultimate strength, 294-297 
unstiffened elements, 298 
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Post-buckling behavior /seealso Lurge deflec- columns, 76-80 
tions) 


columns, 22-28, 44-50, 50-58 
plates, 287-294 
shells, 322-327 

Potential energy theorem, 82-88 


Reduced modulus theory, 37-42 


Sidesway buckling of frames, 177-180 
Slope deflection equation, 154-159 


beam-<column element, 133-137 
beam element, 122-126 


plates, 254-256 
torsion, 200-201 
Stub-column test, 62-65, 66 
St. Venant torsion, 196-197 
St. Venant torsion constant, 197 
Symmetric buckting of frames, 180-182 
T 


Tangent modulus theory, 42-44 
Thin-walled members, 195, 211 
Torsion: 


Torsional buckling (see Beams, lateral buck- 
ling 

Torsional-flexural buckling, columns, 201- 
211 


U 
Uniform torsion, 196-197 
v 


vann . coltii; SETA, 


Virtual displacements principle, 82-84 
Virtual work theorem, 82-84 


Von Karman plate equations, 286-287 
wW 


Warping constant, 199 
Warping torsion, 197-200 
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